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The major part of this two-volume textbook stems from the 
course in mathematical analysis given by the author for many 
years at the Moscow Physico-techrical Institute. 

The first volume consisting of eleven chapters includes an 
introduction (Chapter 1) which treats of fundamental notions of 
mathematical analysis using an intuitive concept of a limit. With 
the aid of visual interpretation and some considerations of a 
physical character it establishes the relationship between the 
derivative and the integral and gives some elements of differen- 
tiation and integration techniques necessary to those readers 
who are simultaneously studying physics. 

The notion of a real number is interpreted in the first volume 
(Chapter 2) on the basis of its representation as an infinite deci- 

mal. 


Chapters 3-11 contain the following topics: Limit of Se- 
quence, Limit of Function, Functions of One Variable, Func- 
tions of Several Variables, Indefinite Integral, Definite Integral, 
Some Applications of Integrals, Series. 


CHAPTER 12 


Multiple Integrals 


§ 12.1. Introduction 


Let us consider a continuous surface, lying in the three-dimensional space 
with rectangular coordinates (x, y, z), which is determined by an equation 


=f(Q)=f@y) (Q=(, y)€Q) 


where Q is a bounded (two-dimensional) set possessing area (two-dimen- 
sional measure*). For instance, 2 can be a circle, a rectangle, an ellipse, 
etc. We shall suppose that the function f(x, y) is positive. Let us state the 
following problem: it is required to find the volume of the solid bourded 
above by the given surface and below by the plane z = 0, its lateral boun- 
dary being the cylindrical surface with generators parallel to the z-axis 
and passing through the boundary curve y of the set Q. 

To determine the sought-for volume we resort to the following natural 
procedure. | 

The set 2 is divided into a finite number N of parts (subdomains) 


+ Oy oy Qy | (1) 


any two of which either do not intersect or intersect only alongsome parts 
of their boundaries. Let these subdomains be such that they possess areas 
(two-dimensional measures) which we shall denote as mQ, ...,mQn 
respectively. 

Let us introduce the notion of the diameter of a set: if A is a set in the 
plane its diameter d( A) is defined as 


d(A)= sup |P’—P” | 
P,P’CA 


where the supremum is taken over all the pairs of points P’, P” belonging to A. 
Now we choose an arbitrary point Q; = (;, n;) (J = 1, ..., N) in each 
part Q, and form the sum 


Vy = ¥ fQjmQ, (2) 
j=1 


* See § 12.2. 
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which can be regarded as an approximation to the sought-for volume FV. 
We can naturally suppose that the smaller the diameters d(Q j) of the sub- 
domains Q; are, the higher is the accuracy of the approximation V ~ Vy. 
Therefore the volume V of the solid in re can be defined as the limit 


V= lim $ (Q;)m2, (3) 


max d(9)—0 jZ 


to which sum (2) tends when the maximum diameter of the subdomains of 
partitions (1) are made to tend to zero provided that this limit exists and is 
independent of the way in which the sequence of partitions (1) is chosen. 

Now we can abstract from the problem of finding the volume of a solid 
and regard expression (3) as the result of an operation performed on the 
given function f defined in Q. It is called the Riemann double integral of the 
function f over the domain Q and is denoted 


V= $ (Om, = | | Cœ, y) dx dy = | f(Q) do = | faQ 
Q Q Q 


max ets j=l 


Let us consider a problem leading to the notion of the triple integral. 
Suppose that there is a physical body occupying a domain (set) Q in the 
three-dimensional space with rectangular coordinates (x, y, z) and that the 
mass of the body is distributed (nonuniformly, in the general case) over Q 
with volume density u (x, y, Z) = (Q) (2 = (x, y, Z) € Q). It is required 
to determine the total mass of the body 2 

To solve this problem it is natural to partition Q into N parts Qi, ..., 
Qy whose volumes (three-dimensional measures) are m{2, ..., N 
(on condition that these volumes exist), to choose an arbitrary point Q; = 
= (Xp Yz) E Q (j j= = 1, ...,N)ineach of the parts and to define the sought- 
for mass as the. li 


M= lim S MOMO, (4) 


max d(Q;)—>-0 j=l 


Expression (4) can again be regarded as the result of an operation per- 
formed on the function u defined in the three-dimensional set 2. It is called 
the Riemann triple integral of f on Q and is denoted as 


M = ZMO m = | OQ) 40 = f | | ues y, 2) dx dy de 


max an )—0 


The Riemann n-fold multiple integral is defined in the same way. 

We shall see that the theory of (Riemann) multiple integration which 
includes existence theorems and theorems on the additive properties of the 
integral can be presented for the n-dimensional case in exactly the same 
manner as in the case of dimension 1. However, the theory of multiple 
integrals involves some specific difficulties which were not encountered in 
the theorv of one-fold integration. 
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The matter is that the (Riemann) one-fold integral was defined for an 
extremely simple set, namely, for a closed interval [a, b] which was parti- 
tioned into parts which were also closed intervals. Therefore we had no diffi- 
culties in defining the lengths (one-dimensional measures) of the intervals. 
But in the case of a double integral or, generally, n-fold integral, the domain 
of integration 2 can be split into parts with curvilinear boundaries, which 
makes it necessary to define the notion of the area or, generally, of the 
n-dimensional measure of such a part. A similar question would also appear 
in the case n = 1 if we defined the one-fold Riemann integral for a set of 
a more complex structure than that of a closed interval. 

In this connection we must state a strict definition of the notion of measure 
of a set and investigate the properties of the measure. Therefore we begin 
this chapter with the theory of the Jordan* measure closely related to the 
theory of the Riemann integral. This theory forms the basis for the repre- 
sentation of the theory of the Riemann multiple integral. The latter theory 
provides an important method for evaluation of n-fold multiple integrals 
by reducing them to the so-called iterated (repeated) integrals involving n 
one-fold integrations with respect to each of the variables; in many impor- 
tant cases this procedure admits of the application of the Newton-Leibniz 
theorem established for one-fold integrals. 


§ 12.2. Jordan Squarable Sets 


Let us consider the plane R = R with a definitely chosen rectangular 
coordinates (x, y); this coordinate system will also be denoted by the same 
letter R. 

If some other coordinate system (&, 7) is taken in the same plane we 
shall denote the plane (and the new coordinate system) by R’. 

A rectangle A in the plane R will be regarded as the simplest set. It can 
be defined analytically by assuming that there is a system of rectangular 
coordinates R’ in which A is representable as a set of points (&, n) satisfying 
inequalities of the form 


a, = Ẹ = 42, bi =n = bz (1) 


where a}, a2, bı and bz are some numbers such that a, < ax and bı < be. 
The coordinate system R’ possesses the property that the sides of A are 
parallel to its coordinate axes. To stress that the sides of A are parallel to the 
coordinate axes of the system R’ we shall write A = Ap. The rectangles 
of the type of 4 are understood here as closed sets (closed rectangles in- 
cluding their boundaries). 

Now we define the notion of an elementary figure o: a set o C R will be 
called an elementary figure if it is representable as a (set-theoretic) sum of 
a finite number of rectangles A c R any two of which either do not intersect 
or intersect only along some parts of their boundaries. The area |o| of 


* C. Jordan (1838-1922), a French mathematician. 
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a two-dimensional elementary figure o is defined as the sum of the areas of 
the rectangles A of which o is composed. 

A given figure o can be represented as a finite sum (union) of rectangles 
A in infinitely many ways but the area |o] is independent of the representa- 
tion. This assertion can readily be proved using the means of elementary 
geometry, and we do not dwell on it here. 

An empty set is also regarded as a figure and its measure (area) is under- 
stood as being zero. 

In inequalities (1) defining a rectangle 4 we assumed that a, < az and 
bı < bo. Therefore separate points and line segments will not be regarded 
as rectangles; our representation of the theory of measure will not involve 
such “degenerate” rectangles. 

If an elementary figure o is representable as a sum of rectangles A whose 
sides are parallel to the axes of the coordinate system R we shall write 
O = OR. 

Enumerated below are some simple properties of elementary figures o. 
Their proofs are quite simple and we do not dwell on them here. 

(a) If o1 C o2 then |c1| = |02]. 

(b) The (set-theoretic) sum of figures og and or is a figure Op and there holds 
the inequality 


lortor! = |or|+ lor | 


It becomes an equality if op and ogr either do not intersect each other or 
intersect only along some parts of their boundaries. 

(c) The difference of two figures Op and oR is not necessarily a closed set 
and therefore it may not be an .elementary Jene. It can only be a figure 
(possibly empty) if op C oR or if op and øg do not intersect. However, the 


closure óg— og of this difference is always a figure and there holds the in- 
equality 





|or—OR | > |orl— log 


It turns into an equality if on C OR. 

(d) If a figure op is divided into two parts by a line parallel to one of the 
coordinate axes of the system R these parts are two figures op and oR. 

To these properties we shall add two more; one of them is connected 
with the notion of a network. 

Let us take an arbitrary natural number N and construct two families 
of straight lines: x = kh and y = Ih (h = 2-N; k, 1 =0, £1, +2, ...). 
These families determine the rectangular network Sy dividing R into the 
squares 4; with sides of length h parallel to the axes of R. When we pass 
from a network Sy to Sy, each of the squares of Sy splits into four con- 
gruent squares. 

Let GC R be an arbitrary bounded nonempty set. Let the symbol 
@n(G) = wn denote the figure consisting of all the squares A, of the network 
Sy which are entirely contained in G 2nd let )(G) = @y be the figure 
consisting of those squares A, of Sy each of which contains at least one 
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point of the set G (see Fig. 12.1). In par- 
ticular, it may happen that @y is an 
empty set; as was agreed, such a set 
is regarded as a figure (having zero 
measure). 

It is evident that 


WI CC @2C... 


ÕI > @2>... 


and 


on(G) C G C &y(G) 


where N and N’ are arbitrary natural ; 
numbers. It follows that there exist the Fig. 12.1 
finite limits 
mG = lim |@y| and mG = lim |6y| (mG = mG) 
N—> co N—> co 





The number mG is called the (two-dimensional) interior Jordan content 
(measure) of the set G and the number m.G is called the (two-dimensional) 
exterior Jordan content (measure) of the set G. For the sake of brevity, we 
shall often omit the adjective “Jordan”. For the same reason in this section 
where we shall only deal with the Jordan two-dimensional measure we shall 
sometimes omit “two-dimensional”. 

We have proved that every bounded set G c R possesses the interior and 
exterior Jordan contents m;G and m.G satisfying the inequality mG = 
< mG. 

If a set G c R is such that mG = m.G = mG it is said to be Jordan 
measurable, and the number mG is called the (two-dimensional) Jordan 
content (measure) of G. As will be seen in§ 12.3, the Jordan content and the 
Jordan measurability are defined in exactly the same manner for the case of 
an arbitrary dimension n. In the case n = 2 (and only in this case) with 
which we deal now a Jordan measurable set is also said to be squarable, 
and its Jordan content is called its area. 

Now we proceed to the first of the additional properties of elementary 
figures o mentioned above: 

(e) A figure o (consisting of rectangles occupying arbitrary positions with 
respect to the coordinate system R) is a Jordan measurable set. 

The proof of this property can be reduced to the computation of the 
area of o in the Cartesian coordinates R by using the well-known technique 
of the integral calculus, which results in the sum of the areas of the rectangles 
the figure o is formed of. 

In Fig. 12.2 we see a figure o and two more figures o’ and o” such that 
o' Coco". It is cle:.r that for the given figure o and for an arbitrary £ > 0 
there are two figures o’ and o” such that the following conditions hold: 


14 A COURSE OF MATHEMATICAL ANALYSIS 


(i) o Cocoa’, 

(ii) Jo’ |—|o|’ < e, 

(iii) the points of the bound- 
aries of o’ and o” are at dis- 
tances exceeding a constant 
positive number « from any 
point of the boundary of o. 

Now we can take in the co- 
ordinate system R a network 
Sy such that (2h = ¥2-2-" < 
<«; then the set o’’—o’ en- 
tirely contains every square of 
the network which covers at 
least one boundary point of ø. 
Therefore the sum of the 
areas of all the squares of Sy 


covering the boundary of o does not exceed |o” —o’| = |o’’| — |o’| < e. It 


follows that 
1®n(o)|—l@n(o)| < € (2) 
and, since « is arbitrarily small, we obtain 
mo = mo = |o| 
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Let us put down the following equalities expressing equivalent definitions 
of the exterior and interior measures of a bounded set G: 
mG = lim |gy(G)| = sup |@n(G)| = sup |or| =sup|o] (3) 
N-—> co N orCG ocG 
and l 
mG = lim |@y(G)| = inf |6(G)| = inf |or| = inf |o| (9 
N-> co N ogDG oDG 


The first equality (3) coincides with the above definition of m,G and provi- 
des an effective method for computing mG. However, it is connected with 
the chosen coordinate system R because the network Sy is connected with R. 

The second equality (3) is obvious since |@,~(G)| increases together with N. 

Since @,(G) is a figure of the type of og while øz is a figure of the type of 
o we obviously have 


sup |@n(G)| = sup |or| = sup = |o| (5) 
N opCG ocG 
On the other hand, if o c G is an arbitrary figure and € > 0 is an arbit- 
rary positive number then, by the measurability of c, there is N so large that 
lol < |@n(o)|+e = |@n(G)|+eamGte 
whence sup |o| =< mG +e, and, by the arbitrariness of £, we obtain 
acG 


sup lol <mG (6) 
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Relations (5) and (6) imply the third and fourth equalities (3) (the first two 
equalities (3) have already been proved). 

The last term in (3) indicates that the interior content mG is invariant 
with respect to the choice of the coordinate system, that is it is independent 
of the system R in which it is considered. | 

Equalities (4) are proved analogously. 

From equalities (3) and (4) readily follows 


Lemma 1. For a set G to be measurable it is necessary and sufficient that, 
given any £ > 0, there exist two figuresg and & such that g c G C ð and 
|é|—|g| < e. 

Here it is legitimate to assume that ë = dr and g = gr. 

Indeed, if G is measurable and R is the given coordinate system, there are 
g = gr C G and & = r D G such that 


mG—- < o| =|| < mG + and |é|—|o|<e 


Conversely, the inclusion relations g c G C 6 imply |g| = m;G = m.G = 
«||, and if || —|g| < £ then m-G —m;G < £, and, by the arbitrariness 
of £ > 0, we obtain 


mG = mG 
It follows from Lemma 1 that a measurable set is bounded. 


Lemma 2. For a set G to be Jordan measurable it is necessary and sufficient 
that its boundary I be of Jordan (two-dimensional) measure zero, that is for 
any £ > 0 there should exist a figure oo covering I" such thai|oo| < e. 

Proof. Let the set G be measurable. Then, given any £ > 0, there are two 
figures o’ = op and o” = og such that o' c G c o” and \o”"|—|o’ [<e 
(see Fig. 12.1). It can always be assumed that the points of the boundary [ 
of the set G do not lie on the boundary of o” and on the boundary of o’. 
Indeed, if this property did not hold for the given o’.and o” we could stretch 
the figure o” and contract the figure o’ in the directions of the coordinate 


axes so that the inequality |o’| —|o’| < £ would remain valid. Therefore it 
is evident that 
I co"-—od Co”—o' = oo and |oo] = |o" |—|o’ | < £ 


which means that the figure co whose area is less than £ covers I’. 

Conversely, let for any € > O there exist a figure co = of covering T such 
that |oo| < £ (see Fig. 12.1). We can assume that J' has no points in com- 
mon with the boundary of oo because if this is not so for the chosen figure oo 
it can be additionally stretched with the retention of the inequality |oo| < £. 

Let us put o” = G+oo and o’ = G—oo. It is readily seen that o’ and o” 
are elementary figures (see Fig. 12.1) and that o’ = oR, o” = oR, 0’ C 
C G co", o’—o' = 0o and |o”’|—|o’| = |oo| < £. This shows that G 
is a measurable set. 
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Lemma 3. If two sets G, and G2 are of Jordan measure zero their sum is again 
a measurable set with Jordan measure zero. 
Indeed, by the hypothesis, for any € > O there exist two figures op and 


€ € 
Gr such that or > Gi, CR D Ga, |or| < = and lor |< >: Therefore for 
the figure or = Op+opR we have 


or D Gi+G2 and [ogl] = lorl+lor] < 5+4 = £ 


Lemma 4. IfG is a set of Jordan measure zero then so is any set G1 C G. 
The assertion of the lemma is obvious. 


Theorem 1. Jf two sets G; and G» are Jordan measurable then their sum, dif- 
ference and intersection are also Jordan measurable. 

Proof. Let I (E) denote the boundary of a given set E. There hold the fol- 
lowing set-theoretic relations which can easily be proved: 


I(Gi+G2) c T(G) +I (G2) 
I(G1-Ga) c I(G)+I (Ga) 

and 
T(Gi—G.) c (G+ IG, 


Since G, and Gz are measurable, Lemma 2 shows that mI‘(G,) = 0 and 
mI(G2) = 0. Therefore, by Lemma 3, the right-hand members of the above 
relations are of measure zero, and, by Lemma 4, the left-hand members are 
also of measure zero. Whence, applying again Lemma 2, we conclude that 
the sets mentioned in the statement of the theorem are in fact measurable. 


Lemma 5. If a Jordan measurable set G is divided into two parts G, and Ge 
by a segment of a curve L (which, in particular, can be a line segment) of Jor- 
dan measure zero then each of the parts is also Jordan measurable. 

Proof. It is evident that 


I(G) cP(G)+L and I(G.) cI(G4+L 


whence, by the foregoing lemmas, follows the assertion we intend to prove. 
Thus, if G is a Jordan measurable set, any network Sy (related to any co- 
ordinate system R') partitions G into parts each of which is Jordan measur- 


able. The diameter of each such part does not exceed ¥2-2—".. Hence, the dia- 
meters of the parts uniformly tend to zero as N > œ. 

Now we state the last of the properties of figures ø. 

(f) If a figure o undergoes a parallel translation or a rotation in the plane R 
the resultant set is a figure o’ and |a| = |o’|. 

From this property and from the fact that an inclusion relation A c B is 
retained under translation and rotation now follows 


Lemma 6. If G, is a set resulting from a translation or a rotation in R of a 


measurable set G then G, is a measurable set and mG = mG, 
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Example. Let us consider an example of a nonsquarable (i.e. nonmeasur- 
able in the two-dimensional sense) set. Let G c R be a bounded open non- 
empty set and E be the set of all its rational points, that is points having 
rational coordinates (x, y). It is evident that @n(E) i is an empty set for any 
natural N and mE = 0. On the other hand, if x° is a point belonging to G 
then there is a nondegenerate rectangle A belonging to G and containing x°. 
It is apparent that @y(E) > A, |y(E)| = |A| > 0 and m.E = |A| > 0. 

Hence, m;E < mE, which means that E is a nonsquarable set. 

Let us prove the additive property of the Jordan measure. 


Theorem 2. If two sets G; and Gz are Jordan measurable and if their com- 
mon points, provided there are such, only belong to their boundaries, their union 
(which is measurable by Theorem 1) has a measure equal to the sum of the 
measures of the sets Gı and Ge: 


m(Gi+Ge2) = mG\+mG2 (7) 
„Proof, Let us choose an arbitrary e > 0 and take some figures o} = 01, R, 
o1 = 01 ,R, Oz = O2, R aNd oz = O3 pr such that 
oi C Gi Co, Oz C Gz C03 
mGi— < |o] < lor |< mGi+ and mG2—& < |02| < loz | < mG2+ €. 


Putting o’ = oi +0 and o” = 0; +05 we see that o’ and o” are elementary 
figures, o' C Giı+Gə C o” and 

lo"| = [or |+loz| and |o'] = |oi|+ [|02] (8) 

Equality (8) holds because, by the conditions imposed on G, and Ge, the 

figures o1 and ø, either do not intersect or intersect Tony along some parts of 


their boundaries. 
Now it becomes clear that 


(mGı—£)+(mG2— £) < |o1|+]o2| = |o’ | = m({Gi+G.2) = 
< Me(Gi+G2) = |0" | = |03 |+10z | < (mGı+ £) + (mG2+ £) 
whence, by the arbitrariness of the positive number <c, follows (7). 
Theorem 3. If two set G, and G2 are Jordan measurable and G, C G2 then 
In(G2—G) = mGe—mG, (9) 


Proof. The measurability-of Gz—G was proved in Theorem 1, and there- 
fore the measurable set G» splits into two nonintersecting sets G, and Go—Gi: 
G2 = G;+(G2—G;). Equality (9) now follows from the foregoing theorem. 


§ 12.3. Some Important Examples of Squarable Sets 


Let f(x) be a nonnegative function defined on a closed interval [a, b]. 
Suppose that f(x) is integrable on [a, b] (in particular, this is the case when 
f(x) is continuous on [a, b]). We shall denote by I the graph of the function 
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f. that is the set of all points (x, f(x)) with x € [a,b], and by Q the set of 
points (x, y) in the plane which satisfy the inequalities 


asxsb and Oxy<f(x) 


Theorem 1. The set 22 is. (Jordan) measurable and its (two-dimensional) 
measure is given by the formula 


b 
mQ = | f(x)dx =I 


Indeed, by the integrability of f on [a, b], for any « => 0 there exists a parti- 
tion R of the closed interval [a, b] such that 


I-> < Sr = Sr <I+5 


where Sr and Sp are, respectively, the lower and upper integral sums of the 
function f corresponding to the partition R; the sum Sp is equal to the area 
of a figure contained in Q while Spr is the area of a figure enveloping £2. This 
proves the theorem. 


Theorem 2. A continuous curve I’ in the xy-plane which is projectable in a 
one-to-one manner onto a closed interval [a, b] lying in a straight line L is a 
point set of two-dimensional measure zero. 

To prove the theorem we can suppose that J" is entirely on one side of the 
line L because, if otherwise, we can take as L another straight line L’ parallel 
to the former and satisfying the above requirement. Let us consider the 
rectangular coordinates x, y with x-axis coinciding with L. Then I can be 
regarded as the graph of a continuous function f(x) defined on the interval 
[a, b]. 

Now we see that the set Q constructed for the function f as was indicated 
in Theorem 1 is measurable by virtue of this theorem, and T’ has a Jordan 
(two-dimensional) measure zero as a part of the boundary of Q. 


Theorem 3. A bounded set Q in the plane whose boundary consists of a finite 
number of points and of a finite number of continuous curvilinear segments each 
of which is projectable in a one-to-one way onto one of the rectangular coordi- 
nate axes is measurable (in the two-dimensional sense). 

Indeed, the boundary of sucha set Q is the union of a finite number of sets 
of two-dimensional measure zero. 

It should be noted that a segment I of a smooth curve x = g(t), y = (A 
(a<t<b, g and y’ are continuous and y’*+y" > 0) can always be 
broken into a finite number of parts each of which can be projected in a 
one-to-one manner on one of the coordinate axes. Indeed, according to 
§ 6.5, each point t € [a, b] can be covered by an open interval (t, t’) (in case 
t = aort = bit is meant that the point can be covered by a half-open inter- 
val) such that the part of the smooth curve I‘ corresponding to it is project- 

able on one of the coordinate axes. By the Heine-Borel lemma, the system 


MULTIPLE INTEGRALS 19 


of these intervals contains a finite subsystem covering the interval [a, b], 
whence follows the assertion we wanted to prove. The fact that a portion of 
4 smooth curve is of two-dimensional measure zero also follows from a 
general property established in § 12.5, Theorem 3. 

In conclusion we mention that an arbitrary continuous curve in the plane 
does not necessarily have zero two-dimensional measure. In this connection 
we remind the reader of Peano’s curve (see § 6.5) whose points fill unit 
square. 

§ 12.4. One More Test for Measurability of a Set. 
Area in Polar Coordinates 


The interior and exterior measures of a bounded set 22 can also be defined 
by the relations 
m2 =sup mY and mQ = inf mQ (1) 
Qca QDA 


where in the first relation Q’ is an arbitrary measurable set belonging to 2 
and in the second relation a measurable set containing 2. For, on the one 
hand, we have 
m; = sup |o| = sup mQ’ = I 
ocQ ca 


because the elementary figures o are measurable and, on the other hand, if 
e > 0 is an arbitrary number and 2’ is a measurable set such that 2’ c Q 
and J—e < mQ', then there is o c 2’ such that mQ <|o|+¢e. Con- 
sequently, Z—2e < |o| = m;Q, and, by the arbitrariness of s, we have 
I = mQ. This proves the first relation (1). The second relation is proved in 
like manner. 

From (1) it obviously follows that for a set Q to be measurable it is neces- 
sary and sufficient that, given any £ > 0, there should exist two measurable 
sets O and Q" such that Q’ c Q c 2" and mQ" —mQ' < e. 

The area (two-dimensional Jordan measure) of the figure Q bounded by 
two rays 0 = 0, and 0 = 62 (6; < 02) and by a curve J' represented by a 
mene function 9 = f(0) in polar coordinates ọ, 0 is given by the for- 
mula 


0z 
S = 5 | £0? d (2) 
01 


(see § 10.1 and the question posed there). 

Let us show that mQ = S. Indeed, an arbitrary sector of a circle is a mea- 
Surable set since its boundary is a continuous piecewise smooth curve. 
Further, the existence of integral (2) implies that for any £ > 0 there is a 
partition of the interval [01, 02] such that the upper integral sum correspond- 
ing to it differs from the corresponding lower integral sum by less than e. 
Now, since the upper sum equals the measure of a finite union of circular 
Sectors containing Q while the lower sum is the measure of a finite union of 
circular sectors contained in Q, we conclude, by virtue of (1), that mQ = S. 
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§ 12.5. Jordan Measurable Three-dimensional 
and n-dimensional Sets 


The theory presented in the foregoing sections can readily be extended to 
the case of an arbitrary dimension n. 

We shall begin with the three-dimensional measure. In this case we con- 
sider as the simplest figures and denote by the symbol A the closed rectangles 
(rectangular parallelepipeds). By the measure of A we mean the volume of 
A, that is the number |4| equal to the product of the lengths of the three 
edges of A (of its dimensions). We agree to deal only with nondegenerate 
rectangles whose all dimensions are positive. 

An elementary figure o is now understood as a point set in space repre- 
sentable in the form of a finite union of rectangular parallelepipeds 4 which 
are only allowed to intersect along some parts of their boundaries. 

The volume |o| of a figure o is defined as the sum of the volumes |4| of 
the rectangles A it consists of, and an empty set is regarded as a figure with 
zero volume. 

If R’ is a rectangular coordinate system, the rectangles with edges parallel 
to the coordinate axes of the system R’ are denoted 4 = Ap and the figures 
formed of such rectangles are denoted ø = og. Further, in the three-di- 
mensional space R = R we consider for every natural N a network Sy 
formed by the three families of planes 


x=khy=th,z=mh (h=2-%,k,l,m=0, +1, +2, ...) 


The network Sy partitions the space R into the cubes 4, with edges of length 
h parallel to the coordinate axes. For an arbitrary bounded set G c R we 
define the set @n{G) as the sum of those 4,’s which are entirely contained 
within G and the set x(G) as the sum of all the cubes A; each of which con- 
tains at least one point belonging to G. 

By analogy with § 12.2, the exterior measure (Jordan content) m.G and the 
interior measure (Jordan content) m,G of the set G are introduced as the 
limits of the corresponding monotone sequences: 


m.G = lim lGy(G)| and mG= lim |@nr(G)| 
—> co N——= œo 


The set G is said to be Jordan measurable in the three-dimensional sense if 
mG = MG = mG, and the number mG is called the Jordan three-dimen- 
sional measure (content) of G. 

The properties of the three-dimensional measure are completely analogous 
to those of the two-dimensional measure presented in § 12.2. To show this 
we must only check the validity of properties (a)-(f) of the figures o which 
are now three-dimensional. This can be done elementary. The theorems in 
§ 12.2 were proved on the basis of properties (a)-(f) alone and therefore they 
apply to the three-dimensional case as well. The statement of Lemma 5, 
§ 12.2, should be slightly modified to read: 
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Lemma. If a measurable set G c R is divided into parts with the aid of a 
finite number of surfaces having the Jordan (three-dimensional) measure zero, 
these parts are measurable (in the three-dimensional sense). 

By analogy, this theory can be extended to the general case of an arbitrary 
dimension n. In this case R = R, is the n-dimensional space of points (n- 
tuples) x = (xı, ..., Xn). Let the letter R simultaneously denote a concrete 
rectangular coordinate system R(x, ..., Xn) in the space R = R,; any other 
rectangular coordinate system R’ ($3, ..., &,) is connected with the system 
R(x1, .- +> Xn) by means of transformation formulas of the form 


Xe = Ý aut (k =1,...,n) 
-l=1 


where the coefficients ax satisfy the relations 
0 for k¢#ky, 
1 for k.-=ky 


Such a transformation from the old system R to a new system R’ is written in 
the contracted notation as R = R’. 

By a rectangular parallelepiped A c R is meant a set of points belonging 
to the space R for which there are rectangular coordinates R’ (&:, ..., En) 
and n pairs of numbers a; < bj (j = 1, ...,m) such that 4 = {qj = §, = bj; 
T=, l 

It can a be shown that for a given A such a coordinate system R’ is 
determined uniquely. The n-dimensional volume of A is defined as the number 


n 
$ akiak a 
{z1 


n 
|A| = TT s-a) 
j=1 

In this case it is natural to say that 4 has edges parallel to the coordinate 
axes of the system R’ and to write A = Ag. An elementary figure o in R is 
defined as a finite union of rectangular parallelepipeds A which are only al- 
lowed to intersect along some parts of their boundaries, and the measure of 
o is understood as the number || equal to the sum of the volumes of the 
rectangles 4 of which ø is formed. 

_An empty set in R, is regarded as an elementary figure with the n-dimen- 

Sional volume zero. 

Further, for any natural N we consider the network Sy as the system of n 
families of planes 


x; = kjh (j=1, ....m;h =2-%; k; =0, +1, £2, ...) 
which break up R, into the n-dimensional cubes 
An = {kjh = xj = (kj +1)h} 
If G is a bounded point set in R, the set wn(G) is defined as the set-theo- 


Tetic sum of the cubes A, entirely contained in G and the set (G) as the sum 
of the cubes 4, each of which contains at least one point x belonging to G. 
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It is evident that there exist the limits 
lim |@n(G)| =mG and lim |ðxn(G)| = mG 
N —» œo N->co 


of the monotone sequences |@,y(G)| and |@y(G)|; m;G and m.G are called 
the interior and exterior Jordan n-dimensional measures (contents) of G.. 

Finally, a set G is said to be Jordan measurable in the sense of the n-dimen- 
sional measure if mG = m.G = mG, the number mG being the n-dimensional 
Jordan measure (content) of G. 

The theory of the Jordan n-dimensional measure is completely analogous 
to the theory of the two-dimensional measure given in § 12.2. To show this 
we must only check the validity of properties (a)-(f) for the n-dimensional 
figures o, which requires some work but can be done by analogy with the 
three-dimensional case. 

The following theorem generalizes Theorem 2, § 12.3. 


Theorem 1. A surface S in the n-dimensional space represented by an equa- 
tion 


Xn = f(Xis .--> Xn—1) = f(Q) (G = (Xis ..., Xn—-1) € A) 


where f is a continuous function defined on a bounded closed set A C Ryj-1 is 
a measurable set of Jordan n-dimensional measure zero. 

Proof. The function f being uniformly continuous in A, for any £ > 0 
there is 6 > O such that 


IfQ)-f@)| = «10-2'|=6; Q,Q0°' EA 
Let us divide R, with the aid of the network 
xi = ah, a,=0, +1, +2, ...; i=1,....n-1 
Xn = ke, k = 0, +1, +2,... 


into congruent rectangles (rectangular parallelepipeds) 4. The altitude of 
each A (in the direction of the x,-axis) is equal to e, its base A’ (i.e. the pro- 
jection of A on Ry~1 (1, ..-,Xn—1)) being a cube with edge h. Let us choose 
h > 0 so small that the diameter of A’ is less than 6. The network we have 
taken partitions the space R,_1 into the cubes 4’. Since the set A is bounded it 
is entirely contained within an (n—1)-dimensional cube, and hence the sum 
of the volumes of the cubes A’ each of which contains at least one point be- 
longing to A does not exceed a constant M. Let us consider one of these cubes 
A’. Among the rectangles A with A’ as projection on R,_; there can obviously 
be not more than three containing points of the surface S. Their total volume 
does not exceed 3e |4'| where J’ is the (n—1)-dimensional measure of 1’. 
Therefore the total volume of the cubes A covering S does not exceed 3eM, 
that is it can be made arbitrarily small, which completes the proof. 


Example. Consider a rectangular parallelepiped A in the n-dimensional 
space with coordinate system R, the sides of 4 being parallel to the axes of 
another rectangular system R’. Lèt S be one of its faces; it is projectable in a 
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one-to-one manner onto one of the (n— 1)-dimensional coordinate subspaces, 
say on the subspace (xı, ..., Xn-1), and is represented by a (continuous) 
1 


linear function of the form x, = x djx; defined on a bounded closed set. By 


j=1 
Theorem 1, we have mS = 0. Since the rectangle A has a finite number of 
faces we conclude that it is a measurable set. 


Theorem 2. A bounded open nonempty set G in the space R, = R is repre- 
sentable as a countable union 


G=S A, (1) 


) 


of closed cubes Ax (with edges parallel to the coordinate axes) such that any 
two of them either do not intersect or intersect only along some parts of their 
boundaries. Although G may not be Jordan measurable (see § 19.7) representa- 
tion (1) possesses the property that the Jordan interior measure of G is ex- 
pressed as 


G =} 14! (2) 


Proof. The sequence of networks Sy(N = 1, 2, ...) specifies the (closed) 

figures 
(G) c @(G) c (CC... CG 
The set G being open, its every point x° can be covered by an open cube 
A C G with centre at x°. Therefore the cube of the network Sy containing x° 
belongs to A for a sufficiently large N; consequently it belongs to G and thus 
enters into the figure @,(G). This shows that there holds the equality 
G = @,(G)+(@(G)—@1(G))+(@a(G)—@G))+ ... 


If the figure @;(G) is nonempty let us number the cubes entering into it with 
the aid of consecutive integral indices; after this let us number the cubes be- 
longing to the closure of @2(G)— o(G) with the aid of the remaining conse- 
cutive intégral indices and then, in the same manner, the cubes of the closure 
of @3(G)—q@.(G), and so on. This procedure results in a sequence 4, Ae, ... 


for which (1) holds. This sequence is infinite because the closed set ) Ak 


(m = 1,2, ...) is different from the bounded open set G in which it is cone 
tained for any m. Finally, we have 


Ş l4 = lim ox(G) = 
1 N-~-»> co 


Theorem 3. Let a surface S be representable as 
= p{u) = o{u1, ..., Un—1) G=1,...,n3;2 € Q) 
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where p; are functions continuous on Q together with their partial derivatives of 
the first order and Q is the closure of a bounded open and convex (n—1)-dimen- 
sional set; then S is a set of (n-dimensional) measure zero. 

Proof. Let 


K =| onQ (i=1,...,n3j=1,...,n—1) 





By the mean value theorem (see § 7.13 (12)), the distance between two 
points x’, x” € S corresponding to some values u’ and u’’ of the parameters 
satisfies the inequality 


[x’-x" |? = SG =x = » P (=) e-u] < CK?|u'—u" |? (3) 


-where C depends solely on n. (The symbol ( )ı indicates that into the expres 
sion ( ) is substituted än intermediate point lying between wv’ and v’’.) Since 
Q is a bounded set it can be embedded in an (n—1)-dimensional cube A. Let 
us break up A into congruent cubes o with edge h. By virtue of inequality (3), 
the part of S corresponding to the points u of some cube o can be embedded 
in an n-dimensional cube with volume of the order of h”. The total number 
of such cubes v is of the order of h~“—»), Consequently, S can be embeded in 
a figure having an n-dimensional volume of the order of h, that is in a figure 
of an arbitrarily small volume, which is what we had to prove. 


§ 12.6. The Notion of Maltiple Integral 


We shall give the definition of a multiple integral for the general case of an 
arbitrary dimension n. Its special cases for the two- and three-dimensional 
integrals were already outlined schematically in § 12.1. 

Let R = R, be the n-dimensional Euclidean space of points x = (x1, ...; 
Xn) and let 2 c R, be a Jordan measurable (and therefore bounded) set on 
which a function f (P)(P € Q) is defined. 

; Let us partition Q into subsets, that is represent it as a finite union of the 
orm 


Q = Q+ eco HÊN (1) 


under the assumption that each set Q, (j= 1, ..., N) is Jordan measurable 
in the n-dimensional sense and that any two of them either do not intersect 
or intersect only along some parts of their boundaries. The various parti- 
tions of Q will be denoted by the symbols 0, 0, ... 

Now we choose an arbitrary point Py € Q, in each subset Q; (j = 1, ...,.N) 
entering into the partition g and form the (Riemann) integral sum 3 


S, = SN) = ŞS (P)m2; (2) 


where mQ, is the Jordan measure of Q; (j = 1, ..., N). 
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Note that S, depends on the function f, on the way in which Q is parti- 
tioned into measurable parts Q; and on the choice of the points P; (j = 1, 
..., N) in each of the subsets 92; of the partition. 

Let us denote by 6 the maximum diameter of the subsets 2, (it is referred 
to as the fineness of partition (1)): 


ô = d(0) = ee d(Q)) 


The Riemann definite (n-fold multiple) integral of the function f over the set 
Q is defined as the limit 


lim F f(P)mQ, = 1 (3) 
é—-0 j=l 


Thus, the definite integral of the function f on the set Q is the limit to which 
tends the integral sum of f corresponding to a variable partition of Q when the 
maximum diameter of the subsets entering into the partition tends to zero (it 
is meant that this limit does not depend on the choice of the points P; € Q; and 
on the way in which the partitions are formed). 

As ‘usual, this definition can be expressed analytically in the two (equi- 
valent) ways: in terms of £, 6 formalism and in terms of sequences. 

The £, ô definition reads: 

The Riemann integral of the function f over the set Q is the number I satis- 
fying the following requirement: given any £ > 0, there is 6 > 0 dependent 
solely on £ such that for any partition of Q with maximum diameter less than 6 
and for any choice of the points P; € Q; (j = 1, 2, 3, ...) there holds the in- 
equality 

N 
I— F f(P)mQj)< e ` (4) 
j=1 

The definition in terms of sequences states: 

The Riemann integral of the function f over the set Q is the limit to which 
tends any sequence of integral sums S,, of the function f corresponding to an 
arbitrary sequence of partitions og (k = 1, 2, ...) with maximum diameter 6, 
tending to zero: 


I=[fdx=[fdQ=limsS, (6 +9 (5) 
Q Q 








As will be shown in§ 12.7, Theorem 2, if a function f defined on a measur- 
able set Q is bounded and if there is a definite sequence of partitions S,, for 
which limit (5) equal to I exists andis independent of the choice of the points 
P; € Q, then the definite integral of f on Q exists and is equal to the number I; 
this means that the existence of such a definite sequence of partitions automati- 
a ees the validity of equality (5) for any sequence of partitions 01,02 ... 
With Òk — 0. 

We remind the reader that, as was shown in § 12.2 (after Lemma 5), given 
any £ > 0, a measurable set can always be divided into parts whose dia- 
meters are less than €. 
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If the Riemann integral of f over Q exists it is denoted as 
I= | f(P) dQ = | (P) dP (6) 
Q Q 


In this case the function fis said to be Riemann integrable on Q. 

The condition of the Riemann integrability of f on 2 can also be stated in 
terms of Cauchy’s criterion: given any £ > 0, there is 6 > 0 dependent solely 
on £ such that for any two partitions 0’ and 0” of the set 2 into measurable 
subsets with diameters less than 6 there holds the inequality 


[Se — Sel < € 
The n-fold multiple iniegral of f on Q is also denoted as 


1= J.-J SO „ees Xn) dr «2. dx 


This type of notation is convenient because, as will be seen later, the compu- 
tation of a multiple integral can be reduced to the successive computation of 
the corresponding one-fold integrals with respect to each of the variables 


If {(P) = A = const is a constant function on a measurable set Q its in- 
tegral sum is equal to the number 


= 3 AmQ j= AmQ 
j=l 
independent of the way in which 2 is partitioned. Therefore 
[ AdQ = A | dQ = AmQ (7) 
Q Q 
It should also be noted that if Q is of Jordan measure zero (m2 = 0) then 
[ sae = $ Sm, = lim 0=0 
2 max rere 0 max d(Q3)—>0 


for any function f defined on 2 and assuming finite values even if the func- 
tion is unbounded. Hence, the integrability of f on 2 does not necessarily 
imply the boundedness of f on Q. In the study of the integrability of a function 
Jf defined on an arbitrary measurable set 2 we shall always suppose (see the 
footnote on p. 38) that the function is bounded on Q. By the way, if Q is a 
measurable open set A integrability of a function f on Q implies its bounded- 
ness on Q (see § 12.10 

In what follows, when speaking of a function f Riemann integrable on a 
set 2 c R,, we shall mean, without further stipulations, that Q is a Jordan 
measurable set (in the n-dimensional sense). This is quite natural since the 
definition of the Riemann integral on Q is closely connected with the Jordan 
measurability of Q. 
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§ 12.7. Upper an Lower Integral Sums. Key Theorem 


Let R be the n-dimensional space. In the first reading of the book the rea- 
der may, for simplicity, interpret the subject matter of this section as referring 
to the case n = 2 or n = 3; however, all the considerations and statements 
are applicable in a quite analogous form to any natural n including n = 1. 

Let a set Q be Jordan measurable (and therefore bounded) in the n-dimen- 
sional sense, and let {(P) be a bounded function defined on Q: 


f(Pl<K<02 (PEQ) 


The set 22 can be partitioned into subsets (Jordan measurable and such 
that any two of them either do not intersect or intersect only along some 
parts of their boundaries) in infinitely many ways. Let ọ and 9’ be two such 
partitions: 

Q=0,+...4+2y and Q2=0Q)+...4+2n 


We shall call 0’ a refinement of ọ and shall write ọ c ọ' if any subset Q% 
(k = 1, ..., N’) entering into the partition 0’ is a part of one of the subsets 
Q, entering into the partition 9. In other words, the partition 0’ can be ob- 
tained from ọ by dividing some of the subsets entering into ọ into a finite 
number of parts: 


l 
Q=% 9k (k=l. bh j=1,.. N) 

kel 
Thus, the partition ọ' can be represented as the double sum 


=F $M (1) 


Let us take an arbitrary partition 9. The corresponding integral sum of the 
function f is 


S, = x f(RymQ, =F f(P)mQ, 


(P; € 2;). We shall use both forms of notation for the sum S, indicated here. 
Let us put 


M; = sup f(P), m = inf f(P), 
PER; PEQ; 
So =) MymQ; and Se = Ý mjm; 
(4 @ 


The sums S, and S, are called the upper and lower integral sums of the func- 
tions f (corresponding to the partition 0) respectively. 

For an arbitrary point P; € Q; we have the inequalities m; = f (P;) = Mj 
(j= 1, ..., N). Therefore, taking into account that mQ; = 0 we can write 


mjmQ, = f(P;)mQ; = MjymQ, 
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whence 
Se = Se = Še (2) 


Thus, irrespective of the choice of the points P;, any integral sum of the 
function f corresponding to the partition 0 is not greater than its upper sum and 
not less than its lower sum corresponding to the same partition 0. 

Another important property of upper and lower sums is that if @ c 0’ 
then the corresponding sums satisfy the inequalities 


So = Se = Se = Se (3) 
The second of them has already been proved. 


Let us prove, for example, the third inequality. To this end we write Sy 
in the form 


N 
Sy = y; Š M majk 
j=1 k=1 
where 


Mj, = sup f(P) 
PE QR 
To compare S, with Sy we write the former in the similar form: 


N N N l 
Še = $} MymQ,; = $M; Ý mQn = y; y MymQ;, 
j=l j=1 kel j=l k=l 

Now it becomes clear that Sy = S, because the inclusion relations Qj c Qj 
imply M jk= M j: : 

Let ọı and ez be some partitions of 2 and 9 = 01+ o2 be the new partition 
obtained by the superposition of 0; and 02. Then ọ serves as the refinement 
both of 01; and of g2, and we have 

So, = Se = So = Sor 
Hence, 
Se = Ses (4) 

for any partitions 0; and ọ2. 

Let us fix oz and consider 0; (which we denote by o) as a variable partition; 
then 


I(f/) = sup Se = So 
e 


Finally, considering o2 (denoted by g) as a variable partition we obtain 
IAN =f) = inf S, 


The numbers X(f) = I and Į(f) = I are called the upper and lower (Rie- 
mann) integrals of the function f on Q respectively. Our considerations show 
that the upper and lower integrals of f on Q exist for any bounded function f 
defined on Q. 

Let us proceed to the following important theorem. 


MULTIPLE INTEGRALS 29 


Theorem 1 (Key Theorem). Let 2 c R be a measurable set (i.e. a Jordan 
measurable set in the sense of dimension n) on which a bounded function f is 
defined (| f(x)| = K). 

hg the following properties are equivalent: 

(i) I = i; 3 

(ii) for any £ > 0 there is a partition @ such that 

Se— Se < E (5) 


(iii) for any e > 0 there is 6 > 0 such that for all partitions ọ with diameters 
AQ; < 6 there holds inequality (5); 
(iv) the integral 


ffa =1 (6) 


exists (in this case I =] = I). 

Here it is of course meant that J and J are the lower and upper integrals of 
fon Q respectively and that S, and S, are the lower-and upper integral sums 
of f corresponding to the partition o. 

The theorem can be restated in the following equivalent way: the integral 
off on Q exists if and only if at least one of properties (i)-(iti) holds (and then 
the other properties hold as well) ; if this is the case the value I of the integral 
is equal to] = I. 

Proof. The implication (i) > (ii). As follows from (i), there are partitions. 
0, and 02 such that 


I- < Sa and Sa < I+ 


Then for ọ = 01+ 02 we have 
I- < Sa = Se = Se = Sa © 1+ 


whence follows (5). 

Implication (ii) ~ (i). Let ọ be a partition satisfying (5). Then, by the in- 
equalities S, = Į = l= S, we have [—J < e. Since € > 0 can be made 
oe small and J and Jare definite numbers independent of £ there must 

be] = 

Implication (iv) + (ui). Let integral (6) exist. The definition of the integral 
indicates that, given any € > 0, there is 6 > O such that for any partition ọ 
with d(Q;) < 6 there hold the ae 


I-+ < $Œ) IQ] < 1+4 


for any points P; € 2;. On taking the supremum and the infimum with 
respect to P; € Q; of the sum entering into these inequalities we obtain 


I-$ <8, <S,<I+5 
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Consequently (iii) holds. 

Implication (iii) > (ii) is trivial. 

Implication (ii) > (iii). This is the most intricate part of the theorem assert- 
ing that if, given any £ > 0, there is a partition 9, (dependent on £) which we 
write as 

N 
2=F Qj 
‘ j=1 
for which 5,,—S,, < £, then there also is 6 > 0 such that inequality (5) 
holds for all the partitions @ with d(Q,;) < ô. 

Let us denote by J’, the union of all the boundary points of Q; for all 

j=1, ..., N. This union has measure zero since the sets 27 are measurable, 


and therefore there is a figure o’ covering I’, such that |o’| < xz . Let us 


take another figure ø such that o’ lies strictly inside it and |o| < xe : 


Let 6 > 0 be a sufficiently small positive number such that the distance 
between any two points belonging to the boundaries of o and o’ respectively 
exceeds 6. Then, moreover, the distance from any point of I’, to the boundary 
of o is greater than 6. 

Let us choose an arbitrary partition ọ on which the only condition is im- 
posed that its every subset (we denote these subsets w) has a diameter d(w) 
not exceeding 6 (it is convenient to write w without indices; the correspond- 
ing numbers m and M will also be written without indices). We have 


Se— Se = X} (M—m) mo +F" (M—m) mw 


where the sum )” extends over all the subsets œ entering into the partition ọ 
each of which contains a point belonging to I’,. Since d(w) < 6, we have 
w C @ for all such subsets, and their total measure does not exceed mo < s : 
Consequently, 


X (M—m) mo < 2K Y! mo < 2K 5 =€ 


Let us write the sum f” as the double sum ))” = 22 where fis the sum 


of the terms entering into )’” which correspond to the subsets w entering into 
the partition ọ and lying entirely within the subset Q7 of the old partition g,. 
We have 
Y” (M-m) mw = YY! (M-m) mo = 

i 


< 2 (Mi mi) >! mo = 2 (Mi —mi) m < e€ 


and therefore S,—S, < 2e for all the partitions ọ with d(w) < 4, that is (iii) 
takes place. 

Implication (iii) > (iv). Let (iii) hold. Then, as has already been proved, 
(i) also holds. Let us take an arbitrary £ > 0 and choose 6 > 0 as was in- 
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dicated in the proof of (iii). Then for the partition 9 mentioned in (iii) we 
have 


Se = dV S(P) Qj = So S«l=l<S, (7) 
On putting J = J = I we obtain 
H- ESPLI < e (8) 


that is Z is the integral of f over Q. Thus, we have proved (iv). 
The proof of the theorem is completed. 


Theorem 2. Let 
Ny 
Q=F Y% (k =1,2,...) (9) 


j=1 
be a sequence of partitions ox (k = 1, 2, ...) of a measurable set Q, the maxi- 
mum diameter ôx of the subsets QF tending to zero. 
If for a bounded function f(x) defined on Q there holds at least one of the 
conditions 


(i) lim (Sea) — Sa) =0 (10) 
G) lim SENMO =I (E € OP an 
me 
and 
(iii) Jim Sea) = Jim Self) =I (12) 


then the integral of f on Q exists. 

Conversely, the existence of the integral of f on Q implies the fulfilment of 
all the conditions (i), (ii) and (iii). 

The existence of only one of limits (iii) does not necessarily imply the exist- 
ence of the integral of f on Q. 

The proof of this theorem is completely analogous to that of Theorem 2 
in§ 9.4 stated for the one-dimensional case. 


Theorem 3. Let there be given a sequence of partitions of type (9) of a mea- 
surable set Q with 5,, = max d(Q/) — 0. Then the sum 
j 


5” mQf = m% 
j 


of the measures of those subsets of the partition which adjoin the boundary I 
of the set Q (that is the sum of the measures of those subsets Qk for each of 
which the closure Qt contains points belonging toT) tends to zero as k > œ. 

Proof. Let us take an arbitrary e > 0 and choose a figure o covering I" 
Such that |o] < e. Now let us stretch ø along the directions of all the co- 
Ordinate axes so that the new figure o’ > ø has a measure |o’| < £e. Denot- 
ing by 7 the distance between the boundaries of o’ and Q we can assert that 
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there is ko such that 6,, < for k > ko; for such k’s the subsets QF adjoining 
I’ belong to o’, that is 


mk = Y” m} < |o'| < e 
J 


Theorem 4. The definite integral of a bounded function f on a measurable set 
Q can be defined as the limit 


fin 7 mh = [fd 
Ck Q 


Jor a concrete sequence of partitions (9) with 6,, — 0 where the integral sums 
only extend over the subsets Q} not adjoining I’. 

For, by the foregoing theorem, the parts of the integral sum corresponding 
to these 2/’s which adjoin I’ can be estimated by the inequality 


rey ee eS k+0O (K>(f(2))) 
| 


§ 12.8. Integrability of a Continuous Function 
on a Measurable Closed Set. 
Some Other Integrability Conditions 


Theorem 1. A function f(P) continuous on a Jordan measurable closed set 
Q is Riemann integrable on Q. 

Proof. Since the set 2 is measurable it is bounded. Besides, it is closed, and 
therefore the function f is uniformly continuous on 2. This means that for 
any € > 0 there is 6 > 0 such that if P’, P” € Q and |P’—P’| < 6 then 
If(P)-f(P)| < e. 


N 
Let ọ be an arbitrary partition 2 = Y Q; of the set 2 into measurable 
1 
parts Q; with diameters d (Q,) < ô, and let, as usual, M; = sup f(x) and 
xe Q; 


m; = inf f(x). We have 
ze Aj 
Mj—-m;= sup [A(P)-f(P] =e 
P,P” e 9; 


because, by the hypothesis, the distance between any points P’, P” € Q; does 
not exceed 6. Consequently, 

Se— Se = ) (My—my) MQ; < &})mQ; = emQ =q 
Since n > 0 can be made arbitrarily small, the key theorem shows that the 
integral of f on 2 does in fact exist. 


Theorem 2. A function f defined and bounded on a measurable closed set 92 
and continuous on Ñ everywhere except possibly at points forming a subset 
A C Q of measure zero is integrable on Q. 
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For instance, if a function f is bounded 
on a closed set Q in the plane whose bound- 
ary is a smooth curve (see Fig. 12.3) and if 
fis continuous on 2 except at a separate 
point O and at the points belonging toa 
smooth arc y, the function f is integrable 
on 22. 

Proof. Let € => 0 be an arbitrary posi- 
tive number and let o > A be an open 
(without boundary) figure such that |o| <e. 
Then {2—o is a measurable closed set on Fig. 12.3 
which f is continuous and, consequently, 
integrable. Let us take a partition 0’ of 
the set Q—o of the form Q—o =2,+...+2y such that 5y—Sy < e 
and then construct the partition ọ of the form 2 = 2,+...+Qy+o02 
of the set 2. On putting M = sup f(x) and m = inf f(x) we write 

æ €Q æ € o9 


Se— Se = Sye—Sy)+(M—m) m(oQ) < e+2Ke = 9 
(K > |f@)|, x € 2) 


where n can be made arbitrarily small. Therefore, according to property (ii) 
mentioned in the key theorem, the function f is integrable on Q. 
It turns out that Theorem 2 can be generalized to the case when the set A 
is of Lebesgue measure zero (instead of Jordan measure zero; see§ 12.9). 
This generalization # haters a necessary and sufficient condition for the 
Jordan integrability of a bounded function on a measurable closed set be- 
cause there holds the following theorem: 


Theorem (H. L. Lebesgue). 4 function f(x) defined and bounded on a Jordan 
measurable closed set 2 is Riemann integrable on Q if and only if the function 
fis continuous on Q except possibly on a subset of 2 having Lebesgue measure 
Zero. 


Example. Let us take the function y(x, y) = sin > and consider it as de- 


fined in the half-open rectangle A’ = {0 < x, y <2/2}. To apply Theorem 2 
to this function we can argue in the following way. Let us extend y to the 
closed interval 0 = x <2/2 of the x-axis and to the closed interval 0 = y = 7/2 
of the y-axis in an arbitrary manner so that the new values of the function are 
uniformly bounded. The extended function y is then defined on the closed 
rectangle 4 = 4’ and is bounded on A and continuous on A everywhere 
except on the set of Jordan two-dimensional measure zero (consisting of 
these two closed intervals). Consequently, by Theorem 2, the integral 


| [vs y) dx dy = | f yx, y) dx dy 
4 8 


exists (see § 12.11, Theorem 1 and the corollary of this theorem). 
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§ 12.9. Set of Lebesgue Measure Zero* 
An arbitrary open rectangular parallelepiped (rectangle) 


A ={a,< x < b; j=1, ..., n} 


in the n-dimensional space R = R,, will also be referred to as an interval in R. 
The volume (n-dimensional measure) of 4 is equal to 


|A| = I (b;—a;) 
j=i 


because a closed rectangle differs from the corresponding open rectangle by 
a set of (n-dimensional) measure zero. 

We say that a set E is of Lebesgue measure zero if for any £ > 0 there is a 
finite or countable number of intervals 4', A”, ... covering E (E c } A*) 
the sum of whose volumes is less than £: È |A*| < e. 


Lemma 1. The sum of a finite or countable number of sets E', E, ... each 
of which has Lebesgue measure zero is in its turn a set of Lebesgue measure 
zero. 

For, if £ > 0 is an arbitrary positive number we can construct the fol- 
lowing coverings of the given sets: each E* is covered by a countable (or 
finite) system of intervals Af (E* c Af) such that Y |Af| < ¢/2* (k = 1, 


J J 
2, ...). Since the intervals 4f (j, k = 1,2, ...) can be renumbered as 41, 
As, ... and since their union covers E = }' E* and the sum of their volumes 
is less than £ = )'(e/2*) we see that, by the arbitrariness of £, the set E 
k 


is of Lebesgue measure zero. 

If a set E has a Jordan measure zero this means that for any € > 0 it can 
be covered by a finite number of intervals with total volume less than £, and 
consequently such a set E is also of Lebesgue measure zero. This shows that 
it is permissible to use one and the same notation (i.e. to write mE = 0) for 
the Jordan and the Lebesgue measure when the Jordan measure exists and is 
equal to zero. However, here we have only discussed a very special case of 
the Lebesgue measure, namely, the case when it is equal to zero. 

It should be stressed that a set can be of Lebesgue measure zero and at 
the same time be Jordan nonmeasurable. For example, the set of rational 
points contained in the closed interval [0, 1] has Lebesgue measure zero 
(since it is countable). But it has no (one-dimensional) Jordan measure be- 
cause its exterior Jordan content is equal to 1 while the interior Jordan 
content is equal to zero. 

We also note that if a set F is bounded and closed and has Lebesgue mea- 
sure zero then, given any £ > 0, there is a countable system of intervals 
covering F whose total volume is less than €. By the Heine-Borel lemma, 


*The subject matter of this section is a part of the material presented in full in § 19.1. 
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since the set F is bounded and closed, this system contains a finite subsystem 
covering F, and the sum of the volumes of the intervals in this subsystem is 
less than £. Therefore F is Jordan measurable and has the Jordan measure 
equal to zero. We have thus proved the following lemma. 


Lemma 2. A bounded closed set of Lebesgue measure zero is Jordan mea- 
surable and its Jordan measure is also equal to zero. 


§ 12.10. Proof of Lebesgue’s Theorem. Connection 
Between Integrability and Boundedness of a Function 


In § 7.10 we stated the definition of the oscillation w(x) (w(x) = 0) of a 
function f, defined on a set Q, at a point x € 2 and showed (see § 7.10, 
Theorem 5) that fis continuous at x if and only if its oscillation at that point 
is equal to zero (w(x) = 0). Hence, the oscillation of a function at its point 
of discontinuity is sure to be positive. Let E, denote the set of all points 
x € Q at which the oscillation of f is not less than A > 0 (w(x) = A). It is 
important to note that if Q is a closed set then So is the set E, for any A (see 
§ 7.10, Theorem 6). 

Proof of sufficiency of the condition of Lebesgue’s theorem. Let the func- 
tion f be bounded on a measurable closed set Q, that is 


f@l=K (EQ) (1) 


and g the set E of its points of discontinuity be of Lebesgue measure zero 
(E c 22). 

We shall suppose that m2 > 0 since if otherwise the assertion we have to 
prove becomes quite obvious. Let us take an arbitrary € > 0, and let 7 > 0 
satisfy the inequality 44mQ < e. 

Since we have mE = 0 for the Lebesgue measure of E, the Lebesgue mea- 
sure of E, is also equal to zero for any A > 0 (mE, = 0). But the set E, is 
bounded and closed, and therefore the Jordan measure of E; is also equal to 


zero. Consequently, given any £ > 0, there is a set G covering E, which is a 


finite system of intervals with measure |G] < ora . The set G is open and 
measurable and, since the set 2 is bounded and closed it is representable as a 


union of two nonintersecting Jordan measurable sets: 2 = 2,+Q” where 
Qı = GQ, Q” = Q—G, mQ, = |G| < x and 2” is a bounded closed set. 


The oscillation of the function in question is less than 4 at each point of the 
set Q”. Therefore, by Theorem 3, § 7.10, there is ô > O such that | f(P)— 
~—f(P’)| < 24 for any two points P, P’ € Q” satisfying the condition 
|P—P’| < ô. Let us partition Q” into parts of diameters less than the num- 


N 

ber 8: Q” = y 82). These parts together with the set Q, defined above form 
2 

a partition ọ of the whole set Q. For this partition we obviously have the 
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inequalities 
N 
Se — So = (Mi —m) mQ,— X (M;—m;) mQ; = 
j=2 


N 
€ € € e 


Consequently, by the arbitrariness of £ and by the key theorem, the func- 
tion f is integrable on 2. 

Proof of necessity of the condition of Lebesgue’s theorem. Let the func- 
tion f be bounded on a measurable closed set 2 and integrable on it. Then, 
according to the key theorem, for any £ > 0 and 4 > 0 there exists a parti- 
tion o of the set 2 such that (see the explanations below) 


eù > Se— Se = ))(Mj— my) MQ; > X; (Mj—my) mQ;> AY" mQ; (2) 


The sum )”’ extends only over those summands which correspond to the 
sets Q; each of which contains at least one interior point P of E,. Such a 
point can be covered by a ball V, with centre at that point lying within 2,, 
and therefore we have the inequalities 


M;—m,; => M-m => o(P)= å and M, = sup f(x), ms = inf f(x) 
weve 2eVe 


On cancelling (2) by 4 we obtain the inequalities 
e > $ mQ; = mY)’ 2) 
where $” Q; contains the points of E, each of which is an interior point of one 
of the subsets Q; entering into the partition g. The remaining points of E, 
not belonging to }’’ 2, can only lie on the boundaries of the sets 2,(j = 
= 1, ..., N) whose total measure is zero. Thus, for any 4 > 0 and € > 0 


we have mE, < e, that is mE, = 0. Now, since the set of all points of dis- 
continuity of f can be represented in the form 


E=) Exe 
k=1 
and since mE, = 0 (k = 1, 2, ...) we conclude that mE = 0. 
The necessity of the condition of the theorem has been proved. 
Let us state the following useful definition. We shall say that a set Q c R 
possesses property (A) if it is measurable and if for any £ > 0 there is a parti- 


tion Q = YQ; of Q into measurable parts of positive measures (m2; > 0) 


1 
with diameters d(Q;) < e. 

An arbitrary measurable open set Q possesses property (A). For, if we 
take a rectangular network with cubes A of diameter less than e, it partitions 
Q into nonempty measurable parts 2;. Let a set Q; of this kind be a part of 4 
and let x? c Q; c Q; then there is a ball Vo with centre at x° contained in 
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Q, and the intersection of Væ and A belongs to Qj: Væ c Qj. Now it is 
readily seen that m(V z 4) => 0. 

Of course, together with the measurable open set Q, its closure 2 also pos- 
sesses property (A). 

A rectangle, a circle and an ellipse are all examples of two-dimensional 
sets possessing property (4). Examples of one-dimensional sets possessing 
property (A) are a closed interval, a finite system of closed intervals and an 
open interval; as examples of three-dimensional sets with property (4) we 
can take a ball, a cube, an elementary figure, an ellipsoid and a torus. 


| 
l 
| 
Fig. 12.4 


On the other hand, the plane set 2 shown in Fig. 12.4 which consists of 
the circle o and of the closed interval [0, 2] lying in the x-axis does not pos- 
sess property (A). This set is measurable because its boundary consists of a 
finite number of smooth curvilinear segments. However, if, for instance, we 
take e < 1/2, it is readily seen that it is impossible to break up 2 into measur- 
able (in the two-dimensional sense) parts of positive measures with diame- 
ters less than e. 


Theorem 1. A function f integrable on a set Q possessing property (A) is 
bounded on Q. 


Indeed, let us take an arbitrary ô > 0 and construct a partition @ of the 
set Q into parts Q; (j = 1, ...,.N) of positive measures so that 


Ô, = max d(Q;) < 6 
J 
Suppose that the function f is unbounded on Q; then it is unbounded on at 
least one of the sets Q;, say on Q. The corresponding integral sum can be 
represented as 
N 
Se =f(p1)mQi+ Y S(p) MQ; (3) 
j=2 
N 
For the given ọ and fixed p; (j = 2, ..., N) the sum Y f(p)mQjisconstant 
e jJ=2 
while the product f(p1)m1 where p; is a variable point belonging to Q; is 
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unbounded (because mQ, > 0). Consequently, the integral sum S, is un- 
bounded. This shows that S, cannot tend to a finite limit as 6, — 0, and 
consequently the function f is nonintegrable on Q (cf. Theorem 1, § 9.2). 

For the sets possessing property (4) Lebesgue’s theorem can obviously be 
stated as follows. 


Theorem 2. Let Q be a closed set possessing property (A). Then a function f 
defined on Q is integrable.on Q if and only if it is bounded on Q and continuous 
on Q except possibly at the points forming a subset of Q of measure zero. 


§ 12.11. Properties of Multiple Integrals 


Theorem 1. If a function f is bounded and integrable on a set 22 = Q' +Q” 
where 92’ and 2" are measurable sets which either do not intersect or intersect 
only along some parts of their boundaries then fis also integrable on each of 
the sets 2! and Q” and vice versa. In this case* 


f fdx = l] fdx+ f fdx (1) 
Q a Q” 


To prove the theorem we take an arbitrary sequence of partitions 0; (k = 
= 1, 2, ...) of the set Q such that the boundaries of the sets 2’ and Q” 
consist only of the boundary points of some of the subsets into which Q is 
partitioned. These partitions induce on 2’ and Q” the corresponding parti- 
tions o, and ox. The further course of the proof is exactly the same as that 
of the proof of Theorem 1 in § 9.7 for the one-dimensional integral, the role 
of the closed intervals [a, c] and [c, b] being played by the sets 2’ and 2”. 


Corollary. If a bounded and integrable function f defined on Q is redefined 
on any subset E c Q of Jordan measure zero so that the modified function fı 
remains bounded on 9, then fı is integrable on Q and 


fsd = | fida 
Q Q 


Indeed, the set Q—E is measurable together with Q, and therefore f is in- 
tegrable on Q—E and, besides, 


[ fa2 = [fAdQ=0 
E E 


* For an unbounded function f equality (1) may not hold. For instance, if f = 0 ong 
(see Fig. 12.4) and f = 1/x on the half-open interval y= (0, 2] of the x-axis then f. | fdxdy = 


= f J f dx dy = 0. At the same time the integral f f f dx dy does not exist. 
oty 
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Consequently, fı is integrable on 2 and 
[ad= | fidQ+[fidQ= | fdQ+{fdQ = | Fao 
Q Q-E E Q-E E Q 


By virtue of this assertion, in the case when a function f is bounded on a 
measurable nonclosed set 2 and integrable on 2 it makes sense to write 


[fds = [yar 
Q Q 


although the function f may not be defined on 2—Q. For, if fis not originally 
defined on 2—2 and is then extended to 2—2 in an arbitrary way so that its 
values assumed on 2—Q are uniformly bounded, the integrals off over Q and 
over 2 coincide. 


Theorem 2. If f(x) and (x) are bounded integrable functions on Q and c is 
a constant then the functions 

Ofe), i) fx), DIS, Gv) F(%) p(X) and (v) 1/f() 
7 the last case it is supposed that | f (x)| > d = 0) are integrable on Q. Be- 
sides, 


[ Frode = | fdx+ | pdx (2) 
Q Q Q 


cf dx = c | fdx (3) 
Q Q 


It should be noted that the integrability of these functions readily follows 
from Lebesgue’s theorem because the Lebesgue measure of the sum of two 
sets of measure zero is again a set of measure zero. 

Equalities (2) and (3) are proved by complete analogy with Theorem 2, 
§ 9.7. The existence of the integrals of functions (i)-(v) can also be proved 
without resorting to Lebesgue’s theorem as it was done in the above-men- 
tioned one-dimensional theorem. 


Theorem 3. If functions fı, fz and ọ are bounded and integrable on Q and if 
A(P)=f(P) and 9(P)>0 (PEQ) (4) 
then 
| Ap dP = | fp aP (5) 
Q Q 


In particular, if 


A=«f(P)=B, (P)=0 (6) 
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where A and B are constants then 


A |pdP = | fp dP <B | p dP (7) 
Q Q Q 
and for some C we have 
[feaP=C[pdP (4=C<B) (8) 
Q Q 


Proof. It follows from (4) that 
SAP) P) =fAP)P) (PED) 
whence, for any partition o of the set Q we obtain 
Sep) = SA29) 


On passing to the limit as ô — 0 where ô is the maximum diameter of the 
subsets forming the partition ọ we arrive at (5). 
Equality (8) is spoken of as the mean value theorem for multiple integrals. 


P Remark. If Q is a closed connected set and fis a function continuous on 
then 


ffo dP = f(O) | p aP 
a. Q 


where Q is a point belonging to 2. 

Indeed, the continuity of f on the closed measurable set 2 implies that f is 
integrable on Q and, besides, there are some points Q, and Qz belonging to 
Q at which f attains its maximum and minimum (on 22) respectively: 


min f(P) = f(Qi1)= A and max f (P) = f(Q2) = B 
By the connectedness of 2, there is a continuous curve P = P(t) = {p(t}, ... 


<o +s Pn(t)} (tı = t = t2) lying within 2 which joins the points Q, = P(t.) and 
Qz = P(te). The function 


Z = f(P()) = f(p:(ð, cog Pn(t)) = y(t) [t sls tə] 


continuous on the closed interval [t:, t2] attains for some to € [t1, te] the 
value (to) = f(Q) = C where Q = P(to), which completes the proof. 


Theorem 4. For a bounded integrable function f on 92 there hold the inequali- 
ties 


[fde}=<Jiflde<KmQ (K= sup |f()l) (9) 
Q Q og 








Indeed, the integrability of |f| was proved in Theorem 2 and, besides, we 
have 
-IQ erws EEL) 
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whence 


— f Ifl dx = f f dx = f | fi dx 
Q Q Q 


It should be noted that if we only suppose that | f(x)| is integrable on Q 
inequality (9) may have no sense (see the remark at the end of § 9.7). 


§ 12.12. Reduction of Multiple Integral 
to Iterated Integral 


The theorems proved below make it possible to reduce the computation of 
a multiple integral to successive integrations with respect to each of the 
variables x1, X2, X3, ... 


Theorem 1. Let a function f(u, v, be.defined and integrable on a rectangle 
A= fasu sb; c av ad} = [a, b]xX[c, d] in the uv-plane. Then 


f f f(u, 0) du dv = f du | f f(u, v) do) = f dv (/ f(u, Da (1) 


where the expression 
d 
[£@, 0) do (2) 


is understood as the Riemann integral of f(u, v) with respect to the variable v 
for a fixed value of u provided this integral exists; if it does not exist expres- 
sion (2) is understood as an arbitrary number lying between the upper and 
lower integrals of f (u, V) with respect to v € [c, d]. The integral with respect to 
u over the interval [a, b] in the second term in (1) exists in the Riemann sense. 
The same refers to the third term in (1). 

According to what was shown in§ 12.10, the rectangle A is a set possessing 
property (4), and therefore the integrability of the function f on 4 implies 
its boundedness on A. 

If not only the double integral of f over A exists but integral (2) also exists 
for every u € [a, b] then the second term in (1) is the result of the Riemann 
integration of f first with respect to v (in the one-fold sense) and then with 
respect to u. Similar assertion applies to the third term in (1). 

Proof. Let us consider f (u, v) as a function of v defined on [c, d] for every 
fixed u € [a, b]. This function is bounded and consequently its upper and 
lower integrals exist and satisfy the inequality J(u) = I(u) (a = u = b). 
Let (u) be a function satisfying the inequalities J(u) <®(u) = I(u) (a = 
= u = b). We shall show that such a function ®(u) is integrable on [a, b] and 
that its integral over [a, b] is equal to the double integral of f over A. To this 
end it suffices (see Theorem 2, § 9.4) to take the partition r of the closed 
Interval [a, b] into N equal parts with the aid of the points of division a = 
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=U <uy<... < uy = b, h = u—u-1 = —* and to prove that the 
limit 
N b 
lim SH) = lim J OE) h = Í @(u) du = f [ fdudo (3) 
h—0 N-> co i=l 4 4 


exists for any choice of the intermediate points &; € [u;-1, uj] (È = 1, ..., N) 
and is independent of the choice. 

Let us also form the partition ọ of the closed interval [c, d] into N equal 
parti witk ports of divisione = la v< ... < Vy = d,k = vj— vj- = 








tangles A;; = [uj-1, ui] X [V;—1, vj] to which there correspond the upper and 
lower integrals 


Srxe(f) = hk >) My and Sxe) = hk yy 
ij ij 
of the function f on 4. 
Since 
DE) =E) k} sup f(b, o) =k >My 
j VY-1 SV EY j 


and, similarly, 
OE i) >k X mi 
j 


we have 
N 
Srxe( f) = p> DENK =SrxAf) 


By the hypothesis, the function f is integrable on A and therefore there exist 
the limits 


lim Srx(f) = lim S,x(f) = J f du do 
N= co N -> co 


Consequently, limit (3) exists, which proves the first equality (1). The second 
is proved analogously. 

Now let us consider an n-dimensional rectangle 4 = {aj = x; = by; j = 
= 1, ..., n}. We shall denote by A’ the projection of 4 on the coordinate 
subspace of points u = (x1, ..., Xm): 4’ = {a = x aby; j= 1, ..., m} 
(1 =m < n); similarly, by 4” we shall denote the projection of A on the 
coordinate ise of the points 0 = (Xm41, ..-, Xn): A” = {aj = x = bj; 
J = m-+1, ..., n}. We shall also write 


x = (uv) and 4=/A'XA"” 
There holds the following theorem generalizing Theorem 1: 
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Theorem 2. Let a function f(xı, ..., Xn) = f(u, 0) be integrable on the 
rectangle A = AXA” (u € A’, o € A’). Then 


J | 10u, 0) du do = f du ffo) (4) 
8 s” 


4 


where the expression f f(u, 0) do is understood as the Riemann integral of 
y 

f with respect to v for a fixed u provided that this integral exists and as an 
arbitrary number lying between the upper and lower integrals of f(u, 0) with 
respect to v € A” if it does not exist. The integral with respect to u over A’ 
entering into the right-hand side of (4) exists in the Riemann sense. In parti- 
cular, if, in addition to the above hypothesis, it is known that the function 
f(u, v) is integrable with respect to 0 € A” for any fixed u € A’, then, without 
any further stipulations, the right-hand side of (4) is the result of the successive 
integration of f in the Riemann sense first with respect to v € A” and then 
with respect tou € A’. 

Proof. The argument is completely analogous to that in the proof of 
Theorem 1. We take the partition r of the (m-dimensional) rectangle 4’ into 
N™ congruent rectangles 4}, A, . .. with m-dimensional measures 


ates _ (b-a) ... (bm an) 
h = [Aj|™ = hy... ha = SEP ed 


and the partition ọ of the (n—mm)-dimensional rectangle 4” into N’-™ 
congruent rectangles 4;’, 4’, ... with (n—m)-dimensional measures 


ve = Dm ay eee b,— 
g=|4; |” m = mtl e By = Pati Gee) 2 Oa” Oy) 


This results in the partition rX ọ 
A= 4 x47’ 
tj 


of the rectangle A. To this partition there correspond the upper and lower 
sums S,xo(/) = hg Y My and Srx0(f).= hg Y > my. , 


ij tj 
Next we consider a function ®(u) defined as an arbitrary function satis- 
fying the inequalities J(u) = (u) = J(u) where J(u) and (w) are the lower 
and upper integrals of f (u, v) with respect to v € A”. 
The further course of the proof is quite similar to that in the proof of the 
foregoing theorem with the replacement of & € [wj—1, ui] by & € 4i. 


Theorem 3. Let the function f (x) = f (xı, . . .,Xn) be not only integrable on the 
rectangle A but also satisfy the condition that, given any natural number k = 
= 1, ...,n—1 and any admissible set of values (xı, ..., Xx), the function f is 
integrable on the projection A* of A on the coordinate subspace of points u* = 
= (Xk41, -. - Xn)» Then for the rectangle A = {aj<x;<b;; j = 1, ...,n} 
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there holds the equality 


bn 
ie | fxs... dx S da om + | Fle so a dra 
4 


ar Ge 


where the integrals on the right-hand side are ae in the Riemann (onee 
old) sense. 
Indeed, PE consecutively the —" theorem we obtain 


J fdr = f dx, J Sa, W) du! = Í dx; í dxa J f(n x2, 8) du? = 


aT Bon [Son ous) dt (5) 
a ay, 


by bs by 
An integral of the type of | dx, f dxe... | fea, s+» %n) Xn is called 


a a3 
an n-fold iterated (or repeated) integral. 

In the general case the reduction of a multiple integral to an n-fold iterated 
integral involving successive integrations with respect to each of variables is 
carried out in accordance with the lemma proved below. 

Let 2 be a bounded set. We shall denote by e1 its projection on the x-axis. 
In particular, if Q is a domain then e; is an open interval; if Q is the closure 
of a domain then e; is the closed interval [a, b] where a = min x; and b = 

x€Q 
= max xı (x = (x1, ..., Xa)). We also denote by 2,9 the section of Q by the 
x€Q 
plane xı = x, that is the set of points of the form (Xf, X2, ..., Xn) € Q. 
Lemma. There holds the equality 


f -o [Fey -+ +s Xa) den... dxa = Ja f ACEi x2, +- -p Xn) dxa... dn 
2 Qz, 
(6) 


It is always valid when f is bounded on Q, e, is a measurable one-dimensional 
set and the integrals E . f and J (for any xı € e1) make sense. 


Proof. Let us embed Qi in an aii nsional rectangle 4 = [ai, bi] x4’ 
where A’ = {aj = xj = bj; j= 2, .... n}. This is possible since the set 2 
is measurable and therefore bounded. 

Let us extend the function f from Q to A by putting 


_{f on Q 
z= l on 4-9 


(f denotes the extended function). 
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Now we can write (see the explanations below) 
by 
[I dx = | FE) de =J dx, {7G Xo voy Xn) Oe... dq = 
2 4 


= fa [S X25 «sey Xn) Axe ahr 


Az, 


The first equality in this chain holds by virtue of the fact that 2 and A are 
measurable sets and f = 0 on 4—2. 

The second equality follows from Theorem 2 for the function f is not 

only integrable on Q but, as function of (x2, ..., Xn), it is also integrable on 

Q,, for any fixed admissible values of xı, and consequently i it is integrable on 
A’ as well because it vanishes outside 2,,. 

The third equality holds because e, is a measurable set and f= 0 for 
xı € e, and also for xı € eı when (x2, ..., Xn) € Qx 

Example 1. The area S of the ellipse W specified by the relation z + < 
< 1 (a, b > 0; see Fig. 12.5) can be computed as follows (see the explana- 
tions below): 


byi- cala a en 
S= [frac = fas f dy = [ 1-ġ d= 
-@ —byi- Galai) =a 


= 4È f VĒ dx = 2ab (arcsin 2 4% VETA)? = nab 
0 


Here the first equality follows from the fact that W is a measurable (in the 
two-dimensionai sense) set since its boundary is a smooth curve. 





Fig. 12.5 
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Fig. 12.6 


i 

The second equality is a consequence of the above lemma for the closed 
interval [—a, a] is the measurable projection of W on the x-axis and the sec- 
tion W x of the ellipse by the straight line parallel to the y-axis and passing 
through the point x€ [a, b] is the closed interval [ — bY1—(x2/a?), bY1—(2/a’)], 
that is a measurable set in the one-dimensional sense, on which the function 
in question is equal to 1 and thus is integrable. 


Example 2. In Fig. 12.6 we see a closed set Q with boundary I consisting 
of two piecewise smooth closed contours and of a separate point. The set 2 
is therefore measurable in the two-dimensional sense. Its projection on the 
x-axis is the closed interval [a, b]. Any section 2, of Q by a line parallel to 
the y-axis and passing through the point x € [a, b] is a line segment or a sys- 
tem of two line segments or a system consisting of a finite number of points, 
all such sets being measurable in the one-dimensional sense. Therefore, if 
f(x, y) is a continuous function on 2 it is integrable on 2 and also integrable 
over any such section Q, with respect to y. Consequently the above lemma 
applies to f, and we obtain 


b 
ff fdxdy = | dx | ay 
Q a üz 
pee we can apply this lgmma to the inner integral on the right-hand side 
of (6). 
Let e2(x1) be the projection of the section Qx, on the x2-axis and Qx, be 


the section of (the (n—1)-dimensional set) 2,, by the plane x = x}. Then 
we have 


{ @) dx = | dx, Í dx2 Í F(X 1, X2, X3, «9 Xn) dX3 ... AX, 


ey €2(%1) Qz: 
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provided that all the sets Oxx (X2 € €2(%1)) are measurable in the (n—2)- 
dimensional sense and that (x1, X2, X3, ..., Xn) aS function of (X2, ..., Xn) 


is integrable on Qx,» 
Proceeding in this way we finally arrive at the formula 


fs- f dx f dx Í dxa ... Í f (Xt) -- -s Xn) dxa (7) 
e eax) €3(X1, X2) Cn (Xt, » > -s Xal) 


Here all the sets e1, e2(x1), ..., €n(X1, ..., Xn—1) are one-dimensional and 
are supposed to be measurable; besides, we assume that the integral on the 
left-hand side of (7) and also all the inner integrals on the right-hand side 
exist. 


Example 3. The volume |Q| of the ellipsoid 2 determined by the in- 
equality aE Ea « 1 (a, b, c > 0) can be computed as follows (see the 
explanations below): 


a | ale daa fa fora 
bV1—(?/a*) cY T= (?/a*)— (92/68) 


f dx f dy f dz = 
-a  —bY1=@*/a) = — cI —(*/a*)— (52/2) 


a bY1—(x?2/a?) 


fax | Ne= 


A H 
-E F 
=» if* acin HE TE oL at =| aS 
—bY1—(xA]a) 


= be f (1-2) ax = 4 nabe 


The set Q is measurable since its boundary consists of two continuous sur- 


aces 

Zz efi -5-7 and z= -e -5-7 (4+35< 1) 
each of which is projectable in a one-to-one manner on a bounded closed set 
in the xy-plane. 

The sections of 2 by the planes and straight lines parallel to the coordinate 
axes are also measurable and closed in the one- and the two-dimensional 
Sense respectively; indeed, these sets, when they are nonempty, are ellipses 
Or separate points for the section by the planes and are line segments or 
separate points for the sections by the straight lines. 


48 A COURSE OF MATHEMATICAL ANALYSIS 


Thus, the function 1 is integrable on Q and on all indicated sections of Q, 
whence follows that equality (7) is in fact applicable. 

If a function f (x, y) is bounded on a rectangle A = {a = x = b,c = y = 
< d} = [a, b]x[c, d] and if its points of discontinuity, provided there 
are such, form a set E of two-dimensional measure zero and, besides, 
f(x, y) as function of y considered for any fixed x has points of discontinuity 
only on a set of one-dimensional measure zero, then, by virtue of Lebesgue’s 
theorem, the conditions of Theorem 3 hold. Therefore we have the equality 


b b 
[A y) dx dy = | dx | f€, y) dy (8) 


where both integrals on the right-hand side (taken with respect to x and with 
respect to y) are understood in the Riemann sense. 

In particular, these conditions hold when we deal with a function f(x, y) 
defined and continuous on 4 except possibly on a finite or countable set of 
points. 

If f(x, y) = (x) p(y) ((x, y) € 4) where the functions p and y are bounded 
and continuous on the closed intervals [a, b] and [c, d], respectively, except 
possibly at points forming some sets E, and E> which are countable or, gener- 
ally, are of one-dimensional measure zero, then the function f(x, y) is bound- 
ed on A and can only have points of discontinuity belonging to the sets 
E,X[e, d] and [a, b]X £2 which obviously are of (two-dimensional) measure 
nae Therefore equality (6) holds for f; in this case it can be written in the 

orm 


b d b d 
JJ 90) YO) de dy = J dx | 96YO) ay = | pe) dx | v0) ay 


The extension of these properties to many-dimensional ateata is carried 
out quite easily. 


> 


§ 12.13. Continuity of Integral Dependent on Parameter 
Let us consider the integral 


F(x) = F(x, ..., Xm) = f- [S <.. Xm3 Yis -- -s Yn) dYa .-. dYn = 
Q 
= | f(xy) dy (1) 
j! 


where Q is a measurable set in the n-dimensional space of the points y = 
= (Yis ..-» Yn) and the function f(x, y) is integrable with respect to y over 
Q. Then integral (1) is a function F(x) of the point x. Such an integral is 
spoken of as an integral dependent on the parameters xı, ..., Xm. 

The theorem below provides a sufficient test for the continuity of a func- 
tion of the type of F(x). 
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Theorem 1. If a function f(x, y) is continuous on a set of the form 
GXQ (xEG,yEQ) (2) 


lying in the (n+-m)-dimensional space of points (x, y) = (x1, . . .)Xms Yis + + -,Yn) 
where G and Q are bounded closed sets belonging to the corresponding spaces 
of the points x and y, integral (1) (i.e. the function F(x)) is a continuous func- 
tion of the point x € G. 

Proof. Let us denote the modulus of continuity of the function f on set (2) 
by the symbol (5, f). This set is bounded and closed and the function f is 
continuous on it; consequently w(5, f) — 0(6 — 0). Hence for x, x’ € G, we 
have 


| F(x’) -Fœ = 





f Le, D-E, y “ < 
Q 


< | IS, I)E, y) dy < | olx’ —xl, f) dy = 
Q Q 


= a(|x’—x],f)|2Q| +0 (x + x) 


which proves the theorem. 
Now let us consider an integral generalizing (1) in the case when y is a 
scalar (not vector) variable: 


(X15 005 Xm) 
F(x) = F(xi, ...,X%m) = f f(Xis - -s Xm; Y) dy = 
Plis «200 Xn) 
y(x) 
=ffendy eA O 
g(x) 


For an integral of type (3) we shall prove the following theorem. 


Theorem 2. If a function f(x, y) is continuous on a set H of points (x, y) = 
= (x1, ..., Xm; Y) belonging to the (m+ 1)-dimensional space of the variables 
X1, X2, ...,Xm3 Y Such that the points of H satisfy the inequalities p(x) = y = 
<= y(x) (x € G) where g(x) and y(x) are continuous functions defined on a 
bounded closed set G of points x = (x1, . . «» Xm) belonging to the m-dimensional 
space of the variables xı, ..., Xm, then the function F(x) determined by formula 
(3) is continuous on G. 

Proof. First of all we note that if (x) and y(x) are constant functions, i.e. 
p(x) = a and y(x) = b (a, b = const), then 


b 
F(x) = | f(x, y) dy (4) 


where f(x, y) is continuous on H = GxX[a, b]. For this case the continuity 
of F on G was already proved in Theorem 1. 
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Let us proceed to the general case. Since f(x, y) is continuous on the boun- 
ded closed set H there is a constant M such that | f(x, y)| = M on H. 

Let x° € G and let us assume at present that g(x?) < »(x°). On setting an 
arbitrary number € > 0 such that e < 1/2[y(x°)—¢(x°)] we can find, by 
the continuity of » and y at the point x°, a number 6 > 0 such that 


9(x°)—e < p(x) < 9(x%)+8e 
and 
p(x°)—e < y(x) < p(x?) + e 


for all x belonging to G and satisfying the inequality | x—x°| < 6. For such 
x’ s we can represent F as the sum 


F(x) = Fi(x)+ F(x) 


where 
g(x?) +s y(x) 
Fx) = | fændy+ | Sæd 
g(x) y(x)—s 
and 
y(x°)—s 
Fe(x)= | f(x,y) ay 
Ax) —s 


The term F; satisfies the inequality 
| Fi(x)| = 2Me+2Me = 4Me 


for the indicated values of x, that is it can be made arbitrarily small for a 
sufficiently small ô. The second term F, is continuous at the point x°, which 
follows from the remark concerning integral (4) if we put a = g(x°)+ £ and 
b = y(x°)—«. Therefore the function F is also continuous at the point x° (see 
Lemma 1,§ 11.7). 

Finally, in the case p(x°) = »(x°) we have 








v(x) 
I-E =| | fE, y) dy| <|y()—9(@) IM > 
g(x) 
> y(x) -pN M=0 (x >x) 
This completes the proof. 


It should be noted that if the conditions of Theorem 2 hold we have the 
equalities 


y(x) 
[ [7G y) dx dy = | de | f=, y) dy = | F(=) dx 
H G olx) G 


Indeed, the leftmost integral exists since H is a bounded closed measurable 
set and f is continuous on H. The first equality follows from the lemma 
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roved in § 12.12 (6); the inner integral (with respect to y) of the con- 
tinuous function f(x, y) in the middle term exists for any x € G. The second 
equality is obtained if we substitute the expression on the right-hand side of 
(3) for F (x). If we only knew that the conditions of the above-mentioned 
jemma hold it would only follow that F(x) is integrable (with respect to x) 
on G. In the case under consideration we have more information concerning 
the function F(x), namely, we know that it is continuous on G. 


Example. Let us consider a continuous function f(x, y, Z) defined in unit 
ball w. The integral of the function over that ball can be written as 
yi—x8 Vi—x?—y8 


[fdo= [de | dy | fey, 2) a 


b Ji yia YA 
The inner integral 
yI=xi— yi 
F(x,y)= |  fy,2) a 
-yI x3—yi 


is a function F on (x, y) defined in the circle ô determined by the inequality 
x2+-y? = 1. It is continuous on o. Indeed, the function fis continuous in the 
closed ball œ and the surfaces z =—ŅV1—x?—y? and z = y1- x-y? 
(x2+y? = 1) bounding the ball are described by functions continuous in the 


circle ø. Therefore the continuity of F on ø follows from the above theorem. 
Hence we have 


1 yi-x? 
| fdo = fæ f rena) 
@ —1 —Vi—x2 
The integral 
Vina 
D= | Fey) dy 
—Vi-—x2 


is in its turn a continuous function of x € [—1, +1], which follows from the 
Same theorem. Indeed, F(x, y) is continuous in the circle ø which is a bounded 
Closed set of points (x, y), and the boundary curves y =—Y1—x* and y = 


= 1—x? (—1 =x = 1) of are continuous. Consequently, by Theorem 2, 
®(x) is continuous on [—1, +1]. 


§ 12.14. Geometrical Interpretation of the Sign 
of a Determinant 


Let us take a system of rectangular coordinates (x1, x2) in the plane (see 
Figs. 12.7 and 12.8). 


or definiteness, we shall suppose that the positive half-axis x2 is obtained 
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Fig. 12.7 Fig. 12.8 


from the positive half-axis x, by rotating the latter through an angle of 90° in 
counterclockwise direction. Let us also consider two nonzero vectors a = 
= (dı, 42) and b = (bı, b2) issued from the origin such that the determinant 
formed of their components is different from zero: 


a bij ao (1) 
ao bə 


If the determinant J is positive (4 > 0) the direction of the vector b is 
obtained from that of the vector a by turning the latter in the counterclock- 
wise direction through an angle less than x; if 4 < 0 it should be turned 
through an angle greater than x. Indeed, without violating generality, we can 
assume that a and b are unit vectors: a = (cosa, sina) and b = (cos f, 
sin f). Then A = sin (B—a) whence A > 0 for 0 < B—a< x and A <0 for 
n< B—a < 2x. 

Now let us consider three vectors a = (a1, 42, 43), b = (b1, be, b3) and c = 
= (c1, C2, Cs), in the three-dimensional space with rectangular coordinates 
(x1, X2, x3) (see Fig. 12.9), such that the determinant formed of their compo- 


A= 











Fig. 12.9 
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nents is different from zero: 
Qi bi Ci 
a2 be C2 
a3 bs C3 
The similar determinant formed for the unit vectors i, = (1, 0, 0), iz = 
= (0, 1, 0) and és = (0, 0, 1) of the axes Ox, Oxz and Oxs is positive: 
1 0 0 
0 1 0|=1 
0 0 1 


If A > 0 then it is possible to construct three continuous vector functions 
a(t) = (a:(#), xa(t), x(t) 
B(t) = (B9, B), B0) 


A= <0 








and 
VA = (71), Y), ya) 
defined on the closed interval 0 = t = 1 such that the conditions 
a(0) = a, $(0) = b, Y(0) = c, a(1) = i, BOL) = iz, Y(1) = iz 


are satisfied and the determinant of the components of these vectors is posi- 
tive for any t € [0, 1]: 


ax(t) æA æst) 
A(t) =|Bi(t) BAA Ba(t)| > 0 (2) 
vit) yet) ysl?) 


If A < 0 it is impossible to construct three continuous vector functions 
rite the indicated properties and such that A(t) = 0 for t € [0, 1] and 

=1. 

In the case A > 0 the ordered triple of vectors a, b, ¢ is said to be oriented 
like the triple i,, ic, ig while in the case A < 0 the triple a, b, c is said to have 
the orientation opposite to that of the triple 1, i2, is. 

A similar characteristic (of the first and second cases) can be given for 
pairs of vectors a and b in the plane (see § 13.8). 

t us prove the assertion stated. It is evident that for the interval 

[0, 1/4] of the variation of the parameter t we can choose the vectors a(t), 
B(2) and (ft) so that they coincide with a, 6 and c for t = 0 and retain the 
directions of the given vectors a, b and c, respectively, for t € [0, 1/4] while 
their lengths vary continuously and monotonically so that |a(1/4)| = 
= |B(1/4)| = |(1/4)| = 1. Next we keep the vectors a and ¥ constant on 
the interval ¢ € [1/4, 1/2] (a(t) = a(1/4), (Ò = 7(1/4)) while the vector £ is 
rotated continuously and monotonically in the plane L of the vectors aandb 
Or, which is the same, in the plane of the vectors a(1/4) and £(1/4)) so 
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that for the value t = 1/2 of the parameter the vector B(1/2) is perpendicular 
to a(1/4) = a(1/2). Let us consider the unit vector d perpendicular to L whose 
terminus lies on the same side of L as the terminus of (1/2). Now let us keep 
the vectors a and ĝ invariable for the interval ¢ € [1/2, 3/4] and vary only 
the vector 7, namely rotate it monotonically and continuously in the plane 
of the vectors 7(1/2) and d so that it coincides with d for t = 3/4 (Y(3/4)= 
= d). Now we have the triple of vectors a(3/4), 8(3/4) and (3/4) which 
are mutually perpendicular and have unit lengths. Finally, for the interval 
[3/4, 1] of variation of the parameter t we regard the triple a, f,Y as a rigid 
tetrahedron which is rotated as a rigid body so that for t = 1 we have 


a(l) = 4, (1) = ib, y(1) = +i; (3) 


If we have A(0) > 0 at the beginning of the above process then we shall 
have A(t) > 0 for all the values of t belonging to [0, 1] because this process is 
such that the vectors a(t), p(t) and Y(t) are not coplanar for any value t€ 
€ [0,1] and thus A(t) + 0, whence it follows, by the continuity of the func- 
tion A(t), that A(t) > Ofor allt € [0, 1]. Consequently, if 4(0) > 0 then there 
must be in fact the sign “+ ” in the third term of (3) (i.e. Y(1) = ig). It is also 
evident that if 4(0) < 0 then A(1) < 0 and (1) = —is. 


§ 12.15. Change of Variables in Multiple Integral. 
Simplest Case 


We shall investigate how the integral 
f f f (xis x2) dx, dxz (1) 
fi Í 


is transformed when a change of variables of the form 
Xi = axı+bx2z, Xz = cx1+dx2 (2) 


is made in it on condition that 
a b 
c d 


Let us suppose that Q’ is a domain with a continuous piecewise smooth 
boundary curve I” (Fig. 12.10). 

The transformation inverse to (2) specifies a mapping of 2’ on a domain 2 
in the x;Xe-plane having a piecewise smooth boundary I (Fig. 12.11) and 
determines the function 


F(x1, x2) = f(axı+bx2, cxi1+dx2) — ((*1, x2) € Q) 


defined on 22. 

Let us construct a rectangular network in the x:x2-plane with squares 4 
having sides of length A. Equations (2) determine a transformation of this 
network into a network lying in the xixe-plane which is oblique-angled in 


D = 





|= o 
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ee ee 
Sao 





O X, 
Fig. 12.11 


the general case and partitions the x}x2-plane into congruent parallelograms 
(the images of A’s) with areas 

4) = IDIA] =D, D=|* ° 

c d 


_ Thus we obtain some partitions ọ and ọ' of the domains Q and Q’, respec- 
tively, specified: by these networks. 
For the corresponding integral sums we can write 
Se) = ES x14] = È F x2)1D| 14| = 
= S(IDIF)  ((%1 x2) € A) (4) 


(3) 
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We extend the second sum in (4) only over the entire squares A c 2 and the 
first sum only over the entire parallelograms A’ corresponding to them. On 
passing to the limit in (4) as h — 0 we arrive at the formula 


fS £64, x) dxi dx, = | | Fa, x2)1DI des dxa = 
w Q 


= |D| f f F(x1, x2) dxı dxə (5) 
Q 


In this argument we can assume that the function f is continuous on 2’; 
then the function F is continuous on @ and both integrals in (5) exist. The 
fact that equality (5) holds was proved above. But it also suffices to suppose 
that f is integrable on Q’; then the first sum in (4) tends to a finite limit as 
a(A’) - 0, which automatically implies the existence of the limit of the second 
sum equal to the former when d(4) — 0, that is the existence of the second 
integral in (5) equal to the first one. 

In the next section we shall derive and prove a more general formula for 
change of variables in multiple integrals. 


§ 12.16. Change of Variables in Multiple Integral. 
General Case 


Theorem 1. Let Q be a measurable domain in the n-dimensional space R= R, 
of the points x = (xı, ..., Xn) and 2’ be a measurable domain in another n- 
dimensional space R' = R,, of the points x’ = (x1, ..., Xn). 

We shall suppose that transformation formulas 


xi = px) = 9X), ..-, Xn) (j=1,...,73 x €Q) (1) 
specify a mapping of 2 on Q' under which the points x € Q go into the points 
x’ € . This mapping will be written in the shortened form as 

x’ = Ax (1’/) 
Let us suppose that the operator A possesses the following properties: 
(i) The mapping of 2 or 2'* under the operator A is one-to-one: 
Q =Q (2) 


(we do not require that the operator A should specify a one-to-one correspon- 
dence between the points of the boundaries of 2 and 2’). 

(ii) The functions p(x) are continuous and possess continuous partial deri- 
vatives of the first order on 2. The Jacobian** of the functions 9,(x) will be 


* The condition that Q is a domain may not be stated initially because it follows 
from the continuity of Ax on Q and from (2) (see § 12.20, Theorem 3). 
** We do not impose any conditions on the sign of D(x). But the conditions of the 
theorem do in fact automatically imply that the inequality D(x) => 0 or D(x) = 0 is ful- 
filled throughout 2 (see § 12.21). 
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denoted as 
O91 O71 
Ox, “°° Ox, 
D(x) =] «we. eee (3) 
OP, DPn 
Ox, PS Ox, 
Further, let 


F(x’) = f (Xis «++» Xa) 


be an integrable function defined on Q ; substitution (1) transforms it into the 
function 


F(x) = f(Ax) = fI¢1 (x), ---5 P) ŒE) (4) 
Under these conditions there holds the formula 
| FQ) de’ = | F(@)ID()| de (5) 
fog Q 


for change of variables in the multiple integral which asserts that the integral 
on the right-hand side of (5) exists and is equal to the integral on its left-hand 
side. 

In particular, if the function f(x") is continuous on O then F is also a contin- 
uous function on 2 and both integrals in (5) are sure to exist. In this case the 
meaning of formula (5) is that these integrals are equal. 

The most intricate part of the theorem can be stated separately as the lem- 
ma below whose proof will be given in§ 12.17. Here we shall state the lemma 
and show immediately that equality (5) follows from it. 


Lemma. 1 Let the.conditions of Theorem 1 hold and let A c Q be an arbit- 
rary cube with edge h and A’ = A(A) be its image (lying in Q') under the map- 
ping A. Then there holds the relation 

|A’| = |D(x)| |4|+O(h"@(h)) = (JO(A"a(h))| = C|hro(h)|) (6) 
where D(x) is the value of the Jacobian D at one of the points x € A, 


ah) = sup @ij(h) 
i, j=1, ...,4 


and 
wy(h) = sup E-E (y) (7) 
Dog a Ox; Ox; 
xy 


(the latter expression is the modulus of continuity of ax, On O); the constant 
C in (6) is independent of A, that is of h and of the location of A within Q. 
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It is important to note that since, by the condition of the theorem, the 


partial derivatives Pe are continuous on the bounded closed set 2, their 


moduli of continuity. tend to zero as h + 0 (w;(h) — 0 for h + 0), and 
therefore we also have 


oh) +0 (h+0) (8) 
Consequently the remainder term in formula (6) satisfies the inequality 
| O(h"w(h))| = Ch"a(h) = o(h") (h — 0) (9) 


which holds uniformly with respect to x € @ because the right-hand member 
of (9) does not depend on x € @. As to the first term on the right-hand side 
of (6), it can be written as 


| D(x)| [4] = |D(x)| h”, ie. [A] = |D(Œ)| h+0(h") (h + 0) 


In particular, this equality shows that, given any x € Q, there holds the 
relation 
. 141 


lim vq =P Œe 2) (10) 


which means that | D(x)| is equal, to within an infinitesimal o(1) (h > 0), to 


the magnification coefficient of an elementary volume in the vicinity of the 
point x under the transformation specified by the operator A. 


Q’ 





Fig. 12.12 Fig. 12.13 


Let us break up Q with the aid of a network consisting of cubes with 
edges of length h (Fig. 12.12). The part of the network contained in Q goes, 
under the mapping A, into a network of curvilinear surfaces dividing Q into 
measurable parts (Fig. 12.13); in this connection see Theorem 3, § 12.5. 

Let us denote by A the entire cubes of the network which enter into 2 to- 
gether with their boundaries. Under the mapping A the interior of A goes 
into the interior of 4’ and the boundary of 4 into the boundary of 4’ (this 
assertion requires a formal proof; see § 12.20, Theorem 3 and the remark-to 
this theorem). If h — O then the maximum diameter of the subsets forming 
the corresponding partition of Q’ tends to zero because the functions p(x) 
in transformation (1) are uniformly continuous on 2. 
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According to Lemma 1, we have 
ES) = EF) (ID) [41+ O(@@r’)) (11) 


where A’ = A(A), the sum extends over all A's, f(x’), F(x) and D(x) dentoe, 
respectively, the values of f, F and D at one of the points of A’ or 4. On pass- 
ing to the limit in (11) as h + O we arrive at equality (5). Indeed, the constant 
C (see (6)) is one and the same for all the summands on the right-hand side of 
(11), and therefore, taking into account the boundedness of F on Q (|F| < 
< K), we obtain 


1} F(x) O(a(h)h") | = KCa(h) Y |4| = KCa(h)|Q| -- 0 (h + 0) 
Further, by the integrability of f on 2’, we have 


lim Ae )41= lim PVA = [SEd 
h->0 max | 4’| —0 Y 
Consequently there exists the limit 


lim ZF) IDE) 14] = | FŒ@IDE) de 
Q 


equal to the integral on the right-hand side of the above relation. Hence, the 
integral of F(x)|D(x)| over Q exists. We have thus shown that formula (5) 
follows from Lemma 1. 


§ 12.17. Proof of Lemma 1, § 12.16 
We shall carry out the proof of Lemma 1 for the case of dimension n = 2: 
x = Pi(X1, X2) (i = 1, 2) (1) 


From the course of the proof and from the remarks it will readily be seen 
that the same argument can be applied in a completely analogous way to the 
n-dimensional case. 

Thus, let A = {x? < x, < x9+h; i= 1, 2}*; this set is shown as the 
Square PA,C Az in Fig. 12.4. Let A’ (the image of A) be the curvilinear paral- 
lelogram P’ AjC’ A; (see Fig. 12.15). The set A’ is a domain whose boundary 
y” is the image under A of the boundary y of the square A (see § 12.20, 
Theorem 3). For instance, the side of A described by the equation x, = x} 
goes into its image which is the curve 


xX = 9(%1, x9), Xp = P(%1, x2) (x2 na xi +h) 


specified by the continuously differentiable functions ,(x,, xg) and pa(x1, x2) 
of the parameter x;.** We do not call this curve smooth because it is not 





* In the n-dimensional case 4 = {x} < x < xPt+h;i=1,...,m. | 
** In the n-dimensional case the part of the boundary of 4’ corresponding to the face 
a x is determined by the equations x; = 9,(x1, .. o9 Xj— 1s x}; Xiti eos Xa G= 1, 2005 n). 
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Fig. 12.15 


excluded that the partial derivatives 2? ax, Oe x8) and Ê T (Xp x2) may simul- 


taneously vanish for some value of xı. cm veverthicles: it is of measure zero 
(see Theorem 3, § 12.5). 
We have to prove the equality 


[A’| = | D(x)| |A|+O(Hw(h)) (LOCK) = Cikal) (2 
where the constant C is independent of x° € 2. This independence means that 
equality (2) remains valid when x° is replaced by an arbitrary point x€ 4.* 

Since the functions g; are continuously differentiable we have 
= a+) DhE) 2-9) 9 @= 1,23 EA) 019 
where ( ); denotes the result of the substitution of a point x = (xı, x2) € 4 
into ( ) 


* By virtue of § 12.16 (7), we have || D(x)|— | D(x°) || = | D(x)— D(x)| = | Ca(hy2)| < 
«eq 2Caxh). 
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Together with mapping (1) which can also be written in equivalent form 

(1') we shall consider the linear mapping x” = A*x specified by the relations 
rr a ð ð ° 

x = xX} +(5*), (x, 28) + (5) a) (i = 1, 2) (3) 


X2 


with constant coefficients (E (( tt) is the result of the substitution of the 


0 
point x° into a). Under mapping (3) the set A goes into a parallelogram 
A” with a boundary y”. The parallelogram can be regarded as being con- 
structed on the vectors 


par = (MS), B) e-na 


(as sides) issued from the point x°. Their lengths are 
2 


4 rr ð ð 2 ° 
Pai=ia a- EE 6-19 © 
Let us estimate the distance between the points x’ and x” corresponding to 
one and the same point x € 4. From the equality 


PEOR 


Ox, Ox 
+[($),-($),] (2-9) G=1, 2) 
we obtain (see § 7.10 (10))* 
[xj —xj |< o(V2h)h +w(V2h)h =< 4w(h)h (5) 


[x —x"| = Vr x C — P= țbwlh)h = A (6) 


Thus, the point x’ is inside the circle of radius A with centre at x”. 

Let us describe the circles vx of radius A with centres at each point x” € y” 
(y” is the boundary of 4”) and denote by e the union of all vy, correspond- 
ing to all x € y. If the acute angle of the parallelogram 4” is not too small 
the set e will have a shape like that shown in Fig. 12.16, that is it will look as 
a “frame” with rounded outer angles enclosing the parallelogram A’’—e. 

The circle vy, where y” is the centre of the parallelogram 4” is entirely 
contained within A” — e. Since the centre y of the square A goes into y” under 
the mapping A* we have y’ € vy c A" —e. 

Let us denote by H; the altitude of 4” perpendicular to its ith side (the 
length of the ith side is a,h; i = 1, 2). The disposition shown in Fig. 12.16 is 
Sure to take place if 

y H; > 4a (Gi = 1, 2) (7) 


and 


Sem 
* In the case of dimension n we should replace the numbers 4 and 6 in the right-hand 
sides of (5) and (6) by n(Vn-+ 1) and Vn(Vn+1)? respectively. 
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The area of the frame e obvi- 
ously does not exceed the sum 
of the areas of the four circles 
of radius A with centres at the 
vertices of y” plus the sum of 
the areas of the rectangles of 
altitude 24 constructed on the 
sides of the parallelogram A” 
as bases. 
Consequently* 


2 
Je | < 4324-2 Ș Aah = 
i=l 


«< Kh’w(h) (8) 
g Oe. ae 





Fig. 12.16 


(pı an are bounded on 


Q because so are a; and o(h)) where K is a constant nails of h and 


of the location of A within Q. 
Since y’ is contained in the set e and 4’ is a bounded set (because the 


functions p; are continuous and therefore bounded on 2) it is intuitively 
clear that 


A" -ec A’ cA” +e (9) 


Below we present a rigorous deduction of relation (9), and now we shall 
use it to estimate | 4’ |. 

It follows from (9) that |4’| = |4” |+8 lel (—1=<0< 1). 

Consequently, by virtue of (8), and taking into account that the area of 
the parallelogram A” is equal to the absolute value of the determinant 
formed of the components of the vectors serving as its sides, we see that 


|A"| = | D(X) |2+O(Ha(h)), | O(Ha(h)) | = Cho(h) 


where the constant C is independent of x° and h. 

Let us prove (9). The inclusion relation 4’’—e c A’ follows from the fact 
that A’’—e necessarily contains at least one point y’ € A’ and does not 
contain any boundary point of 4’ since all the boundary points of A’ belong 
to e. If A’’—e contained a point z not belonging to J’ then the line segment 
y’z (joining the point y’ € A’ with the point z € 4’) would contain a boundary 
point of A’ 

The inclusion relation 4’ c A” +e can be established as follows. Suppose 
that there is a point z’ € A’—(A" +e). Let us issue from the centre of A” a 
ray passing through z’ and watch the variable point moving along that ray 
from the centre of 4” to infinity. Since A’ is a bounded set (because the func- 


* In the case of dimension n we shall have Kw(h)h* on the right-hand side. 
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tions pı and pz are bounded on 4) this variable point must necessarily pass 
through a point belonging to y’ (y’ is the boundary of A’), which is impos- 
sible since y’ C e. , 
It now remains to consider the case when there holds the inequality 
H; = 44 (10) 


for some i = 1, 2 (in particular, this is the case when D(x°) = 0 and the pa- 
rallelogram A’’ degenerates). 
In this case, by (8), (4), (5) and (6), we have 
D(x)? = |A"| = a;hH; = O(h?o(h)) 
and l 
|4] = |e|+|A"| = O(èo(h))+O(hžo(h)) 


which means that equality (2) is valid because the difference between its 
left-hand member and the first summand on its right-hand side is of order 
O(h"w(h)). 

Thus, in all the possible cases we have relation (2), and the constant C 
is independent of h and of x° € 2. The remarks made in the course of the 
proof show that the general case of an arbitrary dimension n can be treated 
in just the same way. 


§ 12.18. Double Integral in Polar Coordinates 
The formulas 
x=ocos#, y=osin0 (1) 


describe the transformation of polar coordinates in the plane into Cartesian 
coordinates. The right-hand sides of (1) are continuously differentiable func- 
tions with Jacobian 

D(x, y) _ cos@ = sin 0| | 
Dg, 8) 


Let us consider an auxiliary plane with Cartesian coordinates (0, 0) and 
the domain 


D= o=0 (2) 


—osin Ô ocos@ 7 


A = {e >0,0 < 0 < 27} (3) 


lying in this plane. It is obvious that formulas (1) specify a one-to-one 
mapping of A onto the xy-plane with the positive half-axis x (i.e. the ray 
0 = 0 in the xy-plane) deleted. We shall denote this plane (with the deleted 
Tay) as A’. The Jacobian D is positive on A (D > 0). 

Now let us consider an arbitrary measurable (in the two-dimensional 
Sense) domain in the xy-plane and a continuous function f(x, y) defined in 
the closure of that domain. On deleting from this domain the points belong- 
Ing to the ray 0 = 0 (provided there are such) we denote the remaining set 

’. Let us suppose that 2’ is a domain or a union of a finite number of 
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pairwise nonintersecting domains. Formulas (1) specify a mapping Q = Q 
of the set 2’ on a set 2 (we shall additionally suppose that 2 is measurable), 
Under these conditions there holds the equality 


| JJ fee y) dx dy = JJ ecos 6, o sin 0)o do dé (4) 


for the conditions stated imply that all the requirements of the theorem on 
change of variables in a double integral are fulfilled (that is the function f is 
continuous on 2’, transformation (1) is continuously differentiable on Q, its 
Jacobian is equal to 9 > 0 and Q = Q’). 
In the resultant formula (4) we can now replace 2 and Q’ by their closures 
Q and 9’, respectively, because this only adds to the domains of integration 
Some sets of measure zero. 
If the domain {22 has the shape of a sector bounded by two rays 0 = 6, and 
0 = 0z (01 < 02 = 6,+2z) and by a continuous curve o = (0) then for- 
mula (4) yields 
6 y0) 
[ [7G y) dx dy = | d0 Í flecos 6, osin Oe do (5) 
a 0 


A 


Formula (4) can also be derived on the basis of geometrical considerations 
without resorting to the auxiliary plane with Cartesian coordinates (0, 6). 





Fig. 12.17 


To this end we break up the xy-plane into small cells with the aid of con- 
centric circles with centre at the origin and rays issued from the origin (see 
Fig. 12.17). The area AS of a small curvilinear cell of this partition located 
in the vicinity of a point (0, 0) (or, as we say, the element of area in polar 
coordinates) is equal, to within infinitesimals of higher order, to @ do d0: 
AS ~ odod@. Therefore, if we proceed from such a partition and pass 
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to the limit in the corresponding integral sums we arrive at 


lim Ze; 49.40 = | | Fle, De do dO 
2 


e, 46-0 
Example: 


f f a+r) dx dy = f f eee do dO = n(e®*—1) 
x2+y2<R2 0 0 


Remark. The mapping (or, synonymously, operator or transformation) 
determined by formulas (1) is continuous on the closure A of the domain A 
and establishes a one-to-one correspondence A = A’. However, this does not 
necessarily mean that there 1s a one-to-one correspondence between the 
points of the boundaries of A and A’ (see Theorem 1,§ 12.16). 


§ 12.19. Triple Integral in Spherical Coordinates 


The formulas 
x = ocos Î cosp, y=ocosOsing, z= osin ð (1) 


describe the transformation from spherical (polar) coordinates in space to 
Cartesian coordinates (see Fig. 12.18). Here ọ is the distance from the 
variable point P(x, y, z) to the origin, 
0 is the angle between the radius vector 
oof the point P and its projection on 
the xy-plane and ọ is the angle between 
this projection and the positive x-axis. 
The angle p is reckoned in the direc- 
tion of the shortest rotation of the x- 
axis about the z-axis making the former 
coincident with the y-axis. 

The functions on the right-hand sides 
of (1) are continuously differentiable, 
their Jacobian being 


— Dix, yz) _ 
D= Deap T E O 


„Let us consider an auxiliary three- 
dimensional space with Cartesian co- Fig. 12.18 
ordinates (g, 0, p) and the open set 


A= {0<9, -5 <0 <7, 0< p< 27} (3) 





lying in this space. 

Transformation (1) establishes a one-to-one correspondence between the 
Points of A and the points of the three-dimensional space (x, y, z) with the 
half-plane py = 0 (i.e. the set of the points (x, 0, z), x = 0) deleted; denoting 
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this space with the deleted half-plane by 4’, we can write 


Az (4) 
Now let us consider an arbitrary measurable three-dimensional domain in 
the xyz-space and a continuous function /(x, y, z) defined in the closure of 
that domain. On deleting from this domain the points belonging to the half- 
plane » = 0 (provided that it contains such points) we denote by Q’ the re- 
maining point set. Let us suppose additionally that Q’ is a domain or a finite 
sum of pairwise nonintersecting domains. The image of 2’ under mapping 
(4) is a set 2; we shall suppose that Q is also measurable. 
Under the conditions imposed there holds the equality 


| | AŒ y, 2) dx dy dz = Í Í | Fe 0, p) cos Odo didp — (5) 
rod Q 


where 
F(o, 6, p) = f(e cos 8 cos g, o cos 6 sin g, ¢ sin 0) (6) 


Indeed, the above conditions mean that all the requirements of the theorem 
on change of variables in a multiple integral are fulfilled. 

Now we can replace, if necessary, Q and 2’ in (5) by 2 and O respectively. 

Suppose that ø is a surface described in spherical coordinates by a function 
e = (0, p) ((0, p) € œ where w is a domain) which is continuous on the 
closure of w. Let Q be the measurable three-dimensional domain in the xyz- 
space bounded by the surface o and by the conical surface whose vertex 
is at the origin and whose elements pass through the edge of o. Then if 
f(x, y, Z) is a continuous function on 2 we _ 


al dated [ade F Fe* cos 0 de 


In particular, if w corresponds to the entire unit sphere the above integral is 
nf2 27 (6, p) 
equal to f ashi dp J Fo* do. 
— 2/2 

To derive the expression of the element of volume in spherical coordinates 
fm a visual way let us partition the xyz-space into small cells with the aid of 
a family of concentric spherical surfaces with centre at the origin O (i.e. at 
the point ¢ = 0), a family of planes passing through the z-axis and a family 
of circular surfaces having Oz as axis. It is readily seen that the volume Av 
of a small cell thus obtained lying in the vicinity of a point (0, 0, p) equals, 
to within infinitesimals of higher order, to 9? cos 0 do d0 do: Av ~ 
~ 0.cos Ode dé dp. 


Remark. Operator (1) is continuous on the closure A of the domain A 
and sets up a one-to-one correspondence A = A‘. However, this does not 
necessarily mean that there is a one-to-one correspondence between the 
points of the boundaries of A and 4’. 
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§ 12.20. General Properties of Continuous Operators 


In this section we shall discuss some general properties of an operator 
A specified by relations of the form 


x’ = Ax, x = (Xn Xn) EQ C Rx = (x,...,%,)€ BCR 


establishing a one-to-one correspondence 2 = Q between the points of some 
sets Q c R and 2’ c R'. It is thus assumed that the inverse operator A} 
(x = Atx’, x’ € Q') exists. 

We shall use the following notation. If a point belonging to 2’ is denoted 
x’ this will mean that x’ = Ax (x € Q). By e’ we shall denote the image of 
e C Q under A: e’ == Ae. Finally, ox and oy will, respectively, denote some 
balls in R and R’ with centres at x € Rand x’ € R’. 


Theorem 1. If the operator A is continuous and one-to-one on a bounded 
closed set F then the set F' (the image of F under A) is also bounded and closed, 
and the inverse operator A`: is continuous on F’. 

Indeed, let x; € F’ (J = 1, 2, ...), yo € R’ and x; > yo. Then there is a 
subsequence x;, and a point xo € F such that x), - xo (because F is bounded 
and closed) and, by the continuity of A on F, we have xj, = Ax), > AXo. 
Consequently, yo = Axo which shows that F’ is a closed set. The set F’ is 
bounded because, if otherwise, there would exist a sequence of points x; 
with |x;| — œ, which is impossible because then there would exist a sub- 
sequence x;, and a point xo € F such that Ax, + Axo. 

Now we must prove the continuity of the inverse operator. Let x;, xo € F’ 
(1 = 1,2, ...) and x; — xo. If we supposed that the point x, did not tend to 
Xo then there would exist a subsequence x;, and a point x, = Xo such that 
4 > X, (k -» co) since the set Fis bounded and closed. It would follow that 
x}, > Ax, and, since x}, - Axo, we would obtain Axo = Ax,. Since the 
operator A is one-to-one this would imply that xo = x,, and we would 
arrive at a contradiction. 


Theorem 2. Let the conditions of Theorem I hold. Then the image (6x) of 
any ball ox C F under the mapping A contains a ball oy, that is if g c Fis an 
open set (or a domain), the set g' is also open (or, respectively, is a domain). 

_ This important theorem was proved by L. E. J. Brouwer; the proof which 
we do not present here can be found, for instance, in the book by W. Hure- 
wicz and H. Wallman, Dimension Theory, Princeton, 1941. 

For the special case when the operator A is continuously differentiable 

and the corresponding Jacobian does not vanish on g the proof was given in 


§ 7.18 


Theorem 3. Let Q be a domain and let a continuous operator A (Ax = x’) 
defined on Q establish a one-to-one correspondence 


Q =w (x € Q, x € Q) 
between the points of the sets Q and Q'. 
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Then 
(i) if g c Q is a bounded domain and g c Q, then the boundary y of g is a 
nonempty set, g' is also a domain and its boundary is y' (the image of y under 


(ii) if g c Q is an arbitrary domain then g' is also a domain; in particular, 
the set 2’ is also a domain. However, the correspondence between the boundaries 
of 2 and & may not be one-to-one (see the remarks at the ends of §§ 12.18 
and 12.19). 

By the condition of assertion (i), the bounded closed set g+y = g goes 
into the set g’ +y under the continuous operator A, the correspondence 
between the points being one-to-one. Therefore, by the foregoing theorem, 
the set g’+¥’ is closed and g' is a domain since it is the i image of the domain 
g cC g+y = £. Therefore y’ is closed and, moreover, it is the boundary of 
g’; the latter property is implied by the fact that under A and, consequently, 
under A~1 as well, a domain is mapped onto a domain. 

Now let us suppose that g c Q is an arbitrary domain (it is not required 
that it should be bounded and that Z should belong to the domain 2; see 
the condition of assertion (ii)). Let xg € g’ and let cx, C g be an open ball 
(which is a bounded domain) such that Ox, C 8. As was proved above, 
(0x) is a domain and consequently it contains a ball ox, which means that 
g’ is an open set. The connectedness of g’ follows from the connectedness 
of g since the operator A (Ax = x’) is continuous. 


Remark. Suppose that the conditions of the theorem on change of vari- 
ables in a multiple integral are fulfilled (§ 12.16). Then the following asser- 
tions hold: 

(i) If 4 is a (closed) cube contained in 2 then its interior goes into the inte- 
rior of A’ under the mapping A while the boundary of 4 goes into the boun- 
dary of A’ (see Theorem 3). 

(ii) There is no cube contained in the set 29 = {D(x) = 0}. For, if there 
were a cube A c Qo, its interior would be mapped by the operator A on a 
nonempty open set A’ and this would imply that |A’| > 0. On the other 


hand, |A’| = f | D(x)| dx = 0, which leads to a contradiction. 
4 : 


§ 12.21. More on Change of Variables 
in Multiple Integral 


We shall show in this section that if the conditions of the theorem on change 
of variables (§ 12.16) are fulfilled, then there cannot exist a pair of points 
y, z € Q such that D(y) => 0 and D(z) < 0. 

We shall prove this assertion by contradiction. Suppose that there is such 
a pair of points; then there also exists a cube 4 c Q within which the Jaco- 
bian D changes sign. Let us prove this auxiliary assertion. 

To this end we join y and z with a continuous curve C c Q. Each point of 
C can be covered by an open cube, with edges parallel to the coordinate axes 
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and centre at that point, lying within 2. This system of cubes contains a fi- 
nite subsystem as 41, As, ..., An so that they follow one after another along 
the curve C regarded as being oriented from y to z. One of these cubes must 
necessarily satisfy the indicated property. Indeed, if a change of sign ta- 
kes place in 4; then this property obviously holds. If this is not the case let 
us assume, for definiteness, that D(x) =O on A; and denote by k the 
largest of the indices j for which D(x) > 0 on 4; (j = 1, ..., k). Then either 
D(x) changes sign on A,1 or D(x) = 0 on Ak+ı. But the latter is impossible 
because this would mean that 
D(x) = 0 on the nonempty rect- 
angle A, A,+41 (see assertion (ii) 
in the remark in§ 12.20). We have 
thus proved the existence of a 
cube A within which D changes 
sign. 

T A is a rectangle in which D 
changes sign, that is if there are 
interior points y and z of A such 
that D(y) > 0 and D(z) < 0, we 
can always assume that both 
points are in one plane x; = « for 
some a. Fig. 12.19 

Indeed, let us construct cubes 

A’ and A” consisting of interior points of A with centres at y and z respect- 
ively, such that D(x) => 0 on A’ and D(x) < 0 on A”. Let the faces of A’ 
perpendicular to x-axis be xı = a and xı = a2 (a1 < æ2). If we suppose 
that the last assertion does not hold this would mean that D(x)=0 on 
the rectangle A,,., consisting of all the points x € A for which a, = x; = 4&2. 
Besides, we would have D(x) = 0 for all the points x € 4 belonging to the 
rectangle JI constructed on A” as base with lateral faces parallel to the 
x-axis. Therefore we would have D(x) = 0 on the nonempty intersection 
I Aea, containing a cube, which is impossible (see assertion (ii) in the 
remark in § 12.20). See Fig. 12.19 where the two-dimensional case is shown; 
in the figure x’ corresponds to y and x” to z. 

i we proceed to show that the change of sign we spoke of cannot take 
place. 
oe begin with the case when A is an open two-dimensional rectangle (Fig. 

.20). | 

The oriented line segment ab divides the rectangle A int@ two open rectang- 
les 4; and As. Under the operator A the line segment ab goes into the ori- 
ented segment a'b’ of a continuous curve* cutting A’ into two domains A and 
Q (Fig. 12.21). 








_  * The curvilinear segment a'b’ is determined by xj = 9(x;, X2), x4 = Y(%1, X2) as func- 
tions of x, which are continuous together with their first-order derivatives. These deriva- 
tives may simultaneously vanish at some points x, but this does not affect the further course 
of our argument. 


70 A COURSE OF MATHEMATICAL ANALYSIS 


Thus, we have either (i) 4, = A or (ii) 4, = Q. If we assume that (i) 
takes place this would contradict the inequality D(z) < 0 since the latter 
indicates that the points of A> lying sufficiently close to z must go, under the 
operator A, into points lying to the left of the oriented curve a'b’ (when 
moving from a’ to b’), which implies (i). 

Finally, assumption (ii) contradicts the inequality D(y) > 0 which indi- 
cates that the points of 4» lying sufficiently close to z go, under A, into points 
lying to the right of the curve a'b’. 

We have completed the proof for the case of dimension 2. 


x9 
x2 
b- — 
a = | a 
19 
reme 
O 


Fig. 12.20 Fig. 12.21 








In the three-dimensional case A is a three-dimensional rectangle (i.e. a 
rectangular parallelepiped). In this case the role of the oriented line segment 
ab is played by the rectangular plane area o which is cut out of 4 by the 
plane x, = a. The surface ø divides A into two parts with interiors A, and 
Ay. Let us choose a certain orientation of o. Then every closed smooth con- 
tour J’ c ø receives the orientation coherent with that of ø, that is a positive 
direction of traversing this contour will be defined. In this sense the image o’ 
of o will also be accordingly oriented. But it should be noted that at the points 
of o where D(x) = 0 the normal to ø may not exist and therefore in this sensé 
our definition of orientation is not completely applicable to o. Suppose that 
D(y) > 0 and D(z) < 0 where y and z are interior points of A belonging too. 
On the normals drawn to o’, at the points y’, z’ € o’ we now take some points 
y” and z”, respectively, belonging to A; so that the vectors y’y” and z’ 2” 
(with their origins deleted) are entirely contained in A’. These vectors togeth- 
er with small oriented areas o,, 07 C o’ containing the points y’ and z’ form 
oriented elements. The operator A~! transforms the element corresponding 
to y’ into an element oriented in the same sense (D(y) > 0), while the element 
corresponding to z’ is transformed into an element oriented in the opposite 
sense (D(z) < 0). This means that there are points of A, lying on the opposite 
sides of ø in the vicinity of y and z, respectively, which is impossible. 
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§ 12.22. Improper Integral with Singularities 
on the Boundary of the Domain 
of Integration. Change of Variables 


Lemma 1. Let Q1, Q2, Q3, .. . be a sequence of open sets. Then the set Q = 
= y Q, is also open. 


Indeed, if a point x° belongs to Q, there is k such that x° € Q,. Since Q, is 
an open set there is a ball V with centre at x° contained in 2, and, conse- 
quently, in 2. 


Lemma 2. If the conditions of Lemma 1 are fulfilled and if, in addition, 
Qı C Qa C 23 C..., then for any bounded closed set F c Q there is k such 
that F C Qp. 

Indeed, if we assume the contrary, then for every k = 1, 2, ... there is a 
point xx belonging to F and not belonging to Qz. Since F is a bounded closed 
set, the sequence of points {x} belonging to it contains a subsequence {x4} 
convergent to a point xo € F (xx, > Xo). But we have xo € F c Q, and con- 
sequently xo € Qk, for some ko. The set Q, being open, there is a ball V 
with centre at xo belonging to Qw. The points Xy, belong to the ball V for 
sufficiently large j. Let us take one of these points with k; > ko; for this 
point we have x,, € V C Qk, C Qk, and thus arrive at a contradiction. 


Lemma 3. If the conditions of Lemma 2 hold and, besides, the sets 2 and Qk 
are measurable then 


jim | 92,| = |Q] (1) 


Proof. It is obvious that |Q,| = [Qy] = |Q] (k = k’). On the other hand, 
given any e > 0, there is a closed measurable set Fc Q such that | F| > |Q|— 
—«. For instance, we can take as F a figure consisting of cubes A c Q belong- 
ing to a sufficiently refined network. According to Lemma 2, there is ko such 
that F c Q,,. For this ko we have |Q|— e < |F] < |2;,| = |2y| (k => ko), 
and equality (1) is thus proved. 


Definition. Let a function f(x) be defined and continuous (but not bound- 
ed) in a domain Q (which is not necessarily measurable). If the limit 
lim f IŒ dx = f| fax (2) 
k-> co Òr Ò 
exists where {Q;} is an arbitrary sequence of measurable domains possessing 
the properties 
QD, cQ, Q,C¢22,c... and Q= Q (3) 
k=l 


(we also suppose that 2, have smooth or piecewise smooth boundaries) 
we call (2) the improper integral of f(x) on Q. 
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The existence of limit (2) is understood in the sense that it is independent 
of the choice of such a sequence {2,}. If the function f(x) is nonnegative on 
Q then the existence of limit (2) for one such sequence {,} automatically 
implies the existence of the limit, equal to the former, for any other sequence 

Oy. For, given any k, there is, by Lemma 2, a number / = /(k) such that 


i cC Q, and therefore 
[ fax= | fae < | fax 
Dz Qf 


2 
whence it follows that limit (2) for sequence {Q;} exists {since the number 
sequence Í f dx\ is monotone) and is not less than limit (2) for sequence 


pS 
{Q,}. Reversing the argument we conclude that, conversely, limit (2) for {Q;} 
is not greater than limit (2) for {2,}, whence follows the desired equality 
of the limits. 


Theorem. Let relations 
x = glu, v), y = y(u, v) ((u, v) € Q) (4) 


specify a transformation continuously differentiable on the closure 2 of Q 
(which is a measurable domain) such that the corresponding Jacobian is 
different from zero on Q: 


a ar 
ðu dv 
D(u, v) = #0 u, v) € Q 
UOS] S oe ((u, v) € 2) 
ðu = Ov 
Let the mapping of 2 on Q under (4) be one to one: 
Q =Q 


If f(x, y) is a continuous (but not bounded) function defined on Q' such that 
the function 


F(u, v)|D(u, v)| = fiplu, v), y(u, v)] | Du, v)| 


5 uniformly continuous on Q (and therefore can be continuously extended to 
) then 


Í f f(x, y) dx is Í Í F(u, v) | D(u, v)| du dv (5) 
Q Q 


where the integral on the left-hand side is understood in the improper sense 
defined above. ; 

Proof. Let us take an arbitrary sequence of domains {,} satisfying condi- 
tions (3) (in which the letter 2 must be everywhere replaced by 92’). To this 
sequence there corresponds a sequence of domains {2,,} which, by the bicon- 
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tinuity (i.e. the continuity in both directions) of transformation (4), also 
satisfies conditions (3). 

By the basic theorem on change of variables (which is applicable since f is 
continuous on 92;), we have 


[7G y) dx dy = ff F(u, v) | D(u, v)| du dv (k=1,2,...) (6) 
A Ar 


Using Lemma 3 we write 


| J F(u, v)| D(u, v)|du dv— | | F(u, v) 
Q A 


f Í F(u, v) 


A-A; 
M > F(u, 0) DW, o)) — ((u, 9) € 2) 


and therefore the right-hand member of (6) converges to the right-hand mem- 
ber of (5). Consequently the left-hand member of (6) converges to one and 
the same number irrespective of the choice of the sequence {9;}. The the- 
orem has been proved. 

It should be noted that, according to the properties of transformation (4) 
(whose Jacobian is different from zero on 22), the smooth (piecewise smooth) 
boundary of 22; goes, under operator (4), into the smooth (piecewise smooth) 
boundary of Q}, whence follows the measurability of Q,. 

Examples of such integrals see in § 12.23 (in particular, Example 1). 


D(u, v) |du dv| = 





D(u, v) |du dv| = M|Q—Q,| — 0, k + œ, 








§ 12.23. Surface Area 


Let us consider the three-dimensional space R with rectangular coordi- 
nates (x, y, Z) and a surface S described by an equation 


z= f(x,y) (y) €G) (1) 


_ We shall suppose that G is a measurable open domain and that the func- 
tion f possesses the continuous partial derivatives 


in G (see § 7.11). 
According to the definition stated in § 7.19, S is a smooth surface element 
projectable in a one-to-one manner on the plane z = 0. 

_ Let us break up G into a finite number of measurable (in the two-dimen- 
sional sense) parts Gi, ..., Gy (G = Git+Get+ ... +Gy) any two of which 
either do not intersect or intersect only along some parts of their boundaries. 
Let (x;, yj) be an arbitrary point of G;(j = 1,..., N). To this point there 
Corresponds the point P, € S with coordinates (xj, Yj, fj) where f; = f(x;, 
yj). Let us draw through the point P; the, tangent plane L; to S. The cylindri- 
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cal surface I’; with the boundary of G; as directrix and elements parallel to 
the z-axis cuts a portion e; out of the tangent plane L,. Let |e,| denote the 
area of that portion. 

The area of the surface S is defined as the limit 


N 
|S|}= lm e; 
| max eee | , | 
The cosine of the acute angle between the normal n; to S at the point P; 
and the z-axis (see§ 7.5 (13)) is equal to cos (nj, z) = 1/V1+p?+q? where the 
square root is taken with the sign “+” and p; and q; are the results of the 


substitution of x; and y; into p and q. It is evident that Q; is the projection 
of ej on the xy-plane and, consequently, the measure of G; is |G,;| = |e;|X 


X cos (nj, Z) where |e;| = |G;| ¥1+p7+4? (j= 1, ..., N) and 
N N 

IS| = lim Ylel= lim YP Vi+y+gq|G|= 
j=1 1 


max d(G;)—>0 j= 


= | | Vite +@ dx dy (2) 
G 


We have derived the formula for the area of a surface represented explicitly 
in form (1). 
Let us consider the transformation of integral (2) with the aid of a substi- 


tution. 

x = 9(u, v), y = yu, o) (Cu, v) € Q) (3) 
establishing a one-to-one correspondence between the measurable domain G 
and a measurable domain 2 on condition that the functions » and y are 
continuously differentiable on 2 and their Jacobian does not vanish on Q: 


D(x, y) 
Diu, ») ” 0 on Q (4) 


Let us put z = f (p, y) = y(u, V). On the basis of the theorem on change of 
variables in a multiple integral (see § 7.26 (4)) we obtain the equality 


J [VEER dx ay = [IY 1+ (Diol Di) + (ocr) | (oem) X 


D(x, y) 
x D(u, v) 
whence it follows that the area of the surface S is given by the formula 


s= ff CERT + BER) + BES ado = ff xt dudo (9 




















du dv 

















Formula (5) makes it possible to define the notion of the area for a surface 
represented parametrically which is not necessarily projectable in a one-to- 
one manner on one of the coordinate planes. 
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Let us take a smooth surface S represented by a vector equation 
r = plu, vity(u, V)j+ x(u, YK (tuXho| > 0, (u, v) € 2 =S) (6) 


where {2 is a measurable set in the uv-plane and 9, y and y possess continuous 
partial derivatives of the first order on 2. As usual, the symbolic relation 
Q = S indicates that equality (6) sets up a one-to-one correspondence be- 
tween the points of Q and S. 

Since the set 2 is measurable it is bounded and therefore has a nonempty 
boundary y. The boundary y goes, under the mapping specified by equality 
(6), into the edge T' = S—S of the surface in question. It is not required that 
the mapping of y on I" should also be one-to-one. There are many important 
examples in which such a condition does not hold (see examples below). 

By definition, by the area of S (or of 5S) is meant the number 


[S| = JJ Ifa XPo] du do (7) 


We shall enumerate a number of properties of integral (7) demonstrating 
the expedience of this definition of area. 

(i) The magnitude |S] is invariant with respect to the admissible transfor- 
mations of the parameters, that is if 


u=dAu',v’), v= ulu, v) = (Ww, v') € QD! = Q) 
where 4 and u are continuously differentiable on Q’ and 


D(A, p) r ; 
Bar a 420 (WW, v)E2’) 


JJ [Fu Xhy| du dv = J (2 + (52 2) +(e zn MP du dv = 
-EEA EA E ER 


(Dw, v’) 
= ff lty XPy| du’ do’ 
Y 





then 








Du’, v)| 
D(u, v) 

















du’ dv’ = 














(ti) Let the surface S be projectable in a one-to-one manner on the plane 
Z = 0 and let the equalities 


x= plu, v), y = y(u, 0) (Q=G>3 x,y) (8) 


set up a one-to-one correspondence between the measurable domains 22 and 
G with the Jacobian 

D(x, D(x, y) 
D(u, v) 


Let the partial derivatives p = ae and g= = A of the function z = f(x,y) = 


#0 (9) 
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= (u(x, y), v(x, y)) (x,y) € G) where u(x, y) and (x,y) is the solution of 
equations (8) be not only continuous on G (this follows form the theorem 
on implicit functions) but also uniformly continuous. Then there holds 
the equality 


[S| = | f ltaxto| dudo = | | VTFPFE dex dy (10) 


Q G 


which was already proved above (see (5)). 

We see that the new definition of the area of a surface is equivalent to the 
old definition if the conditions of the latter hold. 

It should also be noted that if the condition of uniform continuity of p 
and q on G did not hold, that is if p and q were only continuous and bounded 
on G, equality (10) would nevertheless hold because in that case all the re- 
quirements guaranteeing the possibility of the change of variables in the in- 
tegral would be fulfilled. 

Moreover, if p and q are continuous but not bounded on G (while the 
functions pọ and y possess continuous partial derivatives on 2) equality (10) 
nevertheless remains valid if the integral on its right-hand side is understood 
in the improper sense (see § 12.22). 

(iii) If w is an arbitrary measurable open set belonging to 2 (w c Q), the 
part S(w) of the smooth surface in question corresponding to it which is 
determined by the equalities 


r(u, v) = pi+yj+ yk ((u, v) € wœ = S(w)) (11) 
is in its turn a smooth surface whose area is given by the formula 
ISC) = ff 1P XF] du dv (12) 


The integral on the right-hand side of (12) also makes sense when œw is an 
arbitrary measurable subset of 2. It is natural to regard the value of the 
integral as the area of the part S(w) of the smooth surface S described by 
vector-function (11). 

It is obvious that 

|S(@)| = | S(@)| 


ISI = ISD = |S(Q)| = | S| (13) 


Thus, we can speak of the parts S(w) of the surface (set) S which, in accor- 
dance with equality (11), correspond to all the possible measurable subsets 
«CQ. To each such part (which is a subset of the set S) we can assign the 
nonnegative number |S(w)| specified by integral (12). This dependence (of 
the number on the subsets) possesses the additive property 


| S(@1+@2)| = | S(@1)|+|S(@2)| 


if w and ws either do not intersect or intersect only along some parts of their 
boundaries. 


and, in particular, 
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The magnitude | S(w)|is a concrete example of the notion of an additive set 
function playing an important role in mathematics. Another such magnitude 
which we dealt with is the measure of a (measurable) set. 

The expression dS = |$, X#ř,| du dv is called the differential of area of the 
surface S. The area of the part of S corresponding to the variations of u from 
u to u+ du and of v from v to v+dv is equal to 

utdu v+do 
AS = f f [fu Xhy| du dv = u=¢ du dv = 
u v SEn 


Fy XVp 








= (|FyXFy| +e) du dv = dS+o(du dx) (du, dv + 0) 


In the second equality we have used the mean valué theorem and in the 
third equality the point (¢, 7) at which the value of |#,X#,| was originally 
taken is replaced by (u, v), the discrepancy being compensated for by the 
addition of the term € which tends to zero as du, dv — 0 since the function 
(*,.XFy| is continuous. 

Hence, dS can be defined as a (uniquely determined) expression of the 
form A du dv where A is independent of du and dv such that the differencé 
between A du dv and AS is o (du dv) (du, dv — 0). 


Example 1. Let us consider the area of a spherical surface. The equations 
x=cos@cosg, y=cosOsing, z= sin (|řoXř;| = cos 0) (14) 
Q = {0 < p < 2x, —a/2 < 0 < 2/2} 


specify a smooth surface S which is the part of the sphere of unit radius with 
centre at the origin obtained from the latter by deleting the meridian » = 0, 
|6| <2/2. Conditions (6) obviously hold in this case. In particular, there 
is a one-to-one correspondence Q = S. However, equations (14) do not 
establish a one-to-one correspondence between y = Q—Q2 and I = S_S. 
The edge I of the surface S is the above-mentioned meridian. By virtue of 
equality (14), to each of its end points there corresponds the infinite set of 
points of y composed of two opposite sides of Q and to every other point of 
I’ there corresponds a pair of points belonging to y which lie on the other 
two opposite sides of Q. 

The surface of unit sphere is the closure S of the surface S described by 
parametric equations (14). By formula (7), we have 


0/2, 
(S| = [S| = Í f Icos 0| dð dp = 2-2 Í cos 0 dO = 4a 
0 


Q 


It should be noted that the area of the unit.sphere 5 can be regarded as the 
Sum of the areas of the eight congruent parts cut out of S by the coordinate 
planes. One of them is the part o which lies in the first coordinate trihedral 


and is described by the function z =+/1—x?—y? (x, y = 0; x2+y? = 1) 
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possessing the unbounded partial derivatives p =—x/V1—x?—y? and q = 
=—y/V1-?-y*. 

As was mentioned, it is possible to evaluate the area of o with the aid of 
formula (2) for the computation of the area of a surface in Cartesian coordi- 
nates but the integral should be understood in the improper sense (see the end 
of § 13.13, Remark 1): 


jo|=lim ff VIFPFFÈ de dy = {ff = 


et x2+y2<g2<1 Mt add pall = 
x>0,y>0 


The formula for the area of a small element of a spherical surface of 
radius R can be derived on the basis of geometrical considerations. The 
network of meridians and parallels drawn close to each other divides the 
spherical surface S in question into small parts. The area AS of such a part 
lying in the vicinity of a point A = (R, 0, p) (0 > 0) can obviously be estimat- 
ed by the equalities 


R cos (0+ d0) dp R d0 < AS < R cos 6 dp R d0 
whence follows 
AS = R? cos 6’ dp d0 = R cos 0 dp d0--dy o(d0) 
(0 < 0’ < 0+d0, dd — 0) 


Example 2. Let us compute the surface area of the torus specified by the 
equations 


x = (b+a cos 0) cosp, y= asin® (0 < a < b), 
z = (b+a cos 0) sing (lfuX?s| = a(b+a cos 0) > 0) (15) 


To apply the above considerations we should regard this surface as the 
closure T of the smooth surface T described by equations (15) with (0, p) 
ranging over the domain 22 = (0 < 0,9 < 27}. 

In this case relations (6) and the corresponding conditions of continuous 
differentiability hold when T is taken as S, and therefore 

Qn 2n 
IT| =|T| = Í dp f a(b+a cos 0) d0 = 2xa(2xb +0) = 4n?ab 
0 


0 


Example 3. Let us consider a circular cylinder of radius R and altitude H. 
Let o denote its lateral surface and |o| the area of that surface. On dividing o 
into parts. with the aid of a system of equidistant planes perpendicular to 
the axis of the cylinder with step (the distance between the neighbouring 
planes) equal to HJN, we denote by Co, Ci, ..., Cys the circles appearing 
in the sections of the surface o thus obtained. Let these circles be numbered 
consecutively in the upward direction of the axis of the cylinder. Next we 
partition the circle Co with the aid of equidistant points into 2N equal parts. 
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These points will be consecutively numbered along Co. Let us draw the 
elements of the cylindrical surface o through these points of division; each 
such element will intersect every circle C, at one of its points. The points on 
C, thus obtained will be numbered according to the rule that the points of 
division of the circles C, lying in a common element of the cylindrical surface 
receive the same index. The further step of this construction (known as the 
example of Schwarz*) is to delete from the circles C, with even indices k 
the points of division with odd indices and from the circles C with odd indi- 
ces k the points with even indices. Then there remains a finite system of points 
marked on the surface o. On constructing on each triple of neighbouring 
points of this system a triangle 4 (with these points as vertices) we obtain a 
polyhedral surface oy inscribed in ø. Two points of each such triple are 
neighbouring points belonging to some Cp while the third point is either 
on Ck+ı OF on Cx-3, the element of the cylinder to which the third point 
belongs lying in the smallest dihedral angle with the axis of the cylinder as 
edge and faces passing through the element of the cylinder to which the 
former two points belong. 

The number of the triangles 4 is obviously equal to 2N-N? = 2N4, and 
the area of A is 


|4| = 2 sin ERY R*(1—cos=) + (4) ~ = RR (=) > ¢N-3 
(N +c, c > 0) 


Therefore |oy| > cı1NtN™ = cN (cı = const > 0) despite the fact that the 
diameter of A’s tends to zero as N > œ. 

We see that the area of a surface cannot be simply defined as the limit of 
the area of a polyhedral surface inscribed in the former when the maximum 
diameter of its faces tends to zero. Such a definition is inapplicable even to 
the case of a very simple surface such as the cylinder we have considered. 


* H. A. Schwarz (1843-1921), a German mathematician. 


CHAPTER 13 


Scalar and Vector Fields. 
Differentiation and Integration 
of Integral with Respect 
to Parameter. 
Improper Integrals 


§ 13.1. Line Integral of the First Type 


Let us consider the three-dimensional (geometrical) space E with rectan- 
gular coordinates (x, y, z) in which is defined a continuous piecewise smooth 
curve I" described by parametric equations 


x= As), y= Hs), z= x(x) Osses) (1) 


where the parameter s is the arc length. This means that the functions 9, 
y and y are continuous on the closed interval [0, A] and that this interval 
can be split into a finite number of parts with the aid of points of division 
0 = so < 51 < ... < Sy = A so that the functions p, y and y possess con- 
tinuous derivatives on each (closed) subinterval [s,, s;,1] which satisfy the 
condition 


e(sP+yp'(sr+x(sP = 1 (2) 


The values of ¢’(s), p’(s) and x’(s) at the end points s; and s;,1 are understood 
as the corresponding one-sided (i.e. right-hand or left-hand) derivatives. 
The partition of the interval [0, 4] induces the corresponding partition of 
the curve I" which splits into the finite number N of smooth parts T}: I = 


N 
= JT}. Let us also consider a function F(x, y, z) defined at the points of I" 
1 


or on a wider set containing I which is continuous on each smooth part T';; 
this condition means that the points of discontinuity of the function F(9(s), 
ys), x(S)) (provided there are such) can only be at some of the points sy 
and are of the first kind. | 

The line integral of the first type of the function F over the curve I’ is defined 
as the expression 


A 
f FG, y, 2) ds = | F(C), vs), x(s)) ds (3) 


The left-hand member of (3) is simply the notation of the line integral of 
the first type while the right-hand member is an ordinary Riemann integral; 
this integral shows how the line integral can be computed. 


SCALAR AND VECTOR FIELDS. 81 


If, for instance, I’ is a “material curve” whose mass is distributed with 
linear density assuming the values F(x, y, z) at the points (x, y, Z) € J’, the 
total mass of the curve is equal to integral (3). 

The curve I can also be specified by the parametric equations x = g(A—s), 
y = y(4—s) and z = y(4—s) (0 = s = A) but this does not alter the value 
of integral (3): 


A 0 
Í F(K(4—5), p(A—s), (4—5) ds = — | Fes’), W8), 1) ds’ = 
0 A 
A 
= Í FPG), Ws), 9) ds 


§ 13.2. Line Integral of the Second Type 


Let us consider an oriented continuous piecewise smooth curve I with 
initial point £o and terminal point A, lying in the space E with rectangular 
coordinates (x, y, Z). If the curve I" is closed, the point A, coincides with Apo. 
Let 

x = 9s), y= ys), z=xX(sy (O<s< A) (1) 


be parametric equations specifying J’ where s is the arc length reckoned 
along J" (see § 10.3). It is meant that to the value s = 0 of the parameter s 
there corresponds the point £o and to the value s = A the point A, and that 
the direction of increase of s is coherent with the orientation of I’. 

At each interior point A of every smooth part of I’ (such a point A must 
not be a corner point of J’) is uniquely determined unit tangent vector 7 to I" 
(drawn in the direction of increase of s). 

We shall also suppose that there is a vector (or, more precisely, a con- 
tinuous vector field) 


a = P(x, y, z)it+ Q(x, y, Z)j+ R(x, y, z)k 


defined on T or on an open set 2 containing T' where P, Q and R are con- 
tinuous functions defined on I (or on Q). 

The line integral of the vector a over the oriented curve I’ is defined as the 
magnitude 


KC ds) = fe dx+-Q dy+Rdz) = f (ex) ds = E ds (2) 
T T T 0 


The first three members in (2) are symbols denoting the line integral of æ 
over the oriented curve J" while the fourth member is an ordinary Riemann 
integral defining the line integral and showing how it can be computed. 
In the general case the function (at) can be piecewise smooth, its dis- 
ee being of the first kind and lying at some of the corner points 
of I’. 
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If the same curye T is oriented oppositely its unit tangent vector is equal 
to —v; denoting the contour as J’_ we thus have Í (a ds) = -Í (a ds). 


T- r 
Since cos (t, x) = 9'(s), cos (t, y) = y'(s) and cos (T, z) = y'(s), line integral 
(2) can also be written in the form 


Í (a ds) = [ti cos (T, x)+Q ccs (t, y)+R cos (t, z)} ds = 
r p7 


A 
=Í LPE), W), 9) O+, A, x(s)) p'(s)+ 


+ R(¥(s), Ys), x(5)) x'(5)] ds (3) 


where the right-hand side is an ordinary definite integral. 
The oriented smooth curve I" can also be specified with the aid of an 
arbitrary parameter t by means of equations 


x= p), y =P z=) (to tT) 4) 


where t = A(s) is a function possessing a continuous derivative 4’(s) > 0 on 
[0, A]. Then siia (2) is computed according to the formula 


J (ads) = f LPD, vO, %10) AOA, PD, xO) O+ 


+ RCP), yilt), XO) aA] dt (5) 


We have performed the change of variable t = A(s) in the definite integral 
on the right-hand side of (3). According to this change we have 


p(s) ds = (9i() F) (T at) = viO at 


The second expression in (2) is a convenient symbol for the notation of the 
line integral of a over the oriented curve I’. It is also called the line integral of 
the second type. This expression not only symbolizes the integral but also 
shows in which way it can be computed. Namely, it means that the curve I’ 
should be represented by equations (4) with a parameter t the direction of 
whose increase should be coherent with the orientation of T, after which x, y, 
Z, dx, dy and dz are replaced, respectively, by 9,(t), wilt), xÒ, 9i(t) dt, 
wi(t) dt and 71(t) dt and the definite integral of the resultant function of the 
variable ¢ over the closed interval [to, To] is computed. 

The oriented curve I’ can be represented (in infinitely many ways) as a 
sum of two oriented curves J‘, and I's specified by the same equations (1) 
(or (3)) and corresponding to the variation of the parameter s over closed 
intervals [0, s,] and [s,, A], 0 < s, < A. Then, obviously, 


(Pdx+Q dy+R dz) = Í (Pdx+Q dy+R dz)+ Í (Pdx+Q dy+R dz) 
I T: 
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If the oriented curve I" is a closed contour the line integral of a taken round 
it is also called the circulation of the vector (vector field) a over T. 

It is sometimes convenient to regard as the contour of integration the 
union C = Ci+...+C,, of several disjoint oriented contours C4, ~.. Cms 
the contour C being also understood as an oriented curve. Then, by definition, 
the integral of a over C is equal to the sum of the integrals of a over the 
constituent contours Cx: 

=x] 


C le 


Formula (5) not only applies to a smooth but also to a piecewise smooth 
continuous curve (4) for in this case I’ is a finite union of smooth oriented 
parts I’, corresponding to intervals [s;, sj+ı] (or [t), t+1]) of variation of 
the arc length s (or of the parameter f), and consequently 


N N n To 
| (ads) = X [@a)=> f =f 
Tr 1 Ij 1 ty 0 
where by the element of integration in the integral on the right-hand side is 
meant the same expression as the one in the integral on the right-hand side of 


(5). 

Finally, it should be noted that if a is a field of force, the line integral of a 
over I’ is obviously equal to the work of the field a performed in the motion 
along the oriented path I’. 


§ 13.3. Potential of a Vector Field 


An important special case of a vector field a is the one for which there is a 
function U(x, y, z) defined in the domain G where the field is considered and 
possessing continuous partial derivatives for which the equalities 

3U OU OU _ 

a tp A Oe ee NS 
are fulfilled. Such a function U (determined to within an arbitrary constant) 
is called a potential (or a potential function) of the vector a. We see that in 
this case the vector a is the gradient (see § 7.6) of the function U: 


ðU . 0U ðU 
grad U = ax tayt a k = 4&4 


Let us prove the following theorem. 


Theorem 1. Let a continuous vector field a be defined in a domain G C E. 
Then the following properties are equivalent: 

(i) There is a one-valued function U = U(x, y, z) possessing continuous partial 
derivatives for which the equality grad U = a holds at each point of G. 
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(ii) The integral of a over any closed continuous piecewise smooth contour C 
lying in G is equal io zero: 


f (@ds) =0 
Cc 


(ii) If Ao is a definite fixed point in G, the integral Í (ads) over eny ori- 
C4,4 
ented piecewise smooth curve C4,4 C G with initial point Ao and terminal 
point A depends solely on Ao and A and is independent of the shape of the 
curve. This means that 
f (ads) = V(A) = VO, y, 2) 
C4,4 

for any fixed point Ao. 

The function V(x, y, Z) is a potential function of the vector a on G, that is it 
differs from U by a constant. 

Proof. Implication (i) + (iii). Let there be a function U on G serving as a 
potential of a. 

Denoting by Ao = (Xo, yo, Zo) a definite point of G and by A = (x, y, 2) 
the variable point we join Ao to A by a continuous piecewise smooth curve 
C = Caa specified by equations 


x= p(T), y= y(t), Z=7x(7) (to t<d) 


Thus, to the values żo and t of the parameter z there correspond the points 
Apo and A respectively. 

On replacing x, y and z in U by the functions g, y and y respectively we 
obtain a continuous piecewise smooth function of the variable z (for which 
we retain the notation U). By virtue of the theorem on the derivative of 
a composite function, we have 


QU _ ƏU dp , BU dp | ƏU dy 


dt ~ Ox dr dy dr * Oz dr 


at the points of smoothness (1. e. at the points at which the tangent exists) 
of the curve C. It follows that 


Í (Pdx+Q dy+ R dz)= Í = de=U(9(1), y(t), u(t) — U(p(to), p(to), x(to)) = 
Cc to 


= U(x, y, Z)—U(Xo, Yo, Zo) = U(A)—U(Ao) = V(A) 


which shows that, for a fixed initial point Ao, the line integral is dependent 
solely on the position of the point A € G and is independent of the shape 
of the path connecting Apo and A. 

Implication (iii) + (i). Let us choose a point Ao € G and fix it. Suppose 
that it is known that the given field of a vector a is such that the line integral 
over any piecewise smooth curve connecting Apo with an arbitrary point 
A € G is independent of the shape of the curve and is dependent solely on 
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the point A. This means that there is a one-valued function V(A) such that 
| (Pde+Q dy+R d2) = V(A) = V(x, y, 2) 
Chod 
In order to prove that 2Y = P at an arbitrary point A; = (xı, y1, 21) 


belonging to G we make the following construction. Through the point 
A, is drawn a line segment 4241 lying within G and parallel to the x-axis. 





Fig. 13.1 


For definiteness, let it be the line segment y = yı, Z = Z1, X2 =X = X1. 
Thus, Az = (x2, Yı, Z1). Next, the point Ap is connected with Az = (x, 
Yı, Z1) by an arbitrary oriented continuous piecewise smooth curve C, 
going from Apo to Ae. Let C’ denote the line segment 42A oriented in the 
direction from Az to A € Ay Ay. Then C = C,+C’ (Fig. 13.1) and 


V(x,¥1 21) = f (Pdx+Qdy+Rdz)+ | Pax (1) 
ĉ, Č 
since we obviously have Í Ody = f Rdz = 0. 
Č Č 


In the argument below, the curve Cı remains unchanged and therefore 
the first integral on the right-hand side of (1) can be regarded as a constant 
number; we shall denote it by K. Hence, 


VO, Yay 21) = K+ | Pt, ya 21) dt 


%: 


The function P is continuous and, in particular, continuous with respect to 
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x for any fixed y and z; therefore =~ = P(x; yı, zı). This equality applies, 


in particular, to the point x = xı, which proves the desired equality. The 
equalities 

OV _ OV 

Əy = and “ar. R 
are proved similarly by constructing curves connecting the points Ao and A, 
whose terminal parts adjoining 4, are, respectively, line segments parallel 
to the y-axis and to the z-axis. To complete the proof of (i) it only remains to 
put U = V. 

The equivalence of (ii) and (iii) is quite obvious. Indeed, let (ii) take place 

and let C’ = C4,4 and C” = C4,4 be two paths lying within G and joining 
the points £o and A. Then C’+C”’ is a closed contour and we have 


we 


that is (iii) holds. Conversely, if (iii) takes place and C c G is a closed contour 
we can represent C in the form C = C’+C” where C’ and C” are some 


contours and write 
f- f+ f= f- J=. 
c ec ew ČC œ 
because C’ and CU join the same pair of points. 
If a vector field 
a = Pi+Oj+ Rk 
defined in an open set G is not only continuous but also possesses con- 
tinuous partial derivatives we can consider the vector 
_ (OR  ®Q)\., (AP _ @R\,, (82 OP 
ea (Sy — ar) + (Se aes ax Oy )k 
which is called the rotation (or curl) of the vector a. : 
If the vector a possesses one of the properties (ii) and (iii) mentioned in 
the foregoing theorem then, according to that theorem, there is a one-valued 
function U(x, y,z)(a potential function of a) on G possessing continuous partial 


derivatives such that S= P, $- =O and P ER. In this case if the 


functions P, Q and R themselves have continuous partial derivatives in G, 
the function U possesses continuous partial derivatives of the second order 
and the following equalities hold: 


aQ OP CU ÆU 


Ox Oy  ðxðy ðyðx 

ƏR _ PU FU o 
‘Oy Oz Oydz ðzðy 
ðP eR EU FU 


ad TH af) 


Oz Ox  ðzðx Odxdz 
We have thus arrived at the following theorem. 
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Theorem 2. If a field of a vector a having continuous partial derivatives in 
an open set G possesses the property that 


f (a ds) = 0 (2) 
C 


for any oriented peicewise smooth closed contour C c G then 
rta=0 on G (3) 


The converse of this theorem does not hold for an arbitrary open set G 
even when the set G is connected. On the other hand, it is sure to hold when 
G is a rectangular parallelepiped of the form G = {a; = x = bı, a2 = y = 
< bo, a3 =Z = bs}. Indeed, in this case, given a continuously differentiable 
vector field a defined in G for which rot a = 0, the potential function U 
is effectively constructed with the aid of the formula 


x y ; 
U(x, J» Z) =f P(u, Jo» Zo) du+ Í Q(x, v, Zo) dv+ 
Xo Jo 
2 


+ | Rx, y, v)dv+U(%0, Yo z) ((% 9, DEG) (4) 
20 
where (xo, Yo, Zo) € G is an arbitrary fixed point and U(xo, yo, Zo) is an 
arbitrary constant. To verify this we differentiate (4) with respect to x to 
obtain (see the explanation below) 


y z 

ðU ð OR 

ax = P(x, Vo, Z0) + Í La, v, Zo) dv+ |i y, w) dw = 
Yo Zo 


= P yo, 20) + |E (0, 20) dot f S(x,y, W) dw = 
= P(x, Yos Zo) +[P(x, J, Zo)— P(x, Yos Zo)]+ [P(x, y, z)— P(x,y, Zo)] = 
= P(x,y, 2) 


Here we have applied the Newton-Leibniz formula, and property (iii); 
besides, we have performed the differentiation under the integral sign. The 
latter operation is legitimate in the case under consideration, which will 
be proved in § 13.12. The relations > = Q and = = Rareproved anal- 
ogously. Thus, grad U = a, and consequently equality (2) holds for any 
oriented (closed) contour C c G. ~ 

_ Note that the right-hand side of (4) taken without the last term is the 
line integral of the vector a over the polygonal line with vertices at the 
Points (xo, Yo, Zo), (x, Yo: Zo), (x, J» Zo) and (x, > 2). 
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There also holds the more general 

Theorem 3. Let G be a simply connected domain, that is such that any closed 
piecewise smooth contour belonging to it can be contracted toa point P? CG 
so that it always remains within G during the contraction process.* Then if 
a continuously differentiable vector field a defined in G satisfies the condition 
rot a = 0, equality (2) holds for any oriented closed contour C c G. 

The proof of the theorem will be given at the end of the section. 

Thus, the conditions of Theorem 3 imply the existence of a one-valued 
potential function of the vector a in G. 

As an example of a domain satisfying the condition of the theorem we can 
take the one lying between two concentric spherical surfaces. The domain 
obtained from the entire space by deleting the points of the z-axis does not 
satisfy this condition. In the latter case it is possible to construct an example 
(see below) of a field of a vector for which Theorem 3 does not hold. 

Later in this chapter we shall prove the theorems of Green and Stokes. 
They provide a plausible explanation of the validity of Theorem 3 (see the 
remark at the end of § 13.11) which cannot however be considered a rigo- 
rous proof. 

All the notions and theorems we have dealt with can readily be extended 
to the case of the plane. Let E be the xy-plane and let 

= ot), y= y(t) (a<t<b; a<b) 
be equations of an arbitrary oriented piecewise smooth curve C belonging 
to a given domain G c E. Also let a vector field a = P(x, y)i+ Q(x, y)j be 
defined in G. 

The line integral of a over the curve C is defined in exactly the same way 
as in the three-dimensional case. It can be considered as a special case of 
the integral defined in § 13.2 (3) if we put 


R=0,P=P(x,y) and Q= Q(x, y) 
Thus, 


b 
ll (a ds) = Í (P dx+Q dy) = f = {Pip(), AAP (D+ Ole), POYO} dt 
Cc C a í 


In this case a potential function U of the vector a, provided it exists, is a 
one-valued function U = U (x, y) of the two variables x and y defined in G. 
Its gradient is the vector 


ƏV. ƏU,_ 
grad U= a to = 48 
Example 1. The vector a in the xy-plane having the components 








P(x, y) =- afa and Q(x, y)= -ay 


__ * A rigorous mathematical description of such a “contraction” of a contour to a point 
is given at the end of the present section 
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possesses continuous partial derivatives in the domain G obtained from the 
xy-plane by deleting the origin. It can also be easily checked that rot a = 0 
in G. The domain G does not satisfy the conditions of Theorem 3 and the 
theorem itself fails to hold in this case. 

Indeed, let G* denote the domain obtained from the xy-plane by deleting 
the negative half-axis x, that is the ray x < 0. According to Theorem 3, 
there is a function U defined on G* such that grad U = a. For instance, it 
can be Cefined at the moving point (x, y) as the line integral of a over an 
arbitrary path C c G* connecting a fixed point, say (1, 0), with (x, y): 

_ f —y dx+x dy 
U(x, y) = J Vay 


However, this function cannot be extended from G* to the whole xy-plane 
so that it remains one-valued and continuous. 

Indeed, the value of U(x, y) at an arbitrary point (cos 0, sin 0) € G* 
lying on the circle of unit radius with centre at the origin is equal to 


8 
U(cos 6, sin 6) = | dð = 0 
0 


The variable point can be moved along the unit circle from the initial point 
(1, 0) to the point (—1, 0) (lying on the deleted ray) so that 0 increases 
from 0 to x or decreases from 0 to —z. In the first case the limiting value of 
U is equal to z and in the second case to —z, which shows that the function 
U cannot be extended to the whole plane in the desired way. 

Since any function serving as a potential of a in the domain G only differs 
by a constant from the function U(x, y) we have constructed, our considera- 
tion means that there exists no one-valued function defined on G which is 
a potential of the vector a in question everywhere on G. 

Here we have used a comparatively lengthy argument which can in fact 
be replaced by a shorter one; namely, we can simply show that there exist 
Closed smooth contours lying within G such that the integrals of the vector 
a taken round them are different from zero. For example, as a contour of 
this kind we can take the circle C of radius 1 with centre at the origin; for this 


On 
contour we have Í (a ds) = f d0 = 2x. This means that there cannot exist 
C 


0 
a one-valued function U defined in G serving as a potential function of a 
(everywhere on G) because its existence would contradict Theorem 1. 
Proof of Theorem 3. The proof below is based on the fact that the theorem 
holds in the case when G is a cube. 
Let us consider an arbitrary closed piecewise smooth contour I c G 
Specified by equations 


x= ou), y= (u), z = x(u), O<u<l 
(0) = (1), (0) = (1), x(0) = x) 
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Here the parameter u runs over the closed interval [0, 1], which obviously 
does not violate the generality. The fact that the contour I’ can be con- 
tracted to a point (see the conditions of Theorem 3) is described as follows: 
there is a surface S C G represented by functions 


x = plu, t), y = y(u, t), z= y(u, t) 
{O<xua<t, stal} =A '’ (5) 


p(0, t) = oft, t), yO, t) = y(t, ©), x0, t) = x(t, t) 


which are continuous in the triangle A, piecewise smooth relative to u on 
[0, ¢] and such that 


plu, 1) = plu), y(u, 1) = (u), y(u, 1) = xu) 


Since the surface S is bounded and closed and the set G is open and S c G, 
there is a number d => 0 such that, given an arbitrary point A € S, a cube 
with edge of length d covering A 
belongs to G. 

Let us denote by o the cubes be- 
longing to G. 

Given a set e c A, we shall re- 
gard as the image of e the set e'c S 
corsisting of all the points obtained 
by the mapping of the points of e 
with the aid of the three functions (5). 

„Let us partition A with the aid of 
a rectangular network (Fig. 13.2) 
so that the images of the cells ob- 
tained in the partition can be embed- 
ded in cubes o with edge d. 

The image of the lowermost tri- 
angle A;B,0 belongs to some vø. 

Fig. 13.2 Since the images of the points A, 

and B, coincide, that is they are at 

one and the same point of S, the image of the line segment A,B; is a closed 
piecewise smooth curve C'4,z, belonging to the cube o; therefore 


f G@ds)=0 © 


C4,B, 





Let us supply all the cells lying between A,B, and A2Bz (there are in fact 
exactly two of them; see Fig. 13.2) with coherent orientations. The integral 
over the image of the contour of this complex is equal to the sum of the 
integrals taken over the images of the boundaries of the constituent cells, 
each of these integrals being equal to zero. The integrals over the line 
segments along which neighbouring cells adjoin each other mutually cancel 
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out and, besides, there hold (6) and the equality 


AE. 


C4,4,} CBB, 


since the images of 414x and B1B» coincide. Therefore f = 0. 
C4,By 
Arguing in a similar way we conclude, by induction, that 


Í =0 (k=1,...,N) 


C4,B, 


and, since C4yBy = I’, it follows that Í (a ds) = 0, which is what we set 
r 
out to prove. 


§ 13.4. Orientation of a Domain in the Plane 


There are two different types of rectangular coordinates in a plane such as 
those shown in Figs. 13.3 and 13.4. The essential distinction between them 
is that these systems, regarded as rigid bodies, cannot be made coincident 
with the aid of a motion in the plane so that their positive x- and y-axes go 
in the same directions respectively. 

Let us construct in both coordinate systems circles with centres at the 
origins (see the figures). Next, for each of the circles we choose a positive 
directions of traversing its circumference so that the variable point covers 
the shortest path when moving from the positive x-axis to the positive 
y-axis (that is it covers a quarter circle, not three quarters). This means that 
the circle is traversed in the counterclockwise direction in the case of Fig. 
13.3 and in the clockwise direction in the case of Fig. 13.4. 





Fig. 13.3. 
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Fig. 13.4 


In the former case the interior of the circle is kept on the left of a person 
walking round its circumference in the positive direction and in the latter 
case it is kept on the right. From these cases we now proceed to further 
generalizations. 

Let us consider a domain 2 with a piecewise smooth boundary C which 
may consist of a finite number of closed contours not intersecting them- 
selves such that 2 is contained inside one of them and outside all the others. 
Let us choose a direction of motion along C such that when we describe C in 
this direction the domain 2 is kept on the left (see Fig. 13.3). This direction 
will be called positive in the case of a coordinate system of the type shown in 
Fig. 13.3 and negative in the case shown in Fig. 13.4. In the latter case the 
positive direction of describing the boundary C of the domain 2 is the one 
for which Q is kept on the right. 


§ 13.5. Green’s* Formula. Computing Area with the Aid 


of Line Integral 
In this section we shall prove Green’s formula 
20 ƏP 
J J (Gray) oY = J (PEOD) a) 


which applies to any domain Q in the plane {with a positively oriented 
boundary I) satisfying some general conditions. It i3 supposed that the 
functions P, Q, se and Sy Are continuous on @. 


We shall begin with the derivation of Green’s formula for a rectangular 
domain 
A=f{a<x<b,;c<y<d 


* G. Green (1793-1841), a British mathematician. An alternative derivation of Green’s 
formula will be presented in § 13.10. 
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Fig. 13.5 _ Fig. 13.6 


(see Fig. 13.5). In this case we have 
db e 
f&a ff Bard = fioe -0a i = 
= (f+ J) Qe nay = [owd 


and Tso Tpa 


b 
ff eG =— [IP dP ade = ( f+ J) Pos ax = 
4 a Top I az 
= [ Pe. y) dx 
r 


which completes the proof of formula (1) for the domain 4. 

Now we shall prove (1) for the domain w depicted in Fig. 13.6 where the 
arc AC is described by a function y = A(x) continuous and strictly in- 
creasing on [a, b]. The inverse function of y = A(x) will be denoted x = p(y) 


(c= y<d) 
We have 
JJ ge aed = j [20, )-O(uo» »)] ay = ( f- J) 20% 9)4 = 
Igo Tso 
= |o% y) dy 
and 


A(x) 
f a dy dx = — f [P(x, A(x))—P(x, c] dx = 


= ( {+ +f je y) dx = J P(x, y) dx 


Toa Tarn 


a 


-f| 5- dx dy = — 


whence follows (1). 
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On turning the domain œw as a rigid body about the origin through angles 
of 7/2, 7% and 32/2 radians (the coordinate system remains unchanged) we 
obtain three more domains which, together with the original domain a, will 
be referred to as sets of the type of w. Any rectangle will be called a domain 
of the type of w. By analogy with the above, it can readily be proved that 
Green’s formula is valid for any set of type w. 

Now we proceed to the general case. 


Theorem. Let a domain Q with a continuous piecewise smooth boundary T 
possess the property that its closure Q can be cut with the aid of straight lines 
parallel to the coordinate axes Ox and Oy into a finite number of parts each of 
which is a set of the type of w. Then Greer’s formula holds for Q. 


Proof. Let Q = Fo be a partition of Q into parts of the type of w and 


1 
let I’, (k = 1, ..., N) be the positively oriented contour bounding the part 
wp. Then, since Green’s formula applies to each of the domains œp, we 
obtain 


SI (ae— a) ey = 2 JJ (e-a) ay Z [Pato d) = 


= Í (P dx+Q dy) 
T 


The last of these equalities is explained as follows. The union C of the 
boundaries of all the parts wx consists of T’ and of the sum of a finite number 
of line segments each of which 
belongs to 2 and serves as a bo- 
undary of two adjoining domains 
of type w. Every such line seg- 
ment is traversed twice in the op- 
posite directions; therefore the 
line integrals corresponding to 
these paths of integration mutu- 
ally cancel out and thus only the 
integral over J" remains. 

See Fig. 13.7 which shows a 
(doubly connected) domain split 
into a finite number of domains 
of the type of w. 





Fig. 13.7 


Remark. In practical problems 
Green’s formula is sometimes ap- 
plied when the functions P and Q are continuous on 2 while their partial 


derivatives oe and are only continuous on 92. In such cases Green’s 


formula (1) usually continues to hold if the double integral on its left-hand side 
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is understood in the improper sense. For example, let 2 be theinterior of the 
circle x°+y? = 1. On denoting by Q, the interior of the circle x?+y? = 
= (1— £} (e > 0) with boundary I’, (the circle of radius 1—«) we can write, 
by virtue of what has already been proved, the relation 


—1+s 
[J (Gea) & = | PG V0- A) dx+ 
Qe l—s 
1—e Sees 
+ | P(x, —Vd—eP—x4) d+ | OVF, y)dy + 
—1+e ee 


—1+e 


+ | o(-V0=F-¥, yd (€>0 


Since P (x, y) and Q (x, y) are uniformly continuous on 2 the right-hand side 
of (2) tends to a limit, as e — 0, which is equal to the result of the substitution 
of £ = 0 into it, and therefore the left-hand side tends to the same limit 
which is thus the improper double integral (with singularities on I’; see Re- 
mark 1 in § 13.13). Hence we obtain 


[[(2-B) ao [raroa 
Q Tr 


Let Q be a domain in the xy-plane to which Green’s formula is applicable 
and let I’ be its positively oriented boundary. Then the area |Q] of Q is 
expressed by the formula 


5 | œ dy-y dx) => f f C+D dx dy = |Q] | (3) 
T Q 


which follows directly from Green’s formula if we put P = — y and Q = x. 
It is also evident that there holds the ¢ quality 


f xdy = +101 (4) 


Py 


in which the plus sign corresponds to the case of the positive orientation of 
ia contour J’ (I = T+) and the minus sign to its negative orientation 
=I). 


_ Example. The area of the ellipse (more precisely, of the interior of the el- 
lipse) represented by the parametric equations x = a cos 0, y = b sin 0 
0 <6 < 27) can easily be found using formula (4): 
2x 27 
IQ] = sf [a cos 0 b cos 0—b sin 6(—a sin 0)] d0 = Ff d@ = zab 
0 0 


? 
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§ 13.6. Surface Integral of the First Type 
Let S be a smooth surface represented by a vector equation 
ru, v) = pi+yj+yk  ((u, v) E€ Q = S, |P X#, l| > 0) (1) 
where Q is a measurable domain and 9, y and y are continuously differenti- 
able functions on . 

Suppose that there is a continuous function F(x, y, z) defined on Š or in a 
neighbourhood of 5. Let us break up 2 into measurable parts Q; so that 
every two of them can only intersect along some parts of their boundaries. 
Ds each part Q; there sina oe a definite part S; of the surface S. Let 


= (xj, yj, z) (j= 1, ..., N) be an arbitrary point belonging to Sj. On 
ae the (integral) sum 


Iy = 5 F(A)|S) 


j=l 
where | S;| is the area of S; ite 12.23) we take the limit 
lim 5 F(4;)\S;| = J Fe »,2)ds (2) 


max d(Q;)->0 j=l 


which is called the surface integral (of the first type) of the function F over 
the surface S (provided it exists and is independent of the partition of Q into 
the parts 2} and of the choice of the points Aj). 

If, for instance, S is a “material surface” over which a mass is distributed 
with (surface) density F, the integral of F over S is equal to the total mass 
of S. 

Let us prove that under the conditions stated integral (2) exists and is 
independent of the parametric representation of S. 

Let x), yj and z; be the coordinates of A, (4; = (xj, yj, 2) and 


= (uj, V), Yı = Puj, V), Zy = Xu, V) 
(u,v) EQ; (jJ=1,..., N) 
Then 
N N 
Hy = ¥ f(A) | lFuXtol du dv = A) a1 = 
Q; =] 


j=l 
t N * a 
= ¥ S(As) Fu X Poly 125] + ew > [J 7G. p, 2) |u XÈ, | du dv 
j=1 PA 


max d (Q2;) — 0 


where the symbol | |; indicates that the expression | | is taken for the values 
x = Xj}, y = yj and z = zj of the coordinates of the point A, and y, (j = 


= .» N) is a number appearing in the application of the mean value 
theorem (m; = u; = Mj; see below). 
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It is evident that 
N N 
Jenl = | SA) (1) I#extely) IQ] =K ¥ (My—m)|Qj| ~ 0, 
J j=1 
M,= sup |fuXfol, m= inf Xil (K>If(AD)) 
(u, 0) € 25 (u, 0) € 2 


whence follows what we intended to prove. . 
We have not only proved the existence of the integral of F over S but also 
established the equality 


J FG: y, 2)ds = | Flo, p, 21 lPaXFol dud (3) 
S Q 


reducing the computation of the surface integral to the evaluation of an 
ordinary double integral. It is readily seen that expression (3) is invariant 
with respect to the admissible parametric representations (see § 7.20 (3) and 
(7)) of S. 

Ifa smooth surface S is determined by an equation z = f(x, y) ((x, y) € G) 
where f is a function continuous together with its first-order partial deriva- 
tives on G, we can write its parametric representation with the aid of the 
parameters x and y 


x=x, y=y, Z= f(x,y) (4) 
whence 


e e ð 3 
exil = VIPE (p= ar = 3) 
and, consequently, 


. f Fe, y, z) ds = [ F, y, F(x Y) VI+P+ Ë dx dy (5) 
S G 


Remark. If we deal with a smooth surface described by parametric equa- 
tion (1) with functions p, y and y possessing the properties indicated above 
and if, at the same time, S admits of a description by an equation of form (4), 
it often occurs that the function z = f(x,y) is continuous on G while its 
partial derivatives are only continuous on G and become unbounded when 
the variable point (x, y) approaches the boundary of G. For instance, this 
is the case when we compute the integral of F over the upper hemisphere. 
In such cases formula (5) for the integral of F over S often continues to hold 
if the integral on its right-hand side is understood in the improper sense (see 
the remark in § 13.13). 
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§ 13.7. Orientation of a Surface 


In the three-dimensional space there are two essentially different types of 
rectangular coordinates shown in Figs. 13.8 and 13.9. The distinction 
between these types is that neither of the coordinate systems of the first type 
can be moved so that its origin O and the positive semi-axes Ox, Oy and Oz 
are made coincident with the origin O and the positive semi-axes Ox, Oy and 
Oz of a system belonging to the second type. 





Fig. 13.8 Fig. 13.9 


A coordinate system of the first type (Fig. 13.8) is called right-handed 
while a system of the second type (Fig. 13.9) is called left-handed. The short- 
est rotation (in the xy-plane) of the positive x-axis making it coincident with 
the positive y-axis, when looked at along the positive direction of the z-axis, 
is seen in the clockwise direction in the case of Fig. 13.8 and in the counter- 
clockwise direction in the case of Fig. 13.9. These properties express, respec- 
tively, the so-called right-hand and left-hand screw rules. 

It appears natural to attribute to each of the two coordinate systems shown 
in Figs. 13.8 and 13.9 a “screw” understood as an object consisting of the 
unit vector going in the positive direction of the z-axis and of a circle (the 
“screw head”) whose plane is perpendicular to the z-axis and whose boundary 
is oriented in the direction of the shortest rotation from the positive x-axis 
to the positive y-axis 

If the z-axis is regarded as the “screw axis” and the indicated circle as the 
head of a (real) right-hand screw (rigidly connected to its head) then if the 
head is rotated in the direction of the arrow shown in Fig. 13.8 the screw is 
driven in the positive direction of the z-axis. In the case of Fig. 13.9 we have 
the same effect when Oz is regarded as the axis of a left-hand screw. 

The head of the screw (understood in this sense) can have a “warped” 
shape in the sense that it can be a part of a smooth surface, not neces- 
sarily plane, but such that the z-axis is the normal to that surface at the point 
O. In this case the object consisting of such a screw head with a chosen direc- 
tion of traversing its boundary and of the unit normal vector is also regarded 
as a (right-hand or left-hand) screw associated with the given type of rectan- 
gular coordinates. 

Finally, we can speak of such a (right-hand or left-hand) screw whose 
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normal vector goes in an arbitrary 
direction, not necessarily coinciding 
with the z-axis 

For our further aims the following 
construction is useful. Let us consider 
the three-dimensional space with a 
chosen (right-handed or left-handed) 
rectangular coordinate system in 
which an oriented surface S is spe- 
cified. This means that it is possible 
to draw a unit normal vector n(P) at 
each point P € S so that a(P) is a 
continuous function of P. A ball 
V(P) of a sufficiently small radius 
with centre at P cuts out of the sur- 
face S a connected part o(P) con- 
taining point P. Let us choose the Fig. 13.10 
direction of traversing the contour 
(the edge) (P) of that part so that the vector m(P) and the surface element 
o(P) form a screw whose orientation is coherent with that of the coordinate 
system taken, that is let the screw be right-hand or left-hand depending on 
whether the coordinate system is right-handed or left-handed. 

If the surface S in question has an edge I the above construction leads in a 
natural way to a definite direction of traversing I" (see Fig. 13.10). For in- 
stance, consider the point A belonging to the contour J". At this point co- 
incide the directions in which I’ and the boundary y of a small portion of the 
surface S adjoining the point A are traversed. 

If the given surface were oppositely oriented while the coordinate system 
remained the same the directions of traversing F and the contours y we have 
spoken of should be replaced by the opposite ones. 

In Fig. 13.11 we see an oriented surface whose edge consists of two closed 
smooth curves J"; and I's. 

Here we also note the following. Let an oriented smooth surface S be cut 
into two surfaces S; and S by a smooth arc h (Fig. 13.12), the orientations 
of Sı and Sz being coherent with that of S. Then along the arc h the bounda- 
Ties of S; and Sz are described in the opposite directions. This remark will be 
essential for the proper understanding of the notion of an oriented piecewise 
smooth surface to whose definition we now proceed. 

A piecewise smooth surface S is said to be oriented if each of its smooth ele- 
ments is oriented and if the corresponding directions in which the contours of 

the elements are described are coherent in the sense that they are opposite to 
each other along every common arc of any two such contours. 

As an instance, see the cube depicted in Fig. 13.13 whose boundary sur- 
face is oriented with the aid of its outer normal. 

t is convenient to consider small elements of an oriented surface as vec- 
tors. Let S be an oriented smooth surface. This means that at each point 
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Fig. 13.11 





Fig. 13.12 - Fig... 13.13 


A € S a unit normal n(A) to S is drawn so that n(A) is a continuous function 
of A. Let o be a small smooth element of S. To represent ø as a vector we 
construct the vector ø whose length is equal to the area [ø| of o and whose 
direction coincides with that of the vector n(4) where A is an arbitrary point 
belonging to ø. Thus, ¢ = |o| m(A). 

This construction does not of course define the vector.¢ uniquely. But if 
the diameter d(a) of o is small the vectors a(A) (A € o) lje within a small 
cone, and if ø is a variable small element containing permanently a fixed 
point Ao then obviously m(A) — m(Ao) as d(c) -- O independently of the 
choice of the point A € ø for each o. 

By the vector of the differential of area of the surface S at its point A € S 
is naturally meant the vector dS = n(A) ds which is equal to the product of 
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the differential of area of S at the point A by the unit normal vector n(A) 
ifying the orientation of S. 
If the surface S is represented by an equation 


r = r(u, v) = pi+yj+yk  ((u, v) €G) 
then m(A) is determined by one of the two equalities 





_ 1. ÅXĀ, 
n(A) = + rom (1) 
and dS = |*,X?,| du dv whence 
dS = +(¥,X?,) du dv (2) 


For definiteness, in what follows we shall choose the sign “+” in formu- 
las (1) and (2). This can always be achieved by interchanging, if necessary, 
the roles of the parameters u and v. 

We can thus assert that if we are given a definitely oriented smooth surface 
S it can always be represented by a vector function r = r (u, v) such that the 
unit normal n(A) (A € S) specifying the orientation of S is expressed by the 
equality 


*.X?#, 
n= Fe ` 
and, accordingly, 
dS = (fa Xt.) du dv (4) 


For the transformation from the old parameters (u, v) to some new para- 
meters (u’, v’) not to lead to the appearance of the minus sign in the above 


formulas it is sufficient to require that the Jacobian ae *) of the trans- 
formation should be positive. Indeed, this follows from the relation 






































(sara) + (sara) +ou) 
ntan De) De 
E +(e) [Dew 





= PyXty Diu’, v’) 
[hex "SEn “Du, v) 


Thus, formula (3) (with the plus sign) for unit normal a(A) and, together 
With it, formula (4) are only invariant with respect to the transformations of 
the parameters having positive Jacobians. Therefore it is advisable to use the 
transformations of that type. 
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However, there are problems in which we have to consider transformations 
with negative Jacobians; then we should carefully choose the proper signs 
in the formulas. 

For a formal treatment of the orientation of surfaces (manifolds) and 
their edges we refer the reader to §§ 17.1 and 17.2. 


§ 13.8. Integral over an Oriented Domain in the Plane 


Let us consider a domain G with a piecewise smooth boundary I lying 
in the xy-plane. We shall suppose that a definite direction of describing the 
contour T'is chosen. The domain G thus oriented will be denoted G, or G_ 
depending on whether the orientation of the contour I is positive or negative. 

Let f(x, y) be a function defined and integrable on G. Let us introduce the 
notion of the integral of f over the oriented domain G; to this end we put 


| fax dy = fJ dxdy =— | fdxdy 
G G_ 


G, 


The expedience of this definition can be demonstrated by the following 
fact. Let us take two planes with rectangular coordinates x, y and x’, y’ 
respectively having the same orientation. Let G be an oriented domain with 
piecewise smooth (oriented) boundary I lying in the xy-plane and let 
a continuously differentiable transformation 


x = glx y) vy = yxy) = (x, ») € G) | (1) 


specify a one-to-one mapping of the domain G onto a domain G’ in the 
x’y’-plane and of the boundary J" of G onto the boundary I” of the domain 
G’. We shall suppose that the Jacobian of transformation n (1) is different 
from zero: 


_ D&,,y’) F 
D= 5y *0 (IEG) 


When the variable point (x, y) traverses J’, transformation (1) induces 
a definite direction in which the corresponding point (x’, y’) describes I”, 
and therefore G’ can be regarded as a definitely oriented domain. 

If D => 0 the contours T' and I” are of the same orientation. If D < 0 
then I and I” are oppositely oriented. Indeed, let us suppose that the func- 
tions y and y are doubly continuously differentiable. Then (see the explana- 
tions below) we have 


J way = [olata oy) = Jf [ee (0 a) a (ae) 4 = 


= Í Í D dx dy = D; | | dx dy = Dı | x dy 
G G - 





In the second equality we have used Green’s formula, which is legitimate 
since G is a domain whose orientation is coherent with that of J"; in the 
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fourth equality wes ave applied the mean value theorem for integrals (Dı 
is the value of D eysumed at some point belonging to G). Hence, if D > 0 


then the integrals f x’ dy’ and f x dy are of one sign (see § 13.5 (4)) and T" 


r T 
and J” are described in the same directions; if D'< 0 these integrals have 
opposite signs and the contours J" and I” are oppositely oriented. 

It follows that for any function f(x, y) defined and continuous on the 
closure G of an oriented measurable domain G there holds the equality 


— | (22 ay ay 
| JJ sad . Is De yy A Y 
where G’ is the oriented domain in the x’y’-plane corresponding to G. In 
this formula expressing the rule for change of variables in a double integral 
over an oriented domain the Jacobian of the transformation is taken without 
the sign of absolute value. 

Let us also discuss a connection between the orientation of I’ and the 
sign of D. Let us take two noncolinear vectors a’ = (a, az) and a” = (a;’, 
a) in the xy-plane. If the determinant 

pal d 
a, az 
is positive (see § 12.14) then the orientations of the pair a’, a” and of the 
system Ox, Oy are the same (Fig. 13.14). If 4 < 0 their orientations are 
opposite (Fig. 13.15). 

Formulas (1) specify a mapping of the rectangular network of the coor- 
dinate lines in the xy-plane on a curvilinear one (see Figs. 13.16-13.18). 
There are two different characteristic classes of such mappings shown in 
Figs. 13.17 and 13.18. As is seen in the figures, the square ABCD goes into 
the curvilinear “parallelogram” A’B’C’D’, the vector AB goes, to within in- 
finitesimals of higher order, into the tangent to the arc A’B’ (at the point 4’) 


determined by the vector (Z oy ) and the vector AD into the tangent 








— Ox’ “Ox. 3 Ox’ dy’ 
to the arc .A’D’ (at the point A’) determined by the vector (z : x) : 
If the determinant D’ = Tp is positive the mutual disposition of these 


vectors is as shown in Fig. 13.17, and therefore the directions in which the 
variable points (x, y) and (x’, y’) corresponding to each other describe the 
Contours ABCD and A’B'C’D’ respectively are the same; hence the direc- 
tions of traversing l’ and J” also coincide. 


F D' < 0 the mutual orientation of the tangent vectors to A’B’ and to 


A'D' changes to the opposite; therefore in this case I’ and I” are described 
in opposite directions (Fig. 13.18). 

The definiton of the integrals over oriented domains G, and G lying in 
the other coordinate planes Oyz and Ozx are stated in like manner. 
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a” 
a’ 
a’ 
a” 
O x O x 


Fig. 13.14 Fig. 13.15 





Fig. 13.17 Fig. 13.18 


§ 13.9. Flux of a Vector Through an Oriented Surface 
Let | 
a(x, y, Z) = Pi+Qj+ Rk 
be a continuous vector field defined in a domain H belonging to the three- 


dimensional space R with rectangular coordinates x, y, z and let S* be an 


oriented smooth surface lying in H and determined by a vector parametric 
equation 


r = r(u,v)=gityjtyk ((u, V) €Q, |FuXo| > 0) (1) 
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where Q is a measurable domain in the uv-plane and g, p and y are conti- 
nuously differentiable functions on 2. 
We shall choose the field of unit normals to S* specified by the vector 
equation 
_ Xh, 
mA) = TEX 
(in this connection see § 13.7 (1) and (3)). Then the direction cosines of n(A) 
are expressed by the formulas 
_ „_ DQ, 2) _ , D(z x) _ ,, D(x, y) 
cos (n, x) = -DE a? 008 (n, y) = x Diu o” cos (n, Z) = x% Diu v) (2) 
4 


where x= 
TAXA |” 


The same surface considered without orientation will be denoted as S. 
By the flux of the vector a through the oriented surface S* is meant the 
number 











_ 1 


f (a ds*) = Í (an) ds -O 
S , S 


that is the value of the integral (of the first type) over the surface S of the 
scalar product 


(an) = P cos (n, x)+Q cos (n, y)+R cos (n, z) 


of the vector a of the field by unit normal a specifying the orientation of $S*. 

Since (an) is a continuous function of the point A € S the surface integral 
of the first type (3) of (an) over S exists (this was proved in § 13.6). 

For instance, suppose that the vector field a in question defined in H is the 
velocity field of a stationary fluid flow, that is for each point A € H the 
vector a coincides with the velocity of the particle of fluid passing through 
that point, the velocity depending solely on A and being independent of 
time. Then the flux of the velocity vector a through an oriented surface S* 
is equal to the volume of fluid flowing through S in unit time along the 
direction indicated by the normal n(A) specifying the orientation of S. 

From (2) and from formula (3) in § 13.6 readily follows the equality 


f (an) ds = f (P cos (n, x)+Q cos (n, y) +R cos (n, z)) ds = 
S S 


= ff (Pat re +8 pan) He O 











whose right-hand member is an ordinary double integral over the domain 
Q; the functions P, Q and R under the sign of double integration are taken 
for the values of x, y and z equal respectively to the functions p, y and x 
dependent on u and v. 


106 A COURSE OF MATHEMATICAL ANALYSIS 


It is often convenient to compute integral (4) in Cartesian coordinates. 
We shall demonstrate such calculations under the assumption that the 
smooth surface 5 in question can be projected 1 im a one-to-one manner on 
each of the coordinate planes, the projections being measurable sets. 

Thus, suppose that 5 can be described by each of the three functions 


x=fily,z)  ((y, 2) €S) (4’) 

y=fz,x) (Œ, x) €S) (4”) 
and 

z= fy) (eS) © 4") 


continuous on the projections of S on the planes x = 0, y=Oandz=0 
respectively and possessing continuous partial derivatives which, generally 
speaking, exist only in the measurable i in- 
teriors Sx, Sy and Sz of the projections 
(that is in the projections taken without 
their boundaries). 

Let us denote as Sy, Sy and Sž the cor- 
responding oriented projections of the ori- 
ented surface S* on the planes x = 0, 
y = 0 and z = 0 respectively. The speci- 
fication of the positive direction of tra- 
versing the contour of S* (which detet- 
mines the orientation of S*) induces the 
corresponding directions in which the bo- 
| undaries of the domains Sx, S, and Sz are 

Fig. 13.19 described (see Fig. 13:19). The cosine of 
l the angle between the normal 'n to S and 
the positive z-axis is given by the formula 


ae. (2 = = ce 3) 


where the sign “+” or “—” is taken in accordance with the orientation of 
S*. By formula (5) of 3 13.6, we have 


J R cos (n, z) ds = J RO y, fal D) = a VIFF Ý dx dy = 








cos (n, Z) = 





= + | RO, y, f(x, »)) dx dy = | R(x, y, fal, y)) dx dy = 


= J R(x, y, z)dxdy (5) 


where the fourth integral i is taken over the oriented domain Sž (see § 13.8). 
As to the last integral, it should be considered as the notation of the prece- 
ding one. This is the so-called surface integral of the second type. In order to 
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evaluate this integral we substitute /3(x, y) for z into the function R(x, y, z) 
and take the integral of the resultant expression over the oriented projection 


S$. As is known (see§ 13.8), 1> + Jis: the sign “+ ” or “—” is taken 


depending on whether the dorii S is oriented positively or negatively. 
Similar considerations apply to the other two integrals (see Fig. 13. 19), 
and we obtain 


Í P cos (n, x) ds = f P(fi(x, Y), y, Z) dy dz = Í P(x, y, z) dy dz 
S st s* 


and 


f Q cos (n, y) ds = | O(x, falz, x), z) dz dx = | Q(x, y, 2) dz dx 
s s$ s* 


We have shown that the flux of the vector a through the oriented surface 
S* specified by the normal n(A) can be computed by the formula 


J (an) ds = f Py, 2) dy de+O(x, 9,2) de dx+ Ry, 2) dr dy) (S) 


If S* i isa surface which can be cut into a finite number N of parts S; 


(s= 5 s5) each of which can be projected in a one-to-one manner on 

j=1 
each of the three coordinate planes then in order to compute the flux of 
a through S* we can find the fluxes of a through each of these parts S; as 
was shown above and then add up the results. 

A spherical surface with centre at the origin is cut by the coordinate 
planes into 8 parts possessing the indicated property. The torus considered in 
Example 3 in § 7.20 is cut by the three coordinate planes and by the circular 
cylindrical surface of radius b having Oy as axis into sixteen such parts. 


§ 13.10. Divergence. Ganss-Ostrogradsky* Theorem 


Let E be the three-dimensional space with rectangular coordinates x, y, z 
and let G c E be a domain (with a piecewise smooth boundary S) in which 
a vector field 


a(x, y, z) = Pi+Qj+Rk  ((x, y, z) €G) (1) 
is defined. We shall suppose that the functions P, Q and R jand their de- 


rivatives oP 2 and a are continuous in G whence it follows that for the 


Ox’ dy 


*K. F. Gauss (1777-1855), a German mathematician. For Ostrogradsky see § 8.7. 
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vector a there exists the continuous function 


div a = tte ((x, y, z) € G) (2) 
which is called the divergence of the vector a. 

Let us assume that the surface S is oriented with the aid of the unit normal 
n directed to the exterior of G. 

The aim of this section is to prove the formula 


f div a dG = f (an) ds (3) 
G S 


which holds under some additional conditions imposed on G. This equality 
expresses the so-called Gauss-Ostrogradsky theorem (also known as the 
divergence theorem). 
The Gauss-Ostrogradsky theorem reads: the volume integral of the diver- 
gence of the vector a over the domain G is equal to the flux of that vector 
through the boundary S of the do- 
C7 N z=A,(x.y) main oriented with the aid of its 
outer normal. 
To begin with, let us consider 
the domain A shown in Fig. 13.20. 
A domain of this type will be re- 
ferred to as an elementary H,- 
—— z=41(%Y) domain. The upper and lower 
boundaries of A are the surfates 
o, and 02 (with piecewise smooth 
boundary curves) determined by 
the equations z = (;(x, y) and 
z= a y), A(x, y) = a(x, y); 
(x, y) € As, respectively, where 
A, is a domain in the xy-plane 
with a (piecewise smooth) boun- 
dary y, and the functions À, and 
2z are continuous on A, and have 
continuous partial derivatives in 
the open set A,. The lateral boundary of A is the cylindrical surface o* 
with the curve y as directrix and generators parallel to the z-axis 
Let S° be the boundary of A oriented with the aid of the outer normal 
(see the explanations below). This induces the corresponding orientations 
of the surface elements of and o§ and of the lateral surface o* of the domain 
A. For the domain A there hold the equalities (see the explanations below) 





Fig. 13.20 


ƏR MT k 
ar dA = f f dx dy | g= 


a,x, y) 
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= Í [ {R(x y, Aas Y))—RGs y, Aas W))} dx dy = 
A 


= [J RG», Aa )) de dy f | RC, y, nls, »)) de dy = 
of os 


= | | R(x, y,2)dedy (4) 
Se 


The normal n to of forms an obtuse angle with the positive z-axis while 
the normal to og forms an acute angle with pas poate be the projection of , 
of the element oj on the plane z = 0 is oriented negatively while the projec- 
tion 03,, of oz is oriented positively. This accounts for the passage from 
the third term in (4) to the fourth one. To the sum of the two integrals 
forming the fourth term we can formally add the integral 


f| Ræ y, 2) dx dy =0 
o® 


which is equal to zero since cos (n, z) = 0 for o*. Thus, the resultant sum of 
the three integrals is equal to the last integral in (4), that is to the flux of 
the vector (0,0, R) through S*. 

We have thus proved the Gauss-Ostrogradsky theorem for an elementary 
H.-domain and for a vector of the form (0, 0, R). 

Further, let us call a domain G an H,-domain if its closure G can be cut 
into a finite number of closures G, of elementary H,-domains so that the 
upper and lower parts of the boundaries of G,’s are some parts of the orien- 
ted boundary S* of the domain G: 


N 
G = 2, Gk 
kel 

We shall prove that for such a domain G and for a vector of the form (0, 0, R) 
the Gauss-Ostrogradsky theorem also holds. 

To this end, let us denote by Sı, x and Se, x the lower and upper parts of 
the boundaries of G,’s respectively and by S+ the lateral parts of the boun- 
daries of G,’s. Then we have (see the explanations below) 


OR N OR 
=— dG = — dG = 
A Oz » f Oz 


=1 G, 
= y ( f R(x, y, z) dx dy + f R(x, y, z) dx dy+ f RŒ, y, 2) dx dy) = 
SEA St Si. st 


= | R(x,y, 2) dedy 
Ss? 


because the integrals over S}’s are obviously equal to zero while for the 
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parts Sj, and S3, k we can assert that either their union coincides with the 
surface Ki or, if otherwise, the set 


N 
C= S-F Si-Fi 
1 1 


is a part of S* such that the normal at its every point is perpendicular to the 
z-axis and therefore the integral over ø is equal to zero. 

By analogy with the above, we can define the notions of H,,-domains and 
H,-domains. For instance, an H,-domain possesses the property that its 
closure can becutintoa finite number of closures of elementary H,-domains, 
the latter being understood in the same sense as the elementary H,- 
domains with the only difference that the role of the z-axis is played by the 
x-axis. Similar considerations show that for an H,-domain G there holds 
the equality 


SE- dG = | f PC, y, 2) dy dz 
S* 


that is the Gauss-Ostrogradsky formula holds for the H,.-domains and for 
the vectors of the form (P, 0, 0). Analogously, for an H,-domain G there 
holds the formula 


J a 40 = JJ o», z) dz dx 


expressing the Gauss-Ostrogradsky theorem for a vector (0, Q, 0). 

Now let us suppose that a given domain G is simultaneously an H,-, an 
H,- and an H,-domain; then obviously the Gauss-Ostrogradsky theorem 
holds for any continuously differentiable vector field a = (P, Q, R) defined 
on G, that is we have the equality 


[If (GE +S) sea de 


= Í f (PG y, 2) dy dz + Q(x, y, z) dz dx+ R(x, y, 2) de dy) (5) 
S* 


where the integral on the right-hand side is taken over the surface S* oriented 
with the aid of the outer normal to G. 

On putting P = x, Q = y and R = z in the Gauss-Ostrogradsky formula 
(5) (or (3)) we obtain the formula 


IG] = [f Œ dy dety de de+z dx dy) 


expressing the volume |G| of the domain G in terms of the surface integral 
taken over its oriented (with the aid of the outer normal) boundary S*. 

Practically, we usually deal with domains which are simultaneously H,-, 
H,- and H,-domains. 
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Example 1. The ball x?+y?+2? = 1 is an H;-domain and even an elemen- 
tary H,-domain because its interior is bounded above and below by the 
smooth surfaces zı = y1—x2—y and zz = — V152} (x2+y < 1) 
where the functions z, and zz are continuous in the closed circle x*+y? = 1 
whose boundary curve is smooth. It is evident that the ball in question is 
also an H,- and an H,-domain. 


Example 2. Let us consider the torus T obtained by the rotation of the 
circle (x—b} +y? = a? (0 < a < b) lying in the xy-plane about the y-axis. 
To show that T is an H,-domain it suffices to cut the boundary surface of T 
into two parts with the aid of the xz-plane. Further, the planes x = b—a. 
and x = a—b divide T into four elementary H,-domains while the planes 
z = b—a and z = a—b divide it into four elementary H,-domains. 

The Gauss-Ostrogradsky formula transforms a volume integral over a 
domain into a surface integral taken over its boundary. In the next section we 
shall derive Stokes’ formula with the aid of which a surface integral can be 
transformed, under certain conditions, into a line integral. 

To elucidate the physical meaning of the notion of the divergence of a 
vector let us suppose that the given domain G is occupied by a stationary 
flow of a fluid so that the velocity of the particles of fluid passing through an 
arbitrary point (x, y, Z) € Gis equal to a = a(x, y, Z). Let us take an arbitrary 
but fixed point A = (x, y, Z) € G and embed it in a ball V. c G of radius 
£ > 0. Let S? be the boundary of the ball (the spherical surface) oriented 
with the aid of the outer normal. Then, by the Gauss-Ostrogradsky formula, 


we have 
ff @as) = ff f div a dx dy dz 
Se Ve 


The left-hand: member of this equality expresses the volume of the fluid 
flowing out of V, (to the exterior of S.) in unit time. 
On applying the mean value theorem to the last equality we obtain 


J | (@ ds) = 17.1 div a, © 
Se : 


where | V,| is the volume of V, and a is the velocity of the fluid at some point 
belonging to V.. Let us divide both members of equality (6) by |V.| and 
pass to the limit as £ — 0; by the continuity of div a this limit exists and is 
equal to the divergence of a at the chosen point A(x, y, z): | 
; ‘ 1 

dias diay | CA (T) 
Thus, div a is equal to the value of the intensity of sources of fluid (con- 
tinuously distributed over G) at the point A(x, y, z). If div a = Oat the point 4 
(or throughout G) then the intensity of sources is equal to zero at A (or 
throughout G). If div a < 0 then at the corresponding point there is in fact 
not a source but a sink of fluid. 
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From the above physical considerations it appears evident that div a is 
an invariant with respect to all transformations of the rectangular coordi- 
nates. The same conclusion can be drawn on the basis of purely mathema- 
tical argument if we take into account that the flux of a vector field through 
the surface S, is invariant with respect to the transformations. It follows 
that if one and the same vector field a is considered relative to two different 
systems of rectangular coordinates (x, y, Z) and (x’, y’, 2’) and is specified by 
two vector functions 


a= P(x, y, Z)i+Q(x, y, Z)j+ R(x, y, 2k 
and 
a= P(x’, 7, Zat, Ys ZAR, y's Z) ki 


respectively then 
OP  o0Q . OR OP; 001 OR, 
div a = stata =o toy te 
at every point A(x, y, z) = A’(x’, y’, 2’). This assertion can of course be 
proved directly without resorting to the Gauss-Ostrogradsky theorem. 
The divergence of a can also be interpreted as the (symbolic) scalar 
product of the Hamiltonian operator V and the vector a: 


Idiv a = Va = S24 s 








From this point of view the above invariance can formally be proved as 
follows. Since V and a are vectors and the scalar product of two vectors is 
invariant with respect to the transformations of rectangular coordinates so 
is the divergence Va. 

The Gauss-Ostrogradsky theorem can also be stated for the case when G 
is a domain in the xy-plane and a(x, y) = P(x, y)it+Q(x,.y), is a vector field 
defined in it. Denoting by m(A) the outer normal to the boundary I of the 
domain G(A € I‘) which is supposed to be a piecewise smooth contour we can 


write the equality 
I (+32) dead fea 


where ds is the differential of arc length of the curve I’. 

If we agree that the direction of the tangent to the contour I’ coincides at 
every point of I with the positive direction of traversing I’ in which the arc 
length s is reckoned along J" then 


cos (n, x) = cos (T, y) = 2 and cos (#, y) = —cos(T, x)= -= 


Therefore (an) ds = P dy—Q dx, and we obtain 
Jf (QE +22) dey [eo-a 
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On replacing P by Q and Q by —P in the last formula we arrive at Green’s 
formula which was already derived in § 13.5. ` 

Let G be a bounded domain with doubly continuously differentiable 
boundary S and let G, be the part of G bounded by the surface S, whose 

ints are at a distance of A > 0, reckoned along the normal to S, from the 
boundary S of G (see§ 7.25). Let us also consider a vector field a defined and 
continuous on G and possessing continuous partial derivatives on G (the 
derivatives may be unbounded in the vicinity of the boundary of G). We 
shall suppose that for sufficiently small å the domain G; satisfies the con- 
ditions under which the Gauss-Ostrogradsky theorem is applicable. 

Let us show that in that case the Gauss-Ostrogradsky formula 


| div ade = Í (an) ds (8) 
G S 


where x = (x1, X2, Xs) continues to hold if its left-hand member is understood 
in the following improper sense: 


es am (9) 


As to the right-hand member of (8), it is an ordinary surface integral of the 
second type over the smooth surface S oriented with the aid of its outer 
normal. because the vector a is continuous on S. 

Indeed, according to the Gauss-Ostrogradsky theorem which was already 
proved for domains of the type of G,, we have 


| div a dx = | (an) ds, (0 <A’<p) (10) 
G4 Sa 


for a sufficiently small p because for sufficiently small values of 4 the bounda- 
ry S, of G, is a smooth surface (see § 7.25) and the vector a is not only con- 
tinuous on the set G, but also has continuous partial derivatives in it. 

Let us show that 


lim Í (an) ds, = Í (an) ds (11) 
Aa—0 Si S 


under the assumption that S can be cut into a finite number of smooth 
Surface elements S!: 


S= 5 S! (12) 


By virtue of (10) this will imply the validity of (8) and (9). 

To prove (11) let us consider the parts S{(/ = 1, . . ., N) of S, consisting of 
the Points of G lying on the normals to S! at a distance A from S'. Decom- 
Position (12) of S into the parts S, induces the corresponding decomposition 
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of S,: r 
S.= YS (13) 


l=1 
For definiteness, let us suppose that S! is determined by an equation z = 
= A y) ((x, y) € Q). Then the Cartesian coordinates (£, n, £) of the points 
of S4 are determined by equations 


È = g(x, Y, 4), n = px, y, å), E= AX yA) (YER 


where Q is the closure of a bounded domain in the xy-plane having a piece- 
wise smooth boundary curve and 9, y and y are continuously differentiable 
functions of (x, y, 4) describing the smooth surface S$ for 0 < A < u where 
p is sufficiently small. For expressions of these functions see § 7.25 (5) 
(n = 3 and t = 4). 

Therefore (see the explanations below) we have 


[ (qn) dss = 4 [[ GEST axdy ~ [(an)ds (+0) (14) 
st 2 si 





[#2 XF,| 


where the vector product of #, and #, is given by the formula 


. _ DY.” ;, DX o) ;, Do, y) 
PaXPy = Doe D E Dey IT Dey) j 


and the values of &, 7 and ¢ entering into a = a(&, n, ©) are replaced by the 
functions p, y and y respectively. Indeed, the integrand in the middle integral 
in (14) is a continuous function of (x, y, A) on the closed set (x, y) € Q, 
0 <A = u, and therefore it is allowable to pass to the limit, as 2 + 0, under 
the integral sign (see § 12.13, Theorem 1). An analogous situation takes 
place when S* (k = 1, ..., N) can be projected in a one-to-one manner on 
the plane x = 0 or y = 0. From (12), (13) and (14) follows (11) which implies 
(8) and (9). 





§ 13.11. Rotation of a Vector. Stokes’* Theorem 
Let us consider a continuously differentiable vector field 
a = P(x, y, 2)i+ Q(x, y, Z)J+ R(x, y, z)k 


defined in a domain in the three-dimensional space R. 
The rotation of the vector a is the vector 


ota m (SE 2) re (E-E) (2) 


It can be regarded as the (formal) vector product of the Hamiltonian opera- 
tor V by the vector a: 
rota = VXa 


* G. G. Stokes (1819-1903), a British physicist and mathematician. 
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As is known from vector algebra, the vector product of two vectors is an 
axial vector, that is it is invariant with respect to all the transformations of 
orthogonal coordinates preserving their orientation (in the sense that right- 
handed systems go into right-handed ones while left-handed systems go 
into left-handed ones). It is known (see § 7.6) that the symbol V can be re- 
garded as a vector since when we pass from one rectangular coordinates 
system (x, y, Z) to another system (x’, y’, z’) the transformation rule for the 
“components” Ox? Oy and > of Vis the same as that for the components 
ofan ordinary vector. Therefore rot a = VXa is an axial vector, that is it is 
invariant with respect to the transformations of rectangular coordinates 
preserving their orientations. Consequently, we can assert without calcula- 
tions that if the vector a = P(x, y, z)it+Q(x, y, Z)j+ R(x, y, Z)k has the com- 
ponents P,(x’, y’, z’), Q(x’, y’, 2’) and R(x’, y’, z’) in a new coordinate sys- 
tem (x’, y’, 2’) (having the same orientation as the old system (x, y, 2)), that 
is if 

a= P(x, y’, ZJE + Qx, y’, ZDJ + RAX, y’, 2’) k 
then there holds the identity 

OR 32); (PP _ ƏR); (22 _ OP), _ 

(3, ait (a ax I+ (Soap) = 


= (BBY) (B- Bye 








az ax’ J 
ae n j' and k’ are the unit vectors of the coordinate axes of the system 
» Vy Z’). 
We shall prove Stokes’ formula 


ff @ rot a) ds = fad (1) 
S T 


expressing Stokes’ theorem which states that the flux of the vector rot a 
through an oriented surface S* is equal to the circulation of the vector a over 
the coherently oriented contour T bounding the surface S*.* 

We shall begin with the proof of Stokes’ theorem for a smooth surface 
clement which can be projected in a one-to-one manner on each of the 
three coordinate planes. 

Let us consider an oriented smooth surface element S* with a piecewise 
smooth edge I’ representable by equations of each of the following forms: 


z=f(x,y) @yYES, *=9%,2 U,2DESx 
and 
y=yz,x) (z, xES, 


» * Here S* denotes the surface S oriented with the aid of the normal ». The left-hand 
member of (1) is a surface integral of the first type. 
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We thus suppose that each of these equations can be uniquely resolved with 
respect to any of the variables x, y and z and that the functions f, g and p 
are continuously differentiable on the corresponding projections of S on the 
coordinate planes. 

We have 


[faroa = ff AE- costa) 
S S 
+Z- cos (n, y)-+(G2—F) cos (n, 2)} ds (2) 


Let us consider the sum of those terms entering into the right-hand side 
of (2) which contain P. It can be expressed (see the explanations below) as 


-ff (5 0s 02-3 cos (n, »)} ds = 
S 


=- fj (Sts £) cost 2) ds =- f| EPE, yf») dedy = 
s st 


St 
= | Pix, y, f(x, y)] dx = | Pests), psd, SOl) PEN] AG) des = 
T, 3 0 
st 
= Í P(p1(s1), Pı(S1), 41(s1)) gi(s1) ds: = [ PG, y, z) dx (3) 
2 r 


The proportion 

of a 

eid = cos (n, x): cos (n, y): cos (n, Z) 
shows that 

_ _ of 
cos (n, y) = -Ə cos (n, Z) 

which implies the first equality in (3). The second equality is written on the 
basis of § 13.9 (5). The third equality follows from Green’s formula. Finally, 
the last three equalities in (3) are valid if we suppose that the oriented con- 
tour I’ is representable by piecewise smooth functions 


x=9,(5:), y=yi(si:) and z= x,(s), Oas <5? 


The first two of these functions specify the projection T`; of T' on the plane 
z = 0 oriented in the coherent way. It should also be taken into account that 
I’ is the edge of the surface S determined by the equality z = f(x, y) and 
therefore ¥3(s1) = f(1(s1), Y1(s1)), 0 = 51 = Sf. 

The equalities 


[J (22 cos (n, 9-22 cos (n,x)) ds = fondy A 
s r 
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and 
ff (FE cos (m -SE cos (n, y)) ds =f Rey, 2)dz 5) 
S r 


are proved analogously. 

From (3), (4) and (5) follows Stokes’ formula (1). 

We have proved Stokes’ theorem for an oriented surface element project- 
able simultaneously on each of the three coordinate planes. There is another 
important simple case when Stokes” theorem holds to which the above argu- 
ment is inapplicable. Namely, we mean the case when S° is a part of a plane 
parallel to one of the coordinate axes. The validity of Stokes’ theorem for 
such S* can be verified with the aid of direct calculations similar to (3). 
However, it is also possible to use the following argument. The integrals en- 
tering into Stokes’ formula are invariant with respect to the transformations 
of the rectangular coordinates preserving their orientation. A transformation 
of this type can always be chosen so that S* can be projected in a one-to-one 
manner on each of the coordinate planes of the new coordinate system, which 
proves the desired assertion. 

Stokes’ formula continues to hold for any oriented surface S° (with a 
piecewise smooth edge I‘) which can be decomposed with the aid of piece- 
wise smooth curves into a finite number of smooth surface elements project- 
able in a one-to-one manner on each of the three coordinate planes. 

Indeed, let S* = of +02 +...-+on be such a decomposition and let 
T, ..., Ty be the coherently oriented contours bounding of, ..., oy respec- 
tively. Then, according to what was proved above, 


N N 
eee a Le ee 


S 
because the parts of the integrals fu= 1, . . ., N) corresponding to the arcs 


I; 
of I’; not belonging to T mutually cancel out since each of these arcs is 
traversed twice in the opposite directions. 

An oriented surface which can be split into a finite number of (plane) 
triangles is called a polyhedral surface and is an example of a simple surface 
to which Stokes’ formula is applicable. 

We shall also note the following. Let of denote a circular plane area with 
centre at a point A(x, y, z) and radius £ oriented with the aid of its definitely 
Chosed unit normal vector æ; let y, be the oriented contour bounding o?. 
According to Stokes’ formula, we have 


fe ds) = [ @rot a) do, = | rot, a do, = |[0,| roth a1 


where rot, a is a scalar function equal to the projection of rot a on a and 
TOt, a, is the value of this function assumed at some point belonging to o,. 
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It follows that the value of the function rot, a at the point A is expressed by 
the formula 


rot, a = lim [57 faa ds) (6) 


where in the passage to the limit as e - 0 it is supposed that the vector n re- 
mains invariable. The right-hand side of (6) is a number which is the same in 
any right-handed (left-handed) coordinate system. However, if a right- 
handed system is replaced by a left-handed one while a is invariable the 
direction in which the contour y, of o, is described changes:to the opposite 
and therefore the sign of the right-hand member of (6) also changes. This 
again shows, in another way, that rot a is invariant with respect to the orien- 
tation preserving transformations of rectangular coordinates. 


Remark. Let 22 be a domain in which a continuously differentiable field 
of a vector a is defined such that rot a = 0. If a closed contour I’ c Q is 
such that it is possible to pull over it an oriented smooth surface with I as its 
(oriented) edge then, according to Stokes’ theorem, the line integral of æ 
taken round the contour I" is equal to zero: 


faan = ff @rot a) = 0 
r S 


This property can be used for proving Theorem 3 in § 13.3 but such a 
proof is connected with some sophisticated considerations because it should 
be taken into account that in any domain there are closed (knotted) contours 
over which it is impossible to stretch smooth surfaces. 


§ 13.12. Differentiation of Integral with Respect 
to Parameter 


We shall begin with the proof of the equality 
ð ð 
a endy = |EN (Gaxa) (1) 
Q Q 
on condition that 2 is a closed measurable set in the space of the points y = 


= (Yı, ..+) Ym) and the function f and its derivative a are continuous on 


ð 
the set H = [a, b]X2 (x € [a, b], y € Q). 
In particular, if Q is a closed interval [c, d] formula (1) takes the form 


d d 
E [fn dy = [ ZH nay (1) 


under the assumption that f and of are continuous on [a, b]x< [c, d]. 
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Indeed, let us put 
F(x) = [fy a 
Q 


then 
Fœ+th-Fœ) _ 
h 


Jih -SEd = 

Q 
af ( 
Ox 





(x+6h, y) dy > Je y)dy  (h+ 0, 0=< 0=1) 


because 
F (x + Oh, y)- 52 (x, y)] ay |= foim, 3) dy = 











= |Q] o (lhl, =) +0 (h~0) 


where w (8, = of a) i is the modulus of continuity of = on the (bounded and 


closed) set H 
Now we shall suppose that f is a function f = f(x, y) of two variables x 
and y and prove a generalization of formula (1) to an integral of the form 
y(x) 
F@)= | œd (@<x<b) O 
g(x) 
where the functions and y satisfy the inequality g(x) = y(x) (a = x <b) 
and are continuously differentiable while the function f (x, y) of the scalar 
variables x and y and its partial derivative of are continuous on the set 
of points (x, y) (see also § 7.11) whose coordinates satisfy the inequalities 
P(x) = y = y(x) and a = x = b. 
Let us show that the function F(x) possesses the derivative on [a, b] de- 
termined by the formula 


y(x) 
F(X) = f A-A [ Edy © 
g(x) 
To this end we construct the auxiliary function 
P(x, u, v) = | f(x y) dy (4) 


+) 


defined on the set H of the points (x, u, v) specified by the inequalities g(x) < 
Suva y(x) and a æ x «b. 
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The function z = F(x) can be regarded as a function of a function of the 
form z = O(x, u, v), u = g(x), v = y(x) (a = x = b) and its derivative can 
be computed by the well-known ees 


FQ) = $= S44 FV (9+ Sve (5) 


where the right-hand side is taken for the values u = (x) and v = y(x) of 
the variables u and v; however, we have to show that the partial derivatives 
of ® are continuous functions of (x, u, v) and to express them in terms of f, 
p and y. By the continuity of f(x, y) with respect to y and by virtue of the 
theorem on the differentiation of an integral with respect to the upper and 
lower limits of integration, it follows from (4) that 


= = f(x, v) and = = —f(x, u) (6) 


and, since f is continuous, the right-hand members of (6) are continuous 
with ‘respect to (x, u, v) and therefore so are the left-hand members. 

The derivative S is continuous by the hypothesis, and therefore, by virtue 
of (1), we have 


E =E fiend = f Edy (7) 


(in this connection see the remark below). Further, we can formally regard 
of as a function of the variables (x, u, v, y): 2 f(x,y) = y(x, u, v, y). Itis 
obviously continuous with respect to these variables, and u and v can be 
considered as continuous functions of (x, u, 0): 


u = A(x, u, V) v= u(x, u, v) (x, u, V) € H 


Hence, using this notation we can write 


að u(x. ü, V) 
ax = f y(x, u, V, y) dy 
A(x, u, v) 


Consequently zz is a continuous function of (x, u, v) (see § 12.13, Theo- 
rem 2). 

We have justified equality (5). 

The substitution of (6) and (7) into (5) and the change of variables u = 
= g(x), v = y(x) now lead to formula (4). 

Remark. Strictly speaking, equality (7) was proved only for the points 
(xo, Uo, Vo) for which 

P(X0) < uo < Vo < (Xo) (8) 
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In this case it is possible to choose a number 6 > 0 so small that the rec- 
tangle {|x—xo| = 6, uo = y = vo} will belong to the domain of definition 
of f(x, y). This enables us to apply formula (1) (with c = uo and d = vo). 
If uo = (Xo) OF Vo = (Xo) (or both) there may be no such rectangle for 
any ô > 0. However, the right-hand member of (7) makes sense and is 
continuous for all the points (x, u, v) of the closed set H, and therefore the 


partial derivative -= defined originally only for the points (xo, uo, Vo) of 
form (8) can be continuously extended to the whole set H if we put it equal 
to the right member of (7). This defines the (generalized) derivative 22 on H. 


The theorem on the derivative of a composite function continues to hold for 
the derivatives uuderstood in this generalized sense (see § 7.11). 


§ 13.13. Improper Integrals 


Let G be a measurable open set in the n-dimensional space and let x° be 
a point belonging to G. 

Let us take the (closed) ball w(e) = {|x—x°| = £} of radius => 0 
with centre at x° and construct the (open) set Gs = G—w(e). 

We shall say that an integral of the form 


[fae (1) 
< G 


has only one singularity, at the point x°, if the function f is defined and unbounded 
on G, but is bounded and integrable on G, for an arbitrarily small € > 0. 

It should be stressed that if integral (1) has (only one) singularity at the 
point x° the integrand function f(x) is not Riemann integrable because it is 
unbounded on the measurable open set G (see Theorem 1 in § 12.10 and 
what precedes it). 

If integral (1) has only one singularity at the point x° we say that it exists in 

improper sense if the limit 


lim f f(x) de = | f(z) de 2) 
orn Ge G 


exists. In this case we assign to expression (1) the numerical value equal to 
limit (2) which is the improper integral of f over G. 
Since for 0 < 6, < de we have 


La 


Cauchy’s necessary and sufficient criterion for the existence of a limit 
implies that, under the conditions stated, improper integral (2) exists if and 
Only if, given an arbitrary e > 0, there is ô > O such that for any 6, and 8, 
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satisfying the inequalities 0 < 6, 62 < 6 there holds the inequality 











G8, —Gð, 
It follows that if 2 is an arbitrary measurable open set containing the point 
x° and G; = QG then the integrals [fax and | fdx exist or do not exist 


G G, 
simultaneously (see Figs. 13.21 and 13.22) because the application of 
Cauchy’s criterion to them leads to one and the same conclusion. 





Fig. 13.21 Fig. 13.22 
Let us consider the special case of dimension 1. Let f(x) be a function 
b 
defined on a (one-dimensional) interval (a, b) such that the integral f fax 
a 


has an only singularity at a point x° € [a, b]. 

If x? = a or x? = b the above definition of the improper integral reduces 
to the ordinary definition which was stated in § 9.12. In the case when 
xo € (a, b), that is when x? is an interior point of the closed interval [a, b], 
the i improper integral of f (x) is regarded as existent in accordance with the 
definition stated in this section if the limit 


xo—% b 
im ( | f fax+ f | sa) = [fax (3) 


xo+~ 


exists. But this is nothing but the definition of Cauchy’s principal value for 
a one-dimensional i improper integral stated at the end of § 9.16 (but not of 
the ordinary Riemann improper integral because the definition of the latter 
requires that the limit (as € — 0) of each of the integrals on the left-hand side 
of (3) should exist). 
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Given any constants A and B, we have the obvious equality 
f (U@H Boa) de = A | f(x) dx +B | ox) dx (4) 
G G G 


for improper integrals which, as usual, reads: if the improper integrals on the 
right-hand side of equality (4) exist then the integral on its left-hand side also 
exists and is equal to the right-hand side of (4). 

If f is a nonnegative function on G then (finite or infinite) limit (2) always 
exists because the expression under the sign of the limit does not decrease 
when £ monotonically tends to zero. 

In case this limit is finite we write 


[ fdr < < 
G 

and if it is infinite we write 
[far == 
G 


It is clear that for a nonnegative function of one variable the definition of 
the integral in the sense of Cauchy’s principal value and that of the Riemann 
improper integral coincide in the case when x° € (a, b) because in this case 
the existence of the limit of the sum on the left-hand side of (3) implies the 
existence of the limit of each of the two summands entering into that sum. 

Obviously, we can also say that the improper integral of the above-described 
nonnegative function defined on G exists if and only if the expression under the 
sign of the limit in (2) is bounded above by a constant M independent of € > 0. 

Let us state one more equivalent definition: the improper integral over G 
of a nonnegative function f with only one singularity at x? € G is the limit 


f fdx = lim f fdx (5) 
GA, 


G n> co 


where i, are domains possessing the following properties: 


(i) A, > w, 
(iil) a, D> An+1s 
(ii) the diameter d(An) tends to zero as n > œ. 


If there are two nonnegative functions f and p defined on G whose in- 
tegrals have only one singularity at x° and if f(x) = g(x) (x € G) then 


[fax < [eae 
) Ge Ge 


for any £ > 0. Both members of this inequality are monotone increasing as 
€ monotonically tends to zero, and therefore, on passing to the limit for 
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e — 0, we obtain the inequality 
[fds = | pdx (6) 
G G 


whose members can be finite or infinite. If the integral on the right-hand 
side of (6) is finite then so is the one on the left-hand side and if the integral on 
the left-hand side is infinite then the integral on the right-hand side is also in- 
finite. 

Integral (1) with one singularity at a finite point x? is said to be absolutely 
convergent if the integral of the absolute value of f(x) is convergent: 


f IfI de <- (7) 
G 


An absolutely convergent integral (1) is convergent since (7) implies that 
for any £ > 0 there is 6 > 0 such that 


oe f idem J fa, 0 < ô, < ĝa < Ô 





G3, —00, G8, —Gð, 
Example 1. Let us consider the integral 
dx 
[= (8) 
2 


where r = Yx?+ . . . +x and Q is the unit ball in the n-dimensional space 
with centre at the origin. 

For « > 0 expression (8) is obviously an improper integral with only one 
singularity at the origin. Its value is defined as the limit 


[i=in [4 


On passing to spherical (spacial polar) E with the aid of the 
transformation 


Xı = P COS 91 
Xz = r Sin pı COS P2 
Xn-1 = r sin Qı sin Q2 wee sin Qn—2 COS Pn—1 
Xn = r sin Q1 Sin 2 e.. SID Pn—2 SIN Pn—1 
and taking into account that the Jacobian of this transformation is 


I = r’—1 sin gf? sin gg-3 ... SiN Pa-1 
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we obtain the equality 
1 


I, = On lim | r°-*-1 dr (9) 


e—>0 
s 


where Or = 27"* is the area of the spherical surface bounding the unit 


I(n/2) 
ball in the n-dimensional space. 
It follows from (9) that 
I, <o if a-<n 
and 


I=oo if apn 
As a generalization of this example we can consider the integral 
| px) | dx 
J = (10) 


where ¢ is a continuous function on Q. Let us put 
M = max |9(x)| 
x€Q 


For œ < n we have 
p(x) | dx dx 
[wale fH <0 
Q Q 


that is integral (10) is absolutely convergent. 
Now let a = n and |¢(0)| > 0. Then there is a ball w with centré at the 


origin and radius so small that |g(x)| > et =m >Q on that ball. 
Therefore 


[E a| = [1 are m |- de= 








and consequently integral (10) is divergent for « = n. 

The notion ofa Riemann multiple integral is defined for a measurable and, 
consequently, bounded domain. If the domain is unbounded then, under 
certam conditions, it is possible to state the definition of the notion of the 
improper integral over such domain. 

Let us consider an unbounded domain G lying in the n-dimensional 
Space and possessing the property that, given any ball w(R) with centre at 
the origin and rauius R, the intersection G(R) = Gw(R) of G with that ball 
is a measurable set. Further, let there be given a function f(x) defined on G 
and integrable on G(R) for any R. In this case we say that f has only one singul- 
any at the point atinfinity and define the improper integral of f over Gas the limit 


lim | fax = J fax (11) 


G(R) 
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All that was said about an improper integral with only one singularity at 
a finite point x° can be repeated with some modifications for an improper 
integral having one singularity at the point at infinity, and we shall not go 
into particulars here. 


Example 2. The transformation to polar coordinates brings the integral 
dx o dx 
k = f Ca am J re 
r>1 l<r<R 
to the expression 
R o 
n for a>n 


I. = On lim pe—e-l dp =f n—a 
R= 3 ceo for asn 





Finally, let us discuss a more general case when the closure of a domain 
G where a function f is defined can be broken up into a finite number of 
closures of open sets so that these closures can only intersect along some 
parts of their boundaries: 


G = G,+...+Gn (12) 
If each of the integrals | fax (j= 1, ..., N) has only one singularity 


G 
xÍ € G; and if the domain G is unbounded then only one of these integrals 
has the point at infinity as its singular point. Besides, the points x/ are 
pairwise distinct. 

In this case the improper integral of f on G is defined as the sum 


J fex=¥ [fac (13) 
j=1 G 

If at least one of the integrals entering into this sum is divergent, the 
integral on the left-hand side of (13) is also considered divergent. Similarly, 
integral (13) is said to be absolutely convergent if and only if all the integrals 
entering into sum (13) are absolutely convergent. 

Here we shall not carry out the proof (which is quite simple) of the fact 
that the definition stated leads to the result (number) independent of all the 
possible ways in which the domain G can be split into parts with the indi- 
cated properties. 


Example 3. It is evident that the integral Í Z where R„ is the whole 


Ra 
n-dimensional space is divergent for any real æ. 
Example 4. The integral 


[= 


f e-*—¥* dx dy 
0 
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can be defined as the limit 
N N N N eo 2 
l= Jim J J ev**-»* dx dy = fim J e—** dx J e-* dy = (J er ax) 


where the improper integral with respect to one variable standing on the 
right-hand side is convergent. On the other hand, denoting by Q (N) the 
quarter circle of radius N and centre at the origin lying in the first quadrant 
we can write 


ni2 N 
5 ar ———= i i rasa a 1_x 
Er JJe dododd = lim | do AL O r a 
Q(N) 0 0 
whence follows 
r — x2 = Vx 
[ede =F 


Example 5. The function y(x) defined as being equal to e—!*! at the points 
x = (x1, ..., Xn) with irrational coordinates and to —e—!#! at all the other 
points of the n-dimensional space R, is not absolutely integrable although 
the integral of |p| over R, is convergent: 


[ipl de < œ 
Ra 


Indeed, this is so since the function y(x) is discontinuous throughout Rn. 


Exercise. Check that for the fundamental solution v of the heat conductivi- 
ty equation (see the exercise in § 7.7) we have 


| | [oddz = 1 (to > t) 


Hint. Pass to polar (spherical) coordinates. 


Remark. Let Q be a bounded domain with a doubly continuously diffe- 
rentiable boundary S. Let us denote by S, the surface lying within Q whose 
points are at a distance of 2 > 0 from S, reckoned along the inner normal 
to S (see § 7.25), and let Q} c Q be the domain bounded by S4. 

If f(x) is an unbounded function defined on 2 and integrable on Q, for 
pa irie small 2 > 0 we can define the improper integral of f over Q 

e limit 


) 


fds = lim J f(x) dx 


Provided it exists. 
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On the basis of this definition it is also possible to introduce the notion 
of an absolutely convergent integral. 

The idea on which this definition of an improper integral of a function 
having singularities on the boundary of the domain of i integration is based 
is similar to that of definition (2) considered in this section. A narrower 
definition of this type was stated in § 12.22. Of course, both definitions coin- 
cide in the case of a nonnegative function defined in a domain of the form 
indicated here. However, the definition stated here is more general because 
it can be shown that if an integral is convergent in the sense of § 12.22 then 
it is absolutely convergent. The definition stated here was in fact already 
used in the derivation of the generalized Gauss-Ostrogradsky theorem at the 
end of § 13.5 and in §§ 13.6 and 13.10. 


§ 13.14. Uniform Convergence of Improper Integrals 


Let 2 C Rm and D C R, be some sets in the m-dimensional and n-di- 
mensional spaces Rm and R, respectively. We shall also suppose that the 
set D is measurable. By w, we shall denote the open ball of radins ô with 
centre at y° where the point y® belongs to D. 

Let us consider the integral 


F(x) = |A EED) (1) 
D 


having only one singularity at the point y°. This means that f(x, y) as 
function of y is unbounded on D but bounded and integrable on D—w, for 
any 6 > 0. 

Integral (1) is said to be uniformly convergent with respect to x € Q if it is 
convergent for any x € Q and if, given any € => 0, there is 59 > 0 such that 
for any 6 satisfying the condition 0 < 6 < 4p the inequality 


f f@y)dy]<=2 (Dos = Dre») (2) 
Dog 


holds for every x € Q. 
It is important in this definition that 59 and 6 are independent of x € Q. 
Taking a positive ô we form the integral 


Fo(x)= f f(x,y) dy 
D-o 


which obviously has no singularities. Then inequality (2) can be rewritten 
in the form 








IFE) -F= f AEA | <e 
Dog 


and thus we see that for any £ > 0 there is do such that for all 6 satisfying 
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the inequalities O < 6 < do and for any x € Q there holds the inequality 
| F(x)—Fo(x)| < e 
As is known, the last inequality expresses the fact that 
lim F(x) = F(x) uniformly on Q (3) 


Conversely, it is obvious that (3) implies (2). 

Hence, relation (3) can be regarded as an equivalent definition of the 
uniform convergence of integral (1) on Q. 

There holds the following theorem. 


Theorem 1. If the function f(x, y) is continuous on 2X D everywhere except 
at the points of the form (x, y°) and if integral (1) is uniformly convergent with 
respect to x € © then this integral is a continuous function of x € Q. 

Proof. ït follows from the conditions of the theorem that the function 
f(x, y) is continuous at the points (x, y) belonging to the bounded closed set 
x (D\ws) and, besides, the set D is measurable. Therefore the function 
F,(x) is continuous on 2 (see Theorem 1 in§ 12.13). Further, F(x) tends to 
F(x) as 6 > 0 uniformly on 2. Hence, by virtue of Theorem 2 in § 11.7, the 
function F(x) is continuous on 2 because, although this theorem was proved 
for sequences of functions {fa} dependent on the natural parameter n, it 
obviously continues to hold (and the proof remains quite analogous) when n 
is a parameter tending continuously to a number no. In the case under con- 
sideration we have n = 6 — 0. : 


Theorem 2. If the conditions of Theorem I hold and Q is measurable (in Rm) 
then the function F(x) specified by the equality 


F(x)= | fædd (E0) (4) 
D 
can be integrated (with respect to x) on Q under the integral sign, that is 
| F(x) dx = [dy [ f(y) de (5) 
Q D Q 


Proof. From the proof of Theorem 1 we know that under the conditions 
of this theorem the functions F,(x) and F(x) are continuous on Q and F,(x) 
uniformly tends to F(x) as 6 — 0. This means that 


Ns = max | F,(x)— F(x)| > 0, ô — 0 
z2EQ 
It follows that 
f F(x) dx > f F(x) dx, 8-0 (7) 
2 ò 
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because 
| f Fe de- f r) d| = [1F@)—FG@)| de ami +0, ô +0 
Q Q | 2 


From (7) follows 
f| & [f@yde= [de | se,y)dy = | Plz) de > | FQ) dx = 
Q D\ ws Q Q 


D\ wð Q 


= |æ fæ, 8-0 8 
Q D 


which proves equality (6). 

The first equality in (8) is obtained by an ordinary change of the order of 
integration with respect to x and y, which is legitimate, for any 6 > 0, since 
the function f(x, y) is continuous on the measurable closed set 2X (D\wa) 
(see § 12.2). 

It should be noted that the integral with respect to y on the right-hand 
side of (5) is an improper integral with one singularity at the point y? € Q. 
Its existence has been proved. 


Theorem 3. Let G be a measurable open set in the space R,, y® be a point 
belonging to G and [a, b] be the range of a scalar variable x. Further, let a 
function f(x, y) be continuous and have a continuous partial derivative of 
everywhere on the set [a, b]XG (x € [a, b], y € G) except possibly at points 
of the form (x, y?) in whose vicinity f(x, y) may not be bounded. 

Then if the integral ` 


FQ) = [f@ydy  (@ax<d) (9) 
G 
is convergent and if the integral 
ð 
F(x) = | Sey) dy (10) 
G 
is uniformly convergent with respect to x € [a, b], there holds the equality 
F(x) = F’(x) (11) 
that is it is allowable to differentiate F under the integral sign: 
ð ð 
ee [fara = | ESE) dy (12) 
G G 


Proof. Let us put 
Fx) = | fœ y)dy 


G\wa 
where ô > 0. 
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Then we can write (see § 13.12) 


E= | EAI) dy = Fux) 


G\we 
since f and of are continuous on [a, b]X[G\wa]. 
By the hypothesis, 
F(x) - F(x), 6-0, x€ [a,b] (13) 
Furthermore, by the uniform convergence of integral (10), we have 
lim & Fa(x) = lim Fux) = F(x) (13’) 
6-0 6—>0 


uniformly on [a, b]. 

On the basis of Theorem 3’ in § 11.8 and by virtue of the remark to that 
theorem, it follows from (13) and (13’) that F(x) possesses a derivative on 
fa, b] equal to F(x). 

In all the theorems proved here it is very important that the improper 
integrals in question are uniformly convergent with respect to the para- 
meters. If a convergent integral is not uniformly convergent it is said to be 
nonuniformly convergent. Generally speaking, for integrals of this kind the 
above three theorems do not hold. 

An important criterion for uniform convergence is the so-called Weier- 
strass’ test which can be stated as the following theorem. 


Theorem 4. Let integral (1) have only one singularity at a point y? € D 
for all x € Q and let there exist a nonnegative function (y) such that 


If y) =p) forall (x,y) € GXD (14) 
and the improper integral 


f oO) dy <= (15) 
D 


having singularity at y’ exists. Then integral (1) is uniformly convergent with 
respect tox € G. 
Proof. it follows from (15) that, given any £ > 0, there is ĉo > O such that 


| dy ee (0< 8< ôo) 
Dwg 


bias ws 1s the ball with centre at y° and radius 6. Therefore, by virtue of (14), 
we nave 
» Í J (x sJ ) dy 


Dog 
for all x € G. The theorem has been proved. 


= | oy)dy<e 
Dwg 
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Example 1. The integral 
1 
ya) =[xe-tdx (a >0) (16) 
0 


exists for all a > 0. For a > 0 its singularity, provided there is such, can 
only be at one point x = 0. More precisely, for 0 < a < 1 the point x = Ois 
singular while for a = 1 the integrand is a continuous function on the closed 
interval [0, 1] and the integral has no singularities. However, for testing the 
integral for uniform convergence it is inessential whether or not there is a 
singularity at the point x = 0; it 1s quite sufficient to know that if the integral 
has a singularity it must be at the point x = 0. 

To investigate this integral with a possible singularity at the point x = 0 
we must consider the integral 
ð 


p = — 








For an arbitrary e > 0 it is impossible to choose 6 > 0 so that this integral 

is less than e€ in its absolute value for all a => 0 because for any fixed 5 we 

have lim (6¢/a) = œ (a => 0). Therefore integral (16) is not uniformly con- 
a0 

vergent with respect to a > 0. It is also obvious that it is nonuniformly con- 

vergent for a € (0, ao) where ao is an arbitrary fixed positive number. 

At the same time, integral (16) is uniformly convergent on any interval 
ao = a < œ (a> > 0) and, moreover, on every finite closed interval [ao, a1], 
which can readily be shown by applying Weierstrass’ test. Indeed, if ao = a 
then we have x*-1! = x%-1 on the interval [0, ô] with 0 < ô < 1, and the 
integral 


ô 
f 22-3 dx < co 


is convergent. 
The function (a) is continuous for all a > 0. Indeed, let us take an arbit- 
rary ao > 0 and let 


0 < a, < a < ae 


The integrand x*-1 = g(x, a) is continuous on the rectangle 4 = {0 = x <1, 
a, = a = az} except possibly at points (x, a) with x = 0, and integral (16) 
is uniformly convergent for a € [a1, a2]. Hence, by Theorem 1, the function 
(a) is continuous on [a), a2] and, in particular, at the point a = ao. 

For a > 0 there holds the formula 


1 1 
y'(a) a Í xe dx == Í xa-1 In x dx (17) 
0 0 
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Again, to check the validity of the formula for a = ao > 0 we choose 
numbers a, and az such that 0 < a; < ao < az and, in order to apply 
Theorem 3, show that integral (17) is uniformly convergent with respect to 
a € [a1, 2]. Here it is convenient to resort to Weierstrass’ test. 

Since lim xê In x = 0 (A > 0) and the function x In x is continuous on 


x— 0 
(0, 1) there is a positive constant C such that |x* In x| =C (0 < x «= 1). 
Consequently, for 0 < A < a, we have 


[x171 In x| = | x24 1 In x| = Cxt-4-1 a Cxi- a € [ai, aa] 


on the closed interval [0, 1], and the integral on the right-hand side of (17) 
is uniformly convergent because the integtal 


ferme dx < œ 
0 


is convergent. Finally, taking into account that the function 2 xen} = 


= x"-1 İn x is continuous on the rectangle [0, 1]X [a1, a2] except possibly at 
points of form (0, a) we see that, by virtue of Theorem 3, equality (17) is 
fulfilled. 


Example 2. Beta function. The function 


1 
B(a, b) = f x9-1(1 — x)P-1 dx (18) 
0 
is called the beta function or Euler’ s integral of the first kind. The singularities 
of integral (18), provided there are such, can only be at the points x = 0 
and x = 1. Therefore to test the integral for uniform convergence it is 
convenient to split it into the two integrals 
1/2 


B,(a, b) = f xau] —x)P-1 dx 


and 
1 
Ba, b) = f x2-1(1 —x)>-1 dx 
1/2 
The singularity.of the integral B,, provided there is such, can only be at the 
Point x =°0. This integral is convergent for a > 0 and any b because 
1/2 1/2 

f x*-1(] — x}-? dx <M, | x*-ldx<co, M, = max (i—x)-} 
0 0 


0sxæl/2 
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and is divergent for a < 0 because 


1/2 1/2 


f x9-1(1 —x}-—! dx > m | x”-l dx =œ, m,= min (1—x}-i> 0 
b 5 lex<el/2 


Similarly, the integral B.(a, b) is convergent for b > 0 and divergent for 
b <0. Therefore the beta function makes sense only for a > 0 and b > 0. 
In order to prove that B,(a, b) is a continuous function of the variables a 
and b at an arbitrary point (ao, bo) with ao > O and bo > O let us take a rec- 
tangle A = {a, = a = a2; bı = b = bp} (G1, b; > 0) such that the point 


(ao, bo) is strictly inside it. The integral [xa —x)’-1 dx can now be es- 
0 
timated as follows: 
, > 6* é 
Í x-1 — x-1 dx = Ms, f x-1 dx = Mt, — = Ma, ace 


âi 
0 0 


For any € > 0 there is ĉo > 0 such that 





<= 
ai a 


< E 





ô“ M, 03 
Mp, x > 


for 0 < 5 < do, whence it follows that the integral determining B,(a, b) is 
uniformly convergent with respect to (a, b) € A because 


ð 
f x2-1(1 — x-1 dx < e 
0 


for any (a, b) € A and 0 < 6 <:do. Since the integrand is a continuous 
function of (x, a, b) (x = 0, (a, b) € A) the function B, is continuous at the 
point (do, bo). The continuity of B2(a, b) is proved in like manner. 

There holds the relation 


1 1 
2 f xe-1(1—x}-1 dx = f x-1 ln x (1—x}-1dx (0< a,b) 
0 0 


Indeed, both integrals entering into this relation are convergent, and it can 
readily be shown that the second integral is uniformly convergent in a suffi- 
ciently small neighbourhood of the point a; besides, the integrand in the 
right-hand member of the relation is continuous with respect to (x, a) except 
possibly at points of form (0, a). A similar argument readily shows that for 


+ 


any k, l = 0, 1, ... there exists the partial derivative 2 y continuous on 
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[a, b] (a, b => 0) which is expressed by the formula 


3+! B 


1 
atop = J x*#-1 In* x(1— x-1 In! (1 —x) dx 


§ 13.15. Uniformly Convergent Integral 
over Unbounded Domain 


We shall consider an integral of the form 
F= [Sæd EEC) (1) 
D 


taken over an unbounded domain D such that it has the point at infinity 
as its only singularity for any x € G. 

Integral (1) is said to be uniformly convergent with respect to x € G if it is 
convergent for all x € G and if, given any £ > 0, there is a sufficiently large 
number Ro independent of x and such that for any R satisfying the inequa- 
lity R > Ro there holds the inequality 


f fey) d| <e 
D—-og 
where wp is-the ball of radius R with centre at the origin. 

If a function f(x,y) is continuous on GXD and integral (1) is uniformly 
convergent with respect to x € G then the function F(x) is continuous on G. 
If; in addition, G is a measurable set then there holds the equality 


| F(x) de = [ de [fey)dy = | dy [fŒ y) dx (2) 
G G D D G 
If x is a scalar variable running through a closed interval [a, b] and the 


function f(x,y) is continuous together with its partial derivative 2 on [a,b]X 
XD and if integral (1) is convergent while the integral 


FQ) = |E) a 
D 





is uniformly a with respect to x € [a,b] then F(x) = F(x), that is 
E x f f(x,y) dy = fa aS y) dy (3) 

Finally, if for the function f(x, y) in question there holds the inequality 
f(x,y) |< p(y) (x € G) and the improper integral J 90) dy is convergent then 


integral (1) is convergent for any x € G; MENS. by Weierstrass’ test, it 
is uniformly convergent. 
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The assertions stated here are analogous to the corresponding Theorems 
1-4 in the foregoing section. Their proofs are also quite similar. It should 
also be noted that these theorems are analogous to the corresponding 
theorems on continuity, integrability and differentiability of uniformly con- 
vergent series of functions. It is possible to elaborate unified proofs of all 
these theorems by using the notion of a more general improper (Stieltjes) 
integral which, on the one hand, includes as special cases the integrals 
considered here and, on the other hand, also includes infinite series. 


Example 1. Gamma function. The integral 


(a) = f x2-le-* dx (4) 


is called the gamma function or Euler’s integral of the second kind. It has 
the point x = æ as its singularity and for 0 < a < 1 it has one more 
singularity at the point x = 0. Therefore in order to investigate this integral 
it. is advisable to split it into two integrals: 

1 


F(a) = Í x9-le-* dx + f x2-le-* dx = ¢;(a)+¢2(a) 
0 1 


The first integral is uniformly convergent for all a = ao > 0 where do 
is an arbitrary fixed positive number. Indeed, we have 


x2-le-* = x%-1.] = x%-1 O=xs l) 


and, since 


1 
f x-1 dx < © 
0 


our assertion follows from Weierstrass’ test. However, it is nonuniformly 
convergent on the whole interval 0 < a < œ because, for any 6 < 1, we 
have 

ð 8 


f xet- diem m Í x01 dx = "Z — (a + 0), m= min e~* 
a 0<x<1 


and hence for an arbitrary € > 0 there is no 6 > 0 such that the integral 
8 
| xe-te- dx becomes less than e for all a > 0. 


0 
It is evident that the second integral is convergent for any real a. If ao 
is an arbitrary number then for a < do wé have 


x2—le—* æ x%—1e—* (l <x <æ) 
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and, since 


f x%—-le-x dx < œ 
1 


we see that, by Weierstrass’ test, the second integral is uniformly convergent 
for all a = dp. At the same time, it is not uniformly convergent on the whole 
real axis — œ < a < œ because we have 


f xa-1e-* dx = Na- | e~*ax = Ne-le-N -> 00 (a > oo ) 
N N 


for a > 1 and any fixed N > 1. 

We have shown that if ap > 0 then both integrals ¢:(a) and g(a) converge 
uniformly for a ranging over a closed interval [a1, a2] (0 < a, < do < a2), 
whence, by the obvious continuity properties of the integrand, it follows 
that the gamma function is continuous at do (for any ao > 0). 

It can easily be shown that the integral 


f = xI-le-*x dx = J x*-1 In xe—* dx (5) 
0 


© 


can be split into two integrals (taken from 0 to 1 and from 1 to æ respec- 
tively) which are uniformly convergent for a ranging over any interval 
(a1, a2) where a, > 0, whence, by the continuity of the integrand in (5) for 
x > 0, it follows that 


I"(a) = f x*-1 In xe—* dx 
0 


In a similar way we can show that 


ra) = f xa-1 (In x} e-* dx 
0 


and thus the function I"(a) is infinitely differentiable for a > 0. In the theory 
= functions of a complex variable it is proved that T(a) is in fact an analytic 
unction. 
Now we note that for a > 1 we have 





N—- co 


= N 
[Oe J xe~te-*dx = lim ) —x*~te-* "£(a—1) f xo-2e—* zl p 
0 0 o 


=(a-1)F@-l) © 
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Therefore for natural values a = n of the argument there hold the relations 

I(n+1) = n(n) = n(n-)DI (1-1) = ... = n (i) = n! f e-* dx = n! 
0 


(7) 


whence it is seen that the gamma function is a natural generalization of the 
factorial. 


Example 2. The integral 


AQ) = f 


0 


mB dx  (— < À< oo) (8) 





has singularities at the points at infinity x = + æ and is convergent for 
any indicated value of A. However, its convergence is uniform on the set 
Ao = |A| < œ and nonuniform on the closed interval [0, Ao] for any positive 
Ao. Indeed, for A > 0 we have 








RA) = f iA dx = ETE [ te- 
N 


N 
e cos z | 
= lim {— 
M-—> æ Z 











COS Z cos NA m cos z dz 
al = NA 


M 
x z? 
Na 





whence 


(da 1.41 2 
IRAI <5 + | 5a = Wa 


and hence, for 2o = å < œ, we obtain 
IR(A = i > 0, ho + œ 


Thus, for any £ > 0 there is No such that | Rn(A)| < e for all N > No and 
for any å € [Ao, œ). On the other hand, the inequality 

Í sin Z dz 

Z 

Na 

cannot hold for a fixed N, however large, and for all A € [0, 2o] where 
e > 0 is a given arbitrary number. For, when N is fixed and A —> 0 the left- 
hand member of this inequality tends (see § 9.14 (8)) to the integral 





< £ 











A={ Sn dz >0 
0 
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Integral (8) is uniformly convergent for à € [N, N’] where 0 < N < N’; 
therefore, taking into account that the integrand is a continuous function 
of (2, x) € [N, N’]X[0, <), we obtain 


N’ co co N . oo : 
fap tam fa fa PMMA 
N 0 0 N 0 





sin Au at the point u = 0 is taken to be equal to 
4 here whence it becomes clear that the function ted dependent on (A, x) 


is continuous at any point (A, 0) (A € [0, ~)). 
Equality (9) continues to hold for N = 0: 


The value of the function 


N’ oo © 
fal Seas (Se « (10) 
0 0 0 

However, the above considerations do not apply to this case because integral 
(8) is not uniformly convergent on [0, N’]. But equality (10) can be derived 
directly from (9) by passing to the limit for N — 0 because the difference 
between the right-hand members of (10) and (9) tends to zero as N > 0: 


f 1—cos N f sin? f sin? 
[EEk =a f aN] a du > 0 (N0 (11) 
0 0 0 


The inner integral on the left-hand side of (10) is equal to A(A) = A for 
4 > 0, and therefore the left-hand member of (10) is equal to N’A while, by 
virtue of (11), its right-hand member is equal to 








nf SS" du 
0 
On cancelling by N’ we obtain 
- r sin x = f sin® x 
An | SEd [hae (12) 
0 


(as is shown in § 15.9 (9), A = 2/2). 
It should be noted that if 4 < 0 then A(A) = — A. 


Exercises 
I. Consider the integral 


tf d 
U(x, y) => f AOT 


where ¢(t) is a bounded function integrable over every finite closed interval 


140 A COURSE OF MATHEMATICAL ANALYSIS 


and the point (x, y) belongs to the upper half-plane (this is the Poisson 
integral for the upper half-plane). Show that this integral and all its partial 
derivatives are uniformly convergent on any bounded closed set of points 
(x, y) in the upper half-plane (i.e. for y > 0). Prove that U(x, y) is a harmo- 


nic function in the upper half-plane. Hint: take into account that a 7 


is a harmonic function for x?+ y? > 0. 
2. Consider the integral 





27 
Ule, 0) = $ | PA- (0) at 
0 


(this is the Poisson integral for the circle; see Example 3 in § 11.8) where 
p(t) is a periodic function with period 2x integrable over the period. Prove 
that this integral and all its partial derivatives (with respect to ọ and 6) are 
uniformly convergent on any circle 0 < po (00 < 1). 


§ 13.16. Uniformly Convergent Improper Integral 
with Variable Singularity 


In §§ 13.14 and 13.15 we considered improper integrals of the form 
F(x) = J fyd (x EQ) (1) 


with a singularity at a fixed point y° independent of x. In the general case 
the location of the singularity may depend on x, that is y® = a(x). For 
Instance, this is the case for the volume potential 


F(x) = [SP EER) Q) 
D 


O<4<n, r=|x-y|= Ee- 


where the function p is continuous on the closure D of the measurable 
domain D. Here we have a(x) = x for x € D; if x ¢ D the integral has no 
singularity. 

Another example is the logarithmic potential which is a line integral of the 
form 


(x) = [AEn ds, x= (xx xa) 6) 
c 


where C is a smooth contour in the £,£.-plane not intersecting itself, (E) 
is a continuous function on C, s is the arc length reckoned wea C andr = 


= V(x1— 81)? + (x2— $2}. 


“ 
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The so-called single-layer potential A 
v(x) = | |as (4) 
S 


can also serve as an example of this kind. 

Integral (4) is taken over a smooth surface S lying in the three-dimensional 
space of the points x = (x1, X2, x3). Usually S is a boundary of a bounded 
domain and / is a continuous function defined on S; r is the distance from 
the point x to the point u € S with respect to which the integration is carried 


out. 
We shall investigate improper integrals with variable singularities of the 
form 


F(x) = | K(x—y(@))a(x, u) du, x =(%1,...,%) EQ (5) 
D 


where Q is a domain in the space R,, D is a measurable domain belonging 
to another space R,, whose dimension m, in the general case, can be equal 
to or less than that of R,(l<m<n, D C Rm), «(x, u) is a continuous 
function of x € 2 and u € D and the function y = y(u) specifies a conti- 
nuously differentiable mapping D 3 u > y € R, of D into R, and describes. 
part S of an m-dimensional differentiable manifold in R, (see § 17.1). 
Finally, K(z) = K(Zı, ..., Za) is a function of z € R, continuous everywhere 
except at the point z = 0 in whose neighbourhood K is unbounded. 

Integrals (2), (3) and (4) are special cases of integral (5). 

We shall say that integral (5) is uniformly convergent on Q if, given any 
e > 0, there is 6 > 0 such that 


|K(x—y(u))a(x,u)|de<e for all xeQ (6) 
| w—y(u)| <ð 


Here the integration extends over all u € D for which the inequality 
written under the integral sign is fulfilled. Of course it may happen that 
the distance from the point x to the manifold S is so large that the set of the 
Indicated points w turns out to be empty; in such a case integral (6) is equal 
to zero. (Integral (6) is taken over an open set and therefore it exists at 
least in the sense of the Lebesgue integral; see Chapter 19.) 

For example, integral (2) is uniformly convergent because 

ley) dy dy 
f ix—ye VM J T-a = f pE O 
læ—-y| <6 |æ-y| <ð Iyl <3 
provided that, for the given € > 0, the number ô => 0 is sufficiently small. 
Here we have |u(y)| =M, y € D, y =u, u(y) = a(x, y), K(z) = |z|. 
The uniform convergence of integrals (3) and (4) will be discussed later. 


Theorem 1. If integral (5) satisfying the conditions indicated above is 





_ Uniformly convergent on Q then it is also absolutely convergent and F is 


@ continuous function of x on Q. 
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Proof. Let us fixan arbitrary £ > 0 and then choose ô > 0 so that the in- 
equality 


| K(x —y(u)) «| du < £ (x € Q) 
|æ—y(u)| < 38 


is fulfilled. Further, to prove the continuity of F at x° let us put F(x) = 
= F,(x)+F.(x) where 


F(x) = J K(x — y(u)) « du 


| Z° — y(u) | < 25 
(9) 
F(x) = f K(x—y(u)) « du 


| z°—y(u) | = 28 


(these integrals extend over the values u € D over which the inequalities 
under the integral signs hold). 

Taking the ball V determined by the inequality |x—x®°| = ô we see that 
the function Fə is continuous on it since the integral representing Fe is 
taken over the measurable closed set € of points u satisfying the inequality 
|x°— y(u)| = 2 while the integrand is a function of (x, u) € VXe which 
is continuous since the function K(x—y(x)) is continuous because 


|x—y(a)| = |x? —y(u)| —|x—x°| => 26-6 = ô > 0 


Further, for sufficiently small ô, the function F, satisfies the inequality 
| Fs(x)| < £ because if |x —x°| < 6 and |x°—y(u)| < 26 then | x°—y(#)|< 36. 
Consequently the function F is continuous at x°. The absolute convergence 
of integral (5) follows from that of integral (6). 

Theorem 1 and what was said about the volume potential imply that integ- 
tal (2) is a continuous function of x € R,. 


Theorem 2. There holds the equality , 
£ J K(x —y(u)) y(u) du = Í = K(x—y(u)) uu) du (10) 


(j =1,..., n) 
where the function y(u), the kernel K(x) and-the differentiated kernel K;(x) = 
= E K(x) satisfy the conditions indicated in connection with (5) and p(u) 
isa iloi function on D. 
The proof of this theorem is based on the following lemma. 


Lemma 1. Let y(x), F(x) and F(x) (0 < 6 < ôo) be functions defined on an 
interval (a, b) and let x, € (a, b). Also let the function F(x) be continuously 
differentiable and the function +(x) be continuous. Furthermore, let the 
condition 


F(x) > F(x), 9-0, x€ (a, b) (11) 


_ 
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be fulfilled and let for any £ > 0 there exist 5, > 0 such that 


|Fa(x) —(x)| < e (12) 
for all x and ô satisfying the inequalities 
|x—xo| < ô < do (13) 
Then 
F'(xo) = (xo) (14) 
In other words. 
(lim Fix)’ a = lim F;(x0) (14’) 


Proof of Lemma 1. Since y(x) is continuous it follows from (12) that for 
any € > 0 there is dy such that 


| Fo(x) — (xo) | = |Fa(x)—(x)| +p) -vOdl<5+5 = 


for 6 and x satisfying (13). 
This shows that 


<-> 


lim F(x) = (xo) (15) 
Xo, 8—0 


Further, by the continuous differentiability of F(x), for the indicated 
values of 6 we have 


F,(x) = F(x) + f F(u) du = Fy(x0)+(x—x0) Fa(xot+O(x—x0)) (0<0<1) 


and, by virtue of (15), 
Fix) — F, , a 
=H) Pate) = Fa(xo + O(x—xo)) x — Xp, 8—0 (Xo) 


Thus, given any € > 0, there is ĝo > O such that 
| F(x) — Fo(o) —y(xo)| <@ 


X—Xo 


for x and 6 satisfying (13). : 
Now let us pass to the limit as ô + O for the indicated values of x; this 
results in 
| F(x)—F(Qx) _ 
X—Xq 
which proves (14). 


Note. It is natural to say that (12) expresses the property of /ocal uniform 


<= E£, |x—xo| < 6 





(Xo) 


_ Convergence of F(x) to y(x) (6-0) at the point xo. If we replace 


this property, entering into Lemma 1, by the stronger requirement 
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that the convergence of F(x) to y(x) on 2 should be uniform in the 
ordinary sense we arrive at Theorem 3’ in§ 11.8 which was already proved. 

Proof of Theorem 2. Let us prove equality (10) for a point x = x? € D. 
To this end we write 


F(xz)= Í  K(x—yu)) wu) du (16) 
| x0— y(u] >= 28 
and 
= Fi(x)= f = K(x—y(u)) u(u) du (17) 
| x0—y(u) | = 23 


As^is already known, for |x—x°| < 6 and |x°—y(u)| = 28 we have the 
inequality | x°— y(u) | = 6 showing that the integrand functions in (16) and 


(17) are continuous in x and u. Indeed, the kernels K and < K = Kı 
have singularities only at the origin in the space R,„. Thus, the functions F(x) 
and La F(x) are continuous for |x—x?| < 6, and the differentiation under 
the integral sign in (17) is legitimate. 
For any x € Q there also exist the limit functions 
lim F,(x) = Í K(x —y(u)) u(u) du = F(x) 
d—>0 D 
and 
Jim F(x) = [ oo-K(e—(u)) p(u) du = y(x) 
30 ô% 5 Ox; 


By Theorem 1, they are continuous. The conditions imposed on K; guarantee 
that for any e > 0 there is ĉo > 0O such that 


v-a F| =| fa K(e—y(e)) alu) ds| < e 
3 | x0—y(u) | = 28 4 


for x and 6 satisfying (13) (see what was said after formula (9)). 
We see that F,(x) regarded as a function of x; for fixed x, = xf; k = 1, 
..-,J—1, j+1, ..., n, satisfies the conditions of Lemma 1 and therefore 


Sy FO) = vx" 





We have thus proved (10) for any x? € D. 
Ao abit on the right-hand side of (10) is a continuous function of 
x on 2. 


Example 1. For A < n—1 it is legitimate to differentiate the volume poten- 
tial (2) under the integral sign: 


FA) = [ Mae ar =—-4 f wo) & (18) 
D D 
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What was established above implies that F(x) is a continuous function, 
and we also take into account here that the integrand in (18) is of form 
(5) (K(x—y) = |x—y|"*, m = n, y(u) = y) and possesses all the proper- 
ties established for (5) and that integral (18) is uniformly convergent because 





ð d 
f baer | dy <M f a < E 
|x—y|< 6 |jx—-y| <ð 
for sufficiently small 6. 


Example 2. Logarithmic potential (3) is a continuous function of x = 
= (x1, Xa). For x ¢ C this follows from the well-known theorem on the 
continuity of an integral with respect to parameter. Therefore the most 
interesting part of the proof concerns the continuity of ®(x) at the points 
x € C. Let x? € C; without loss of generality we can assume that x° lies 
at the origin (x° = (0, 0)) and that the tangent to C at the origin coincides 
with the x1-axis. Let us represent integral (3) as the sum 


F(x) = [ u(x) In—ds+ | w(x) In—ds 
Cy Cs 


where C1 is a small arc of C containing the origin inside it and C = C—C. 
It is clear that the integral along C2 is continuous at the origin because the 
integrand has no singularity in its vicinity. We shall assume that the arc C1 
is ‘so small that its equation can be written in an explicit form x2 = f(x1) 
(|x| = a). The integral 

1 


F(x) = f p(x)Intds = fin (&) di (19) 
j J r J Va ta Oy 


AE) = ulén f (61)) V1 +S XE) 


apparently belongs to type (5) (u = xı, m = 1 and n = 2). Its uniform 
convergence with respect to the points (x1, x2) belonging to a ball V with 
centre at the origin follows from the inequalities below in which M > 
> |4(éx)| and |ë] < a2, 

1 


e A e e r e S d 
Væ 81)? +(a2—f (ÉD) Á 


<= 











VEP tAE < ð 
=M oo dé; 


i lxı— $] =M 


< 


1 


lêt <83 














lxs l< ð 
where ô is sufficiently small. 


Example 3. The continuity of single-layer potential (4) at an arbitrary 
point x° € S can be established as follows. We can assume, without losing 
generality, that x° lies at the origin, i.e. x° = (0, 0, 0), and that the plane 
X3 = 0 is tangent to S at x°. By analogy with the above, we consider the 
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integral 
A HE, Èz) dé, dé, 
x)= — ds — esteem e ESSENSE 
me) i) á J J Vx—8)*+(2— Es)?+-(xs—S(E1, §2))? 


H= ayi+(ZV+(Z) +(e) 


where £3 =f(é1, &) is a function ae Cı which is continuously 
differentiable in a domain ø of the £:£2-plane. This is an integral of type 
(5). Its uniform convergence follows from the fact that the absolute value 
of the part of this integral corresponding to the set of points (£1, &2) satis- 
fying the inequality 


(x1 —§1)?+ (x2 — 2+ (xs—f}? < ô 
does not exceed 
dé, dé. Z dé; dé, = 
a f f -n M ff — <€ 


(x. — &.)2+-(xe— &.)* 
a rs ee V(x1— ED? + Gea— $a) ee Oe 


CHAPTER 14 


Normed Linear Spaces. 
Orthogonal Systems 


§ 14.1. Space C of Continuous Fanctions 


The reader is advised to recall the material of §§ 6.1, 6.2 and 6.3 before 
studying the present section. 

We begin this section with adding to the material of §§ 6.1 and 6.3 the 
definition of the completeness of a space. 

Let E be a normed linear space and let a sequence of elements x, € E 
converge to an element x € E. Then for any e > 0 there is N > 0 such that 
the inequality 

lxx <} (>) 


holds. 
Consequently, for n, m > N we can write 


e eè 
|Xn—*Xm|| = ||Xn—X+X—Xm|| = || Xn—X]|+||X—Xm]] < zty =£ 


We have proved that if a sequence of elements x, € Eis convergent to an 
element x € E, then the condition of Cauchy’s criterion is satisfied: given 
any £ > 0, there is N > 0 such that the inequalities n, m > N imply 


||xn—Xm| <E 


Generally speaking, the converse of this assertion does not hold: there 
are normed linear spaces E containing sequences of elements which satisfy 
Cauchy’s condition but are not convergent to any element of E. Later on 
(§ 19.7) we shall deal with some examples of such spaces. Now we proceed 
to the definition of the completeness. 

A normed linear space E is said to be complete if any sequence of elements 
Xn € E (n = 1,2, ...) satisfying Cauchy’s condition converges to an ele- 
ment x € E. 

A complete linear space is also called a Banach space.* 





* S. Banach (1892-1945), a distinguished Polish mathematician who contributed many 
ine ading results to functional analysis and, particularly, to the theory of normed 
spaces. 
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We have already dealt with a special case of a Banach space, namely 
with the space R, of real numbers. 

The SpaceC Let Q be a bounded closed set in the space R„. The collection 
of all real (or complex®) functions f = f(x) (x € Q) continuous on Q is 
ii as C = C(Q), and with each function f € C is associated the num- 


fle = mi | F(x)| (1) 


which is the norm of S ( Erea to the metric of the space C). 

The space C of continuous functions (on Q 2) is a real (or complex) normed 
linear space with zero element 6 = 0(x) = 

Indeed, it is evident that C is a real (or ied linear space in the sense 
of the definition stated in § 6.1. Furthermore (see § 6.3), we have 


(i) IIflle = 0, and the equality ||/|lc = 0 implies f = 0; 
GH) HlaAllc = max |of(x)| = |a| max | f(x)| = le! ILflles 


Gi) [I f+ elle = max |f(x)+(x)| = max |f(x)|+max |p(x)| = 
= [lf lle+llelie. 


According to definition (1), for any functions f, fi, fo, ... belonging to C 
we have the equalities 


lf—Selle = max Iœ- (k =1,2,...) (2) 


If the right-hand side of (2) tends to zero as k — <o then (see § 11.7) the 
sequence of functions {f4} is uniformly convergent to f on 2. Thus, the 
convergence of a sequence of functions in the space C (with respect to the 
metric of C) is equivalent to its uniform convergence on Q 

Now let us suppose that a sequence of functions fẹ € C satisfies Cauchy’s 
condition (with respect to the metric of C): given any € > 0; there is N > 0 
such that 


e > Ilfe—Sfille = max |f) -A| 
for all k, I > N. Then, as was shown ing 11.7, the sequence {fx} is uniformly 


convergent to a function f = f(x) € Con Q and, consequently, it is conver- 
gent in the norm of the space C to the element fEec: 


WSe—S Ile = ae fix) —f (x)| => 0, k +o 


* A continuous complex function is defined by the equality f (x) = oe) where 
p and y are continuous real functions. Thus, in this case max |f/(x)| = max (¢*(x)+ 
x€2 €Q 


+p°(x))¥?. 
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Thus, if a sequence of functions fy € C satisfies the condition of Cauchy’s 
criterion, there is a function f € C to which the given sequence converges 
with respect to the metric of C, that is 

lim Jk =f (in the metric of C) 


We have proved that C is a complete normed linear space, that is a Banach 
space. 


§ 14.2. Spaces L’ L; and I, 


Let 2 be an open set in R„. We shall denote by L’ = L’(Q) the collection 
(space) of the (real or complex) functions fabsolutely integrable on Q 
(generally speaking, in the sense of the improper Riemann integral*). 


The norm || f||z of an element f € L’ is defined as the integral | Wf@)lde: 
Q 


Wf lle = [Ifl ae (1) 


Q 


If f = p+iy is a complex function then 
[ltlax = | Vorryt dx 
Q 2a 


We thus automatically assume that if the set Q is bounded it is (Jordan) 
measurable and if it is unbounded then it is locally measurable in the sense 
that every set wQ (the intersection of w and Q) is measurable where wc R,, is 
an arbitrary ball. 

Functional analysis also deals with the space L = L(Q) of functions f 
which are Lebesgue measurable on Q and have finite norm (1) where the integral 
is understood in Lebesgue’s sense (see Chapter 19**). 

Most of the facts that will be established for the functions f € L’ can be 
extended (sometimes with slight modifications) to the functions f€ L. 
In this connection, in some cases we shall make brief remarks with referen- 
ces to Chapter 19. 

Since we have called integral (1) the norm of L’, by the zero element of L’ 
(or of L) should be meant any function 6 = 6(x) satisfying the condition 


ae) dx = 0 (2) 
Q 


ENS 


*Iff € L then the integral f fdx has a finite number of singularities (see§ 13.13) 
and f IfI dx < æ. 


Q 
** In this case Q is supposed to be measurable or locally measurable in Lebesgue’s sense. 
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The function (x) = 0 is an example of such a function but it is nota 
unique function of the kind (see Theorem 1 below). However, two functions 
fa(x) and f2(x) differing by (x) are not considered as different elements 
of L'(Q) (or of L(Q)); they are identified in the sense that they represent 
one and the same element (fı = f2) of the space L’(Q) (L(Q)). 

Let us show that L’(Q) (L(Q)) is a linear space and that integral (1) pos- 
sesses all the properties of a norm. Indeed, 


(i) \|fllz = 0, and the equality ||/||z = 0 implies f = 6; 
Ta if f€ L’ (L) and « is a number then af belongs to L’ (L) and the equa- 


lafl = f laf (x)| de = lal ff) de = ll lifli 
2 Q 


holds; 
(iii) if f, p € L’ (L) then also f+ € L’ (L) and 


lf+oll = f I@H) de = f IA det [lpi de = Uf lle+llpliz 
Q Q Q 


If f, fi, fa, ... € L (L) then 


ffl = [IF@)-A@lde (k =1,2, ...) (3) 


Hence, the convergence fk > f with respect to the metric of L is equivalent 
to the fact that the integral on the right-hand side of (3) tends to zero. In such 
a case we also say that fy tends to f in the mean (in the mean of order one; 
see § 6.3). 

However, the space L’ is not complete while the space L = LO) of the 
functions Lebesgue integrable (summable) on Q (see § 19.3, Property 20) 
is complete. 


Theorem 1. Let 0 = 0(x) € L’(Q). For the equality 
f 16(2)| de = 0 (4) 
Q 


to hold it is necessary and sufficient that 6(x) = 0 on the set 2’ c Q of points 
at which 0(x) is continuous. 

Proof. Let us suppose that equality (4) holds and that there is a point 
x° € 92’ at which @ is continuous such that | 6(x°)| > 0. Then there exists 
a ball w c Q with centre at x° on which |8(x)| > n > 0. This conclusion 
contradicts (4): 


f 10) dx = f |6(x)| de > nla] > 0 
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Now let 0 € L'(Q) and (x) = 0 for all x € 2’. 
Let us denote by 2, the set obtained from 2 by deleting the balls of 


radii £ > O with centres at the singular points of the integral Í 0(x) dx 


Q 
(there is a finite number of these balls) and by deleting the exterior of the ball 
of radius 1/e with centre at the origin. 

By Lebesgue’s theorem, 22—2’ is of Lebesgue measure zero, and there- 
fore the set Q’ is dense in Q and the lower integral of | 0(x)| over Q, is equal to 
zero; consequently the integral of | (x)| on Q, is itself equal to zero, and 
therefore 


f 10I de = lim f 106) de = 0 
ò o, 


In the case of the Lebesgue integral we can state the following proposition 
which is an analogue of Theorem 1 (see § 19.3, properties 1 and 16). 

Let 0 = 0(x) € L(Q). Then for equality (4) (with the integral understood 
in Lebesgue’s sense) to hold it is necessary and sufficient that the function 
6(x) be equal to zero almost everywhere on Q. 

The Spaces l, and Lp. Let p be a number satisfying the inequalities 1 = p < 
< oo, A sequence a = {az} of (real or complex) numbers a, is said to belong 


oo Y 
to the space |, if the norm ||a||ı, defined as the number È | al) ” is finite: 
1 


llall, = (Ela) ” z (5) 


A (real or complex) function f(x) defined in a domain 2 c R, is said to 
belong to the space L,(Q) if the integral of f over Q has a finite number of sin- 


gularities and if the norm || f ||z,(@) defined as the number ( firr de)” 
is finite: 7 
IF lla,cay = (J HO de)” <o (6) 


(es is seen, 1i(Q) = L'(Q)). Functional analysis also deals with the space 
Q) of the Lebesgue measurable functions defined on 2 with finite Le- 
besgue integrals (6) (see Chapter 19). 

Let y(u) and y(v) (u, v = 0) be two strictly increasing and mutually inverse 
Continuous functions assuming zero values at the points u = 0 and v = 0 
respectively. 

On plotting the graphs of these functions in the uv-plane we readily see 
that there holds the inequality 


ab «D(a)+ P(b) (a,b=0) 
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where 
P(x) = f p(t) dt and P(x% = f y(t) dt 
0 0 
and that the equality is satisfied here if and only if p(a) = b. 
For the case when 9(u) = u* and y(v) = vie (æ > 0, l+æ = p and 
1 1 r 
p = 1) we obtain 


whence it follows that if 
a = {ar} Elp and b= {b} €l 


then 
F label =F Jar +Ž F del? (7) 
1 PT 1T 
Similarly, if f(x) € L,(2) (L9)) and g(x) € LQ) (L,(Q)) then 
1 1 
JIA de <> [IF det | lola dx (® 
Q Q Q 
On applying (7) to the sequences 
a a b b 
Tai, ~ {Tai} and bi, = Tei 
(where |ie, ll, || 5||;, > 0) we obtain 
1 = 1 1, 
frat, Nor, atiii +a = | 
whence 
o9 eo 1/p / œ 1/q 
¥ label < (Zia) (551241*) (9) 
1 i i 
It is also obvious that (9) continues to hold when one or both factors on the 
right-hand side are equal to zero. 
Similarly, the application of (8) to the functions 
Px) 
Pilz cay 
where || f ||z xo» llpllz o > O leads to the inequality 
flfpldx <1 
Q 


fx) 
liza,  *24 


1 
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whence 


Í fol dx < ( Í Ifi? d)” ( J ipl de) (10) 


The relation obtained continues to hold when one or both factors on the 
right-hand side are equal to zero. 

Inequalities (9) and (10) are referred to as Hölder’s* inequalities. In the 
case p = 2 the first of them is called Cauchy’s inequality and the second 
Bunyakovsky’s** inequality (see § 6.2 (8) and (10)). 

If a, b € J, then 


Yi laet bel? Slant bel? |ar| +) 14e+ Sel? *| bx] < 
I I 1 


eo (pP—DIp se 1/p æ -Dp (= 1/p 
<(Sleetbe)” (Fla) “+ (Flath) (Ziba) 
1 1 


1 1 


where we have applied Hölder’s inequality to each of the summands in the 
middle member. It follows that 


| (Elab) < (Elan) + (Èi) (11) 
Similarly if f, p € Lp then 
[ifterde< | \f+p-f] de+ | If+p-ipl de < 
Q Q 


< ( J tol as" (J Ifi? a)” +f ler ay] 


whence 
(J fpi de)” < (Jue ae) + flor as)” (12) 


Inequalities (11) and (12) are known as Minkowski’s*** inequalities. 

The meaning of relations (7)-(12) is that if their right-hand members are 
finite then so are the left-hand ones. They imply that /, and L; (Lp) are (real 
or complex) normed linear spaces. 

Expressions (5) and (6) are (Banach) norms (see § 6.3) because, together 
with relations (11) and (12), the properties 


|Aal, = lAl llel, and flAfilz, = lal ll fllz, 


hold for them where å is an arbitrary number, and equalities ||a||,, = 
= |[f|lz, = Oimply that a = 0(i.e.a, = 0; k = 1,2,...) and that f(x) = 0 





* O. Hölder (1859-1937), a German mathematician. 
a Academician V. Ya. Bunyakovsky (1804-1889), a Russian mathematician. 
** H. Minkowski (1864-1909), a German mathematician and physicist. 
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at the points of continuity (while in Lebesgue’s theory the latter property 
holds almost everywhere). 

Thus, J, and L, (Lp) are normed spaces. The zero element of l, is the 
sequence whose all members are equal to zero (a, = 0; k = 1, 2, ...) and 
the. zero element of L, is represented by any function 0(x) € Lp which is 
equal to zero at its points of continuity while the zero element of L, is a 
function equal to zero almost everywhere on 22 in the sense of Lebesgue’s 
measure. 

It should be noted that if f € L,(Q) (L,(Q)) where Q is a bounded (measur- 
wind set then f € L'(Q) (L(Q)) and there holds (see (10) for p = i the in- 
equality 


[rod fisd aaf Ae de)” (13) 
Q Q Q 


(1 < p < œ, I/p+1/q = 1) 

In the case p = 2 the spaces l, and L,(Lp) possess some special properties; 
for instance it is possible to define scalar products of their elements. In this 
connection they will be studied in more detail in § 14.3 and also in § 14.6 
(Example 1) where, in particular, it will be proved that 7> is a complete space. 
It can be shown quite similarly that for any p the space l, is also complete. 


§ 14.3. Spaces L> and Le 


Let G be a (bonded) measurable set in R, and let Le, ,(G) be the collec- 
tion of all the possible (complex or real) Riemann integrable functions on G. 
It is obvious that Le, (G) is a (complex or real) linear space. With any two 
functions g and y belonging to Le, (G) we can associate the number 


(P, Y) = (P, ve = | (x) W(x) de (1) 
G 


where the integral is taken in the ordinary (proper) Riemann sense. Expres- 
sion (1) possesses the three properties (see § 6.2) of a scalar product. Indeed, 
for p, Y, y € La, (G) we have 


@ ©, Ve = | Fy dr = (y, Pe, 


G 
(ii) (xp +by, x) = alp, yje +B, x)e, 

iii) (p, p)c > 0, and the equality (p, p) = 0 implies g(x) = O(x) (see § 14.2 
(2)) where 0 is a Riemann integrable function for which the integral of the 
square of its modulus is equal to zero. Therefore, as was shown in § 6.2, for 
any two functions p, y € Le, (G) we have the inequality 


[ror dx < ( J Uos de) ( J I(x)? a)" (2) 


Now let us assume that 2 is an open set, possibly unbounded, such that 
its intersection with any ball is a measurable set. We shall denote by L; = 


NORMED LINEAR SPACES. ORTHOGONAL SYSTEMS 155 


= L(Q) the collection of all (complex or real) functions f defined on 92, 
whose integrals | f dx have finite numbers of singularities (provided there 


2 
are such), which satisfy the condition | /(x)|? € L'(Q) = L’ (see § 14.2). 
Let us take two arbitrary functions p, y € L,(Q) and construct the set Q, 
(e > 0) by deleting from the set 22 the balls of radii £ > 0 with centres at the 
points where the integrals of g and y over Q have singularities (the number of 
these balls is finite) and, if 2 is, unbounded, by deleting the ball |x| = -71 
too. If the integrals of p and y have no singularities we simply put Q, = Q. 
Thus, y € Le,(92.) for any € > 0 and 


J WOI de < (J \p(x) az)" (J I(x)? ax)" < 
Qs ae 
< ( fiw az)" ( fiver de) 
2 2 


whence it follows that, since € > 0 is an arbitrary number, the integral 
Í | g(x) (x)| dx exists and the inequality 
Q 


f p(x) Hx)! dx = ( Í lp]? a) (f ly]? de) (3) 


is fulfilled*. We have proved that if p, y € L,(Q) then gp € L'(Q) and in- 
equality (3) holds. Thus, for any p, y € L,(2), makes sense the (absolutely 
convergent) integral 


(P, y) = | 9x) Hx) dx (4) 
Q 


understood as a Riemann integral (generally, in the improper sense). It can 
readily be verified that integral (4) possesses the three properties of a scalar 
product (§ 6.2) on condition that the zero element is understood as a function 
0 = O(x) € L, for which 


f 162)? de = 0 
2 
(see the foregoing section). 


Now, following §§ 6.2 and 6.3, we can define a norm for the functions 
f € L, by putting 


Slr = (f Pac)” 


Q 





* Inequality (3) also follows from § 14.2 (10) for p = 2 but here we have proved it in a 
completely different way. 
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The space L, equipped with this norm becomes a normed space. If a sequence 
Se Ka IE Cen ene ee eumaea fE ia means 
t 


f—-fellz, = (J HOEK de) +0, kos 


In such a case the sequence {fy} is said to be convergent to f on Q in the 
mean square. 

The space L, and also the space L' are incomplete. A complete space of this 
kind is the space La = La(Q) of functions Lebesgue measurable on Q Jor which 
the squares of their moduli are Lebesgue integrable. The space Lz is called a 
Hilbert space after D. Hilbert (1 862-1943), the great German mathematician. 

The space Lz is more perfect than L, in this sense but its theory involves the 
Lebesgue integral. On the other hand, the space L, includes a sufficiently 
wide class of functions which are often quite sufficient for practical purposes. 

It should be noted that if a function f belongs to L,(@) and the set Q is 
bounded then f € L(Q) (see § 14.2 (13)). For instance, we have x~* € 

€ £0, 1) c L(0, 1) when œ < 1/2. If the inequalities 1/2 <œ < 1 take place, 
the function x~* does not belong to L2(0, 1) but belongs to L’(0, 1). Further, 
we see that x~* € Li(1, œ) if æ > 1/2 while x~“ € L'(1, œ) only ifa > 1. 


§ 14.4. Approximation with Finite Fanctions 


The support (or carrier) of a function (x) is the closure of the set of the 
points x at which g(x) # 0. 

A function g(x) is said to be finite? in the open set Q c R, if it is defined in 
R, and has a bounded support F belonging to 2. A bounded support F is 
often called a compact support to stress that each sequence of points x* € F c 
C R, contains a subsequence convergent to a point x? € F. 

A function plx) will be called finitely-valued** if there exists a finite system 
of pairwise nonintersecting rectangles (rectangular parallelepipeds ' with edges 
parallel to the coordinate axes) 4 on each of which the function ¢ is constant 
and, besides, p = 0 outside these rectangles. These rectangles can be closed 
or open (or half-open i in the sense that some of the faces of A belong and 
some do not belong to it). 

A finitely-valued function is obviously finite in Rn. 

There holds the following theorem. 


* The notion of a finite function (which vanishes outside some closed subset of Q) must 
not be confused with the notion of a bounded function (whose range is contained in some 
finite interval) although in the latter case the word “finite” is also sometimes used. To 
avoid the ambiguity it is advisable to use in the former case the term “ʻa function of finite 
(or compact) support”. — Tr. 

+A finitely-valued (i.o. piecewise constant) function is also called a step function or a 
simple function although these terms are sometimes used in a slightly different sense (e.g. 
see §§ 16.2 and 19.3). — Tr. 
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Theorem 1. For every function f € LQ) (L,(Q)) and any e => 0 there exists 
a function ọ finite in Q which is finitely-valued or continuous* and such that 


[\s@)-9@)Pde<e (l<p~<o) (1) 
Q 


Let us begin with the demonstration of the idea of Theorem 1 by means of 
graphs for the case p = 1 when f(x) is a function defined on the x-axis. 





Fig. 14.1 


In Fig. 14.1a we see the graph of a function f having singularities at the 
points — œ, Qand + œ which will be regarded as belonging to L’ (— œ, œœ). 
For a sufficiently small ô > 0 and a sufficiently large N the finitely-valued 
function y(x) whose graph is shown in heavy line in Fig. 14.1a satisfies the 
Inequality 


f 1f@)-v@)| dx < -5 


(x) = f(A fa ô= |x| =N and y(x) = 0 for the other values of x). In 
the figure the function f(x) = (x) is shown as being continuous on the 
intervals (—N, —ô) and (ô, N) but it is also allowable for it to be discontin- 
uous on condition that it is integrable; it is possible to construct a finitely- 
re 


ing 160° “continuous” can be replaced by “infinitely differentiable’ (see property (iv) 
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valued function y(x) for it such that 
f -rl dx < } 
(see the heavy “step-like” line in Fig. 14.1b). Now it only remains to approxi- 
mate y(x) by a continuous finite function (x) as is shown in Fig. 14.15 
ela each horizontal line segment serving as a part of the graph of y(x) 
given in heavy line) is replaced by a polygonal line representing the con- 
tinuous function (x)). 

A rigorous proof of Theorem 1 follows from Theorems 2, 3 and 4 proved 
below.* 

Theorem 2. A function f € LQ), 1<p< (see §§ 14.2 and 14.3) can 
be approximated, to an arbitrary accuracy relative to the metric of L,(Q), 
with a bounded function yp € LQ) having a compact support. 

Proof. If Q is a bounded set and fis bounded on it we can simply put y = f. 


If otherwise, the integral f fdx has singularities. Let 2, (7 > 0) be the 


Q 
(bounded) set obtained from Q by deleting from it the (closed) balls of radii 
ņ and centres at the singular points of the integral f f dx (the number of 


Q 
these balls is finite) and, if Q is unbounded, by deleting the ball |x| = n71 


too. Let us put a 
f(x) on &, 
y= S 
Obviously y is a bounded function with compact support on 2 belonging 
to L,(Q), and, besides, for sufficiently small 7 we have 


[Is@-v@)Pde= | |f de< e (2) 
Q Q-Q, 
The theorem has been proved. 

Theorem 3. A function f defined and Riemann integrable on an open set Q 


can be apptoximated, with an arbitrary accuracy relative to the metric of 
LQ), by a finitely-valued function » which is finite in Q and satisfies the in- 


ily 
| p(x)| SA sp 11)! (3) 
when it is real and the inequality 
|o(x)| = 2K (4) 


when it is complex. 


* For the space L (and consequently for the space L’ as well) Theorem 1 follows from 
§ 19.3 (property 18); in the case of the space L, it is implied by § 18.2 (property (iv)) and 
by Theorem 4 proved below. 
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Proof. We shall begin with the case of a real function f. Since it is integrable 
on 2, given any € > 0, it is possible to construct a rectangular network with 
mesh-size h such that the lower integral sum of the function f extending over 
those cubes 4; (j = 1, ..., N) of the network which are completely inside Q 


differs from the integral f f dx by less than e: 
Q 


N 
ffd-$ m45 m= inf f) 


Let us take the finitely-valued function 
m; on Á; 
p(x) = ide © 
0 outside ¥ A; = G 
i 


which obviously satisfies (3) (for the function p to be one-valued, we can 
define it on the open or half-open cubes 4). It is obvious that the support of 
g(x) belongs to G and that inequality (3) holds. Taking into account the 
inequality (x) < f(x) which is fulfilled for the points x € G we obtain 


fI- de = [1f@)-—p@l f Ifid = 
j G 2-G 
= ([fae-Emidl)+ f -Dagta 


provided that h is sufficiently small for the inequality 


f (fI-/) de <2 jild 


ü—G a- 


to hold. Such a choice of h > 0 is possible because f is bounded on 2 and 
the measure of |Q—G| can be made arbitrarily small for sufficiently small A. 

We have proved the assertion of the theorem for a real function f and for 
the metric of the space L(Q). Now we shall prove it for the case of a real func- 
tion f and for the metric of the space L,(Q) (1 < p < œ). To this end, using 
what has already been proved for the given £ > 0, we construct a finitely- 


Sarat function p with support belonging to 2 which satisfies inequality (3) 
So that 


( [1f@)-9)! de)” < DOER 
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Then (see § 14.2 (10)) we obtain 
[Uf-pr dx = [i f—o MP | f-p|”-9? dx < 
2 ù 


< (J \f—o| d)” (J |f—|>ts ax” T 
<ar (J OKP) = e 


which completes the proof of the theorem for a real function f € L,(2). 

If f = fitife is a complex function satisfying the conditions of the theo- 
rem, its real and imaginary parts fı and fz also satisfy these conditions. As 
has already been proved, for these real functions fı and fz there exist finitely- 
valued real functions ¢;.and y2 which provide the corresponding approxima- 
tions for them (in the metric of L,(Q)). Therefore the complex function 
p = 91+ig2 which is obviously finitely-valued and finite in Q satisfies in- 
equality (4) and serves as the desired approximation of f. 


Theorem 4. A finitely-valued function f(x) with support Q can be approxi- 
mated (to an arbitrary accuracy) in the metric of LQ) with a continuous func- 
tion (x) finite in the interior of Q. 

Note that, according to the definition of a finitely-valued function, the 
support 2 of f(x) is the union of a finite number of rectangles with faces 
parallel to the coordinate axes. 

Proof. We shall begin the proof with the case of the simplest finitely- 
valued function f(x) equal to a number m on a rectangle A and to zero out- 
side it. Let A’ c A” be two rectangles belonging to A and having the same 
centre as A and let us consider the continuous function which is defined by 
the relations 
1 ond’ 

(5) 


x)= ; 
pax) h outside A” 

at the points- belonging to A’ and A” and is linear on A’’— A’ along the rays 
issued from the centre of 4. 

It is clear that the function y,(x) and, together with it, the function p(x) = 
= mp x) are continuous and finite in the interior of A. It is also evident that 
for any £ > 0 there is a rectangle A’ and, together with it, a rectangle A” 
which are so close to 4 that 


(J If@)-9(xP as)” <e 


In the general case a finitely-valued function f(x) equal to numbers 
Mı, ..., My On some (open or half-open) nonintersecting rectangles A), ... 
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..., Ay respectively can be represented as the sum 
N 
fŒ) = ¥ A) 
1 


of the functions f(x) = mxys,(x) (k = 1, ..., N) where 


1 for xed 
= (X) = 
xa = (3) {0 for x¢G A 


By what has been proved, given any e > 0, there are functions p(x) contin- 
uous and finite in the interiors of A, such that 


€ 
J Peel? dx < $ 


Now, since the function s 
P(X) = }, p(x) 
1 


N 
is continuous and finite in the interior of Y 4, and satisfies the inequality 
1 


= € 
f ods = | if-p dx = X, |Ife—prl? de < NG = € 
Ry k=l R, 


Zk 


we obtain what we had to prove. 

The above argument applies both to real and to complex functions. 

In particular, we have shown that any function f € L,(Q) can.be approxi- 
mated in the corresponding metric with a finitely-valued function of the form 


mk on A, (k = 1, ..., N) 


x)= N 
vm) 0 outside ) A, ©) 
1 
where A, are some pairwise disjoint cubes. 
Every finitely-valued function can be regarded as a member of the family 
of the functions of the form 


g(x) = f(x; x’, ..., XN, Ni ..., NN, mM, ..., MN) 


dependent on the N vector parameters x1, ..., xY and on 2N scalar para- 
meters 41, ..., Ny and Mı, ..., my where x* are the centres of the corres- 
ponding cubes, n4 are the lengths of their edges and m, are the numbers enter- 
ing into equality (6). It is readily seen that if an approximation to the func- 
tion f with the aid of a function g, belonging to that family has already be 
found, that is if 


(J 7e)-eitey ae) = a1 <e 
Q 
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then the function ¢ in the last inequality can be replaced by another function 
pı (belonging to the indicated family) determined by some rational values of 
the parameters which are so close to the values of the parameters specifying 
the original function that 


(J p=)” < e—2 


We thus see that for an arbitrary function f € L,(Q) and for any e > 0 
there is a finitely-valued function g determined by rational values of the 
parameters which approximates f to an accuracy of e with respect to the 
metric of L’(Q): 


(J II- as)” <e 


Since all such functions (determined by rational values of the parameters) 
can be numbered in a consecutive order, they form a countable set. 
We have thus proved the following important theorem. 


Theorem 5. In the space L,(Q) (L,(Q)) there exists a countable sequence of 


(finitely-valued) functions 9;(x), p(x), ps(x), ... such that for any function 
f(x) € L,(@) and any given number e > 0 there is an element y(x) of that 


sequence such that 
(J |f- pxl? a)” <e (1) 


The property of the space L,()(L,(Q)) indicated in Theorem 5 is comple- 
tely analogous to the well-known property of the set of all real (complex) 
numbers: the set of all real (complex) numbers contains a countable subset 
which is everywhere dense (see § 14.5) in that set (this is in fact the subset of 
all real rational numbers (complex numbers with rational real and imaginary 
parts)). 

Theorem 6. Let f be a function belonging to the space L,(Q)(L,(Q)). If Q 
is a part of Ra, = R we shall extend f to the whole space R by putting f = 0 
outside Q. Then the extended function f (we retain the same notation for it) 
possesses the limiting property 


w(t) = (J IEO-A az)” +0,f+0 (L=p< œ) (8) 


Proof. The extension f of the function f € £,(Q) (LAQ) constructed as is 
indicated in the theorem obviously belongs to L, = L,(R)(L, = L,(R)), and 
therefore Theorem 1 applies to it. Let us choose an arbitrary £ > 0 and find 
a continuous function ọ finite in R, and such that 


(4-9 de)” <4 
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The support of is a bounded set F c g’ c g where g and g’ are concentric 
balls with radii 9’ and 0, 0’ < ọ, respectively. The function ọ is continuous 
on the bounded and closed set g and therefore is uniformly continuous on it. 
Let us denote as (6) the modulus of continuity of y on g: 


w(6) = 1 sop a lo(x’)—p(x")| (x, x” €g) 


Then, denoting by | g’| the measure of g’ we obtain, for sufficiently small 
ô, the inequalities 


(J fŒ) -SfE a)” =( f f(e+t)—o(e +t)? ax)" 
R 
+(J P+ =p de) "+ ([19)-F)P ax)” r 
7 


< zto(ðlg +z e (ltl < ô< e-e) 
The theorem has been proved. 


§ 14.5. Linear Spaces. Fundamentals of the Theory 
of Normed Linear Spaces 


Let E be a real (complex) linear space (see § 6.1). It is evident that if a sub- 
set E, of E is such that x € E, implies «x € E, where « is an arbitrary real 
(complex) number and x,y € E, implies x+y € E then £, is itself a linear 
space. In this case £, is spoken of as a (linear) subspace of E. 

A finite system of elements x1, ..., Xn € Eis said to be linearly independent 
if the equality 

LyX + coe TA, = 6 


implies æ; = 0; j = 1, ..., n. If otherwise, the system is said to be linearly 
dependent. 

A linear space E’ is called finite-dimensional or, more precisely, n-dimension- 
al if it contains a system of n linearly independent elements xı, ..., Xn and 
if every system of n+ 1 elements belonging to it is linearly dependent. It can 
readily be seen that in this case any element x € E’ can be expressed in a 
unique manner as a sum of the form 


x= Si oer (1) 


k=l 


where a, (k = 1, ..., n) are some numbers (real or complex depending on 
the nature of the space in question). 

It can also be shown that, conversely, if x1, . . ., Xn is a linearly independent 
system of elements then the linear space E' consisting of all the elements of 
Jorm (1) is n-dimensional. To this end it is sufficient to prove that any n+1 
elements of E’ form a linearly dependent system. 
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The system of the functions 
l E A cae (a=x <b) (2) 


is linearly independent in the space uci b) because the zero element of C(a, b) 
is the function identically equal to zero on [a, b] and the equalities 


T =o (a æ x = b) (3) 


imply that æo = a,=... = 0. 
System (2) regarded as belonging to the space L,(a, b) is also linearly in- 


dependent because for a sum ax to be the zero element of this space it 
0 
is necessary and sufficient that the equality 


b 
Í 
hold, and since the integrand is continuous this equality implies (see Theo- 
rem 1 in§ 14.2) (3), i. e. a; (j = 0, 1, ..., n— 1) are equal to zero. 

Therefore the collection of all polynomials P„-1(x) (a = x = b) of a given 
degree n—1* is an n-dimensional linear subspace of C(a, b) and of L,(a, b). 

A linear space E is called infinite-dimensional if for any arbitrarily large n 
there is a linearly independent system of elements xı, ..., X, belonging to E. 
A sequence of elements 


n—1 Pp 
> aX" dx=0 








X1, X2 X3, ... (4) 


is said to be linearly independent if its any subsystem consisting of a finite 
number of elements is linearly independent. Such an infinite sequence will be 
referred to as a countable linearly independent system of elements. 

In every infinite-dimensional linear space E there is a countable linearly in- 
dependent system of elements since any element x; ~ 0 can be regarded as a 
linearly independent system (consisting of that single element): we shall 
choose it as the first element of a sequence of type (4) which will be construc- 
ted by induction. Suppose that we have already found a linearly independent 


system 
Xis <.. Xn (5) 
belonging to E. Since E is infinite-dimensional there must exist an element 


Xn+1 € E such that the system x), X2, ..., Sny ¥n+1 İS linearly independent 
because, if otherwise, any element x € E would be representable in the form 


x = )' a,x, where a,’s are some numbers, and the set of the elements of the 
k=l 


* More precisely, of degree not higher than n— 1. 
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form Fonte would coincide with E and contain only n linearly independent 
1 


elements. 

On continuing this process indefinitely we obtain a sequence of type (4) 
which is obviously linearly independent. It should be taken into account that 
any finite subsystem of n elements Xk, ..., Xk, (Ki < k2 < ... < kn) arbit- 
rarily chosen from such a sequence (4) forms a linearly independent system, 
which follows from the fact that the wider system x1, X2, ..., Xr, is linearly 
independent. 

The sequence of functions 1, x, x”, ... serves as an example of a count- 
able linearly independent system in C(a, b) and in L,(a, b). 

Now let us suppose that E is a normed linear space. A set G c Eis said to 
be dense in E if for any element x € E and any positive number e thereis án 
element y € G such that | 


l|lx—y|| < e 


By virtue of this definition, we conclude, on the basis of Theorem 1 in 
§ 14.4, that the set of all continuous (and even infinitely differentiable) func- 
tions finite in Q is dense in L,(Q) (and also in L,(2Q2)); the set of all finitely- 
valued functions with support belonging to Q is also dense in these spaces. 

Here is one more example. A function g defined on a closed interval [a, b] 
is called polygonal if it is continuous on that interval (p € C(a, b)) and if there 
exists a partition of the interval such that ¢ is a linear function on each of 
the subintervals of the partition. For any function f € C(a, b) and for any 
e > 0, by virtue of the continuity of the former, there exists a polygonal 
function g(x) such that 


I] F—lle,s) = max | f(x)—9(x)| < £ 
x € fa, b) 


Consequently, the polygonal functions defined on [a, b] form a dense set 
in C(a, b). 

A space E is called separable if it is infinite-dimensional and contains a 
countable set dense in E. An instance of a separable space is the space 
C(a, b) (see the exercises below). 

By Theorem 5 in § 14.4, the (infinite-dimensional) space L(Q) (L,(Q)) is 
separable because it contains the set of. finitely-valued functions which is 
countable and dense in L,(Q) (L,(Q)). See Exercise 5 below. 

A set M c Eis said to be complete in E if the collection of all the possible 


e . l e n 

linear combinations of the form $ %.%% where æg are numbers and x; are 
1 

elements of M is a dense set in E. 


Theorem 1. If a space E contains a complete countable linearly independent 
system of elements, it is separable. 

Indeed, the space E is then infinite-dimensional since for any natural num- 
ber n there is a linearly independent system x, ..., Xn of elements in E con- 
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n 
sisting of n elements. Further, the set M’ of the sums )'r,x, where n is an 


1 
arbitrary natural number and r; (k = 1, ..., n) are arbitrary rational num- 
bers is countable (these sums can be numbered in a consecutive order), and, 
since M is dense in E, for any element x € E and any £ > 0 there is a sum 


n 
$ AkXk such that 
1 


eae 
2 














n 
x—9 akk 
1 


Now we can choose rational numbers r; which are so close to the correspond- 
ing numbers a, that 


n n 

€ 

<} lerrr] xrl] = K} læk—rdl <> 
1 1 














n n 
$ Akk — 9 TEX k 
1 1 


where K = max ||xl]. 
lisken 


Therefore 
n n n n € € 
xY rex || = || x-9 axr || +H] Y are Yi reXe || <5 t7 =e 
1 1 1 1 






































We have thus constructed an arbitrarily accurate approximation for an ar- 
bitrary element x € E with the aid of an element x belonging to M’, which 
proves the separability of E. 

The converse of this theorem also holds: 


Theorem 2. A separable space E contains a countable linearly independent 
system of elements which is complete in E. 

Indeed, by the separability of E, there is a countable sequence of elements 
dense in E. Moreover, this sequence is complete in E. 

Further, every complete countable system of elements x}, x2, ... contains 
a linearly independent sequence of elements (generally speaking, not de- 
termined uniquely) which in its turn forms a complete system in E. 

For instance, let us take the subsequence 


Nes Xn Kg kes (6) 


(of the sequence x1, Xe, ...) in which the indices nı, n2, ... are chosen ac- 
cording to the following rule. As nı we take the smallest index n for which 
Xa =Æ 0. The element x,, can be regarded as a linearly independent system 
(consisting of that single element). Further, if the indices nı, ..., ng have 
been already determined, we take as n,4, the smallest natural number n for 
which the elements Xn, . . «> Xn» Xn form a linearly independent system. 

It is important in this construction that for every k there exists ng+ı pos- 
sessing the indicated property, that is the resultant linearly independent 
system (6) is in fact infinite (countable). Indeed, suppose that for some k 
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there is no 7,41 with the indicated property. Let us put z1 = Xn, ..., Zk = 
= Xm, Then the system 
Zis +. +s Zk (7) 


where k is fixed, possesses the following properties: 

(i) system (7) is linearly independent; 

(ii) for any element x € E and any e > 0 there are numbers a, ..., a 
such that 


k 
x—)\ 02; <E (8) 
1 














To show that under the hypotheses assumed properties (i) and (ii) cannot 
hold we need the following lemma. 


Lemma 1. Properties (i) and (ii) imply that to each element x € E there corre- 
sponds a system of numbers Pı, ..., By such that 


k 
= By 
1 


The proof of Lemma 1 will be given below. It follows from the lemma that 
Eis an n-dimensional space, which contradicts the hypothesis that E is separ- 
able and therefore, according to the definition of separability, infinite-dimen- 
sional. 

Consequently, sequence (6) with the required properties can in fact be 
constructed. 

The proof of Lemma 1 is particularly simple when E is a linear space with 
scalar product (see Theorem 3 in § 14.7). In what follows we shall deal with 
that very case. For the general case the proof of the lemma is based on the 
auxiliary lemma below which is itself interesting. 


Lemma 2. If a system of elements yı, ..., Yn of the space E is linearly inde- 
pendent then there is a positive number A such that 


ay le < IIF æji (9) 


Jor any system of numbers «1, ...,%n (generally speaking, 2 depends on n). 
Proof. Let us consider the function 


D(a) = Blar .. An) = 


A 


1 


of n variables defined throughout the n-dimensional space R,,. This function 
tinuous because 


D(a) —-O(a)| = | 














R R 
=P ly- illy =K F la-a — 0, aa 


Lae — 











yaw >> apy) 








n 
Y ayj 
1 























R 
2, Oi; 


= [S@-2p», 
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where 
K = K, = max |lyy|| 
l<j«n 


Further, by the linear independence of the elements yı, ..., yn, the function 
® is positive for any numbers a, ...,«, except in the case when æ; = ....= 
= &, = 0. Let us also consider the set A c R, of the points a = (a, ...,&,) 
whose coordinates satisfy the equality 


n 
llall = Sle] = 1 
I 
The set A is bounded since the coordinates of its points satisfy the inequality 


lasl = fay] = 1 


j=l 
Furthermore, this set is closed (see Example 5 in § 7.9). Consequently the 
function ®(a) attains its minimum on the set A at a point a? € A: 
à = O(a") = min D(a) 
a EA 


The number å is obviously positive because the points a € A do not coincide 
with the origin. Thus, we have the inequality 


O<A< (10) 








l n 
Y ayj 
1 








which holds for any pointa = (a1, ..., %,) € A. Thus, we have proved in- 
equality (9) for the special case when æ € A. 
Now we shall prove that (9) holds for any point a € R,. Indeed, if a = 
= (0, ..., 0) inequality (9) becomes trivial. Therefore let us assume 
that a = 0. Then we can consider the new point 


ee dee hat OO Sn 
p= ila ||* (Tair Tair) 
It is evident that B € A because 


ŞIB = ` 


j=1 =1 
and therefore, by virtue of (10), we have 


<| $ rar» = 














n 
$ ajx 
j=1 





ape 
ilell* 














whence follows (9). 
Next we have to deduce Lemma 1. 
Let x € E. If we suppose that the elements 


x, Zis e.. o9 Zn (11) 
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form a linearly independent system then, by Lemma 2, we must have 


L<1tS le) + (2 = 0) 
1 











n 
x— Ý. æjj 
1 





for any numbers «1, ..., Æn, whence 


O<da« 














x—Y'ayz, 
1 


But this contradicts the condition of Lemma 1 which implies that for s < A 
there is a system a}, ...,, of numbers for which inequality (8) holds. Con- 
sequently system (11) is linearly dependent and there are some numbers 
C, C1, + - +) Cn Which are not equal to zero simultaneously such that 


CX+CZ1+ 26. FCnZn = O 


It follows that c = 0 because, if otherwise, the system Z1, ...,2Z, would be 
linearly dependent; therefore 


x= È Bizi (6, = 3) 


which completes the proof of Lemma 1. 
It should be noted that there holds the inequality 


KS K= 12 
< al ( max Ily) (12) 














B 
77) 
1 


(which, in a certain sense, is opposite to (9)) where K, by its definition, is 
independent of a = (a1, ..., &)- 
Combining inequalities (9) and (12) we can write (for an arbitrary linearly 
independent system yı, ..., Yn) the two inequalities 
Ci) lal = 


1 


=C: J Iaj] (13) 
j=1 

where the constants C, and C2 (C1 = å and Ca = K) do not depend on a = 
= (a1, ..., Æn). However, it should be noted that these constants C, and C2 
depend on the choice of the norm defined in the space E. 

Exercises. Prove the following assertions. 

1. The set 74’ of all polygonal functions defined on [a, b] such that the 
corner points of their graphs have rational coordinates is countable. 

2. For any function f(x) continuous on [a, b] and any « > 0 there is a 
function ¢ € I’ such that 

If(Œœ)-g(x)| < e 


This property means that IT’ is dense in C(a, b). Now, taking into account 
that C(a, b) contains the countable linearly independent system of functions 
I, x, x2, ..., we see that C(a, b) is a separable space. 

3. The set IT’ is dense in L,(a, b) (L,(a, b)). 


n 
LAT 
1 
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Hint. Use the property that the continuous finite functions defined on 
(a, b) form a set which is dense in the spaces L,(a, b) and L,(a, b) and also 
take into account the result established in Exercise 2. 

4. The spaces C(Q), L,(Q) and L,(Q) (where Q is an open set) are infinite- 
dimensional. 

Hint. Consider a sequence 4, Ae, As, 4a, ... of pairwise disjoint cubes 
belonging to 2 and the corresponding sequence of their characteristic func- 
tions 
1 on A; 


Pale) = o on A; 


(for the space C(Q) take the functions of the form indicated in § 14.4 (5); in 
this case 22 is bounded). 

5. The result established in Exercise 4 and Theorem 5, § 14.4 imply that 
the spaces L,(Q) and L,(Q) are separable. 


(k = 1,2, ...) 


§ 14.6. Orthogonal Systems in Space 
with Scalar Product 


Let H be a (complex or real) linear space for whose elements 9, p, f, .. 
defined a scalar product (p, Y) (p, € H) possessing properties (Gi 
enumerated in § 6.2 

We shall begin with an arbitrary, not necessarily complete, linear space H 
with scalar product; as we know, such is the space L,(Q). 

The norm of an element g € H is equal to the arithmetic square root of 
its Bi product by itself: ||p|| = (p, p}2. If |lpl| = 0, then the element 


pı = Tei has unit norm: ||@|| = 1. An element 9 with unit norm ||ọ|| = 1 
is called normalized. 


Two elements 9, y € H are said to be (mutually) orthogonal if (p, y) = 
A (finite or infinite) system of elements 


Pio P2 Ps, --- (1) 
is called orthogonal if its elements are different from zero (have positive 
norms) and are pairwise orthogonal. 

Finally, system (1) is called orthonormal if 


0 fork #1 
(p 3 = Oy = 
ee f fork =I 


that is, if it is an orthogonal system whose every element has unit norm (is 
normalized). It is evident that every orthogonal system can be normalized, 
that is transformed into an orthonormal system. 

Every finite orthogonal system pı, ..., py is linearly independent in H, 
that is the relation 


N 
L apk = 0 
T 
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where œx are numbers implies that all æ = 0; k = 1, ..., N. Indeed, on mul- 
tiplying both members of this relation scalarly by p; (l = 1, ..., N) and 
using the linearity of the scalar product we obtain 


(> Phe pi) = a(91, pı) = 0 


and, since (pı, pı) > 0, we see that œ; = 0 (1 = 1, ..., N). 
Given an arbitrary element f € H, the numbers 


1 : 
Toes me)  (k=1,2,...) 
ell 
are called the Fourier* coefficients of f with respect to orthogonal system (1). 
The series )' HF (f, ppr (generated by an element f € H) is called the 
1 k 


Fourier series of f with respect to orthogonal system (1), and we write 
S.d 
fe LT 7 PrP (2) 


If system (1) is orthonormal then ||, || = 1 (k = 1, 2, . . .) and the Fourier 
series of f € H with respect to such system (1) assumes the simplified form: 


fr x, ppr (3) 


In this case the Fourier coefficients are the numbers ( f, px). In what follows 
we only deal with orthonormal systems (1), however ali the results established 
for them can be modified in a natural way to apply to the general orthogonal 
systems. 

Chapter 15 of our course is devoted to a thorough study of the important 
special case of Fourier’s series with respect to the trigonometric system 


1 : 
-z > COS x, sin x, cos 2x, sin 2x, sata 


Here we note that the functions 1/2, cos x, sin x, cos 2x, sin 2x, ... 
forming this system are orthogonal in the space L,(0, 2%) of square 
integrable functions on [0, 2x] (for which the squares of their moduli are 
integrable on [0, 2]). (The same applies to the space L,(0, 22).) The space 
L-(0, 22) (L,(0, 27)) is a special case of a linear space H with scalar product 
to which apply all the results established in the present chapter for the 
general spaces H. 

Let there be given an orthonormal system of elements (1) in an arbitrary 
linear space H with scalar product. We shall discuss the following problem: 
given an arbitrary element f € H, it is required to find among all the possible 





* J. B. J. Fourier (1768-1830), a French mathematician who laid the foundations of the 
theory treating of the representation of functions with trigonometric serics. 
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systems of numbers æ;, %2, . . ., æy (complex or real depending on whether H 
is a complex or real space) the one for which the norm 




















N 
J T2 apk (4) 
attains its minimum. 
To estimate this norm we write 
|y -F apl -=(-È È APh f— ` arı) = 
1 l=1 

= NY [a f, on) raf, m+ y+ lal = 
= N4+Z eV. pr -Y, Ae 
>(LN-EM, pi)? (5) 


We see that (5) becomes an equality if and only if 
a = (f, pi) (i= 1,2, ...,N) 


It is these numbers (f, pı) which we called the Fourier coefficients of the 
element f with respect to the orthonormal system of the functions 9). 
The result we have established can be written in the form of the equalities 

















Ex(f)a = min f- aup 5 |--o. ppe l| = 
N 1/2 
= (“n- $ Mss pP) © 


The leftmost term in (6) is simply the notation of the minimum of the 
norm entering in the second term. Relation (6) shows that the numbers 
= (f; 9); l = 1, 2, ..., N provide the best approximation to the element 

F € H (with respect to the metric of H) with the aid of the linear combinations 


of the form Leap where «, are arbitrary numbers (complex or real depending 


on the nature of the space H). This. fact is expressed by the third term of (6). 
Finally, the rightmost term gives an explicit expression for the magnitude 
En(f)a (which characterizes the ‘ppronimaton quantitatively) in terms of 
(J; f) and the Fourier coefficients (f, px) (k = . «5 N). 

It is clear that En(f)a > O because this deta is the minimum of non- 
negative norm (4). It is also evident that Ey(/)x does not increase as the 
number N grows, which follows from the last term in (6). The same can be 
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shown with the aid of the second term: 


N N+1 
En(f)a = min || f— $, pr f— F$ apr || = En+ (f )u 
az i I 














> min 
ak 














sd N+1 
because the sum Y` is a special case of the sum Y foran+1 = 0. 
l 1 
It follows that for any element f € H there exists the limit 


d= lim Ew Ne = || CD-F, at? = 
o 














N 
= lim || f— È (f, ppl > 0 
N> 0 k=1 


whence, in particular, it follows that the series of the squares of the moduli of 
the Fourier coefficients of f € H is convergent and the inequality 


EPPS) (8) 


holds. It is known as Bessel’s* inequality (for the element f). 

We called formula (8) an inequality in order to stress that the left-hand 
side of (8) cannot exceed the right-hand side. However, for some (or for all) 
elements f € H relation (8) may become an exact equality. In the latter case 
it is called Parseval’s relation. 

We shall say that a series 


uot ut üz+ . 


of elements u, € H is convergent with respect to the metric of the space H to 
an element f € H if its nth partial sum 


Sn = Uot urit ... Hun (Sa € H; n = 1,2, ...) 
satisfies the condition 
lim Il f— Sall = 0 
If the series uo+ui+ue ... converges to f in this sense we write 


Sf = Uotmtuet ... = yu (9) 
0 


and say that fis the sum of the series )' ux convergent to f relative to the metric 
0 


of H. 





* F, W. Bessel (1784-1846), a German astronomer and mathematician. 
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Now let us suppose that for a given element f the quantity 2 (see relation 
(7)) is equal to zero. Let us discuss the meaning of the fact that the other 
three terms of (7) are equal to zero in this case. 


(i) The relation lim Ex(f)u = O means that, given any € > 0, there is a 
N— co 
natural number No and some numbers @), ..., æn, such that 


|e <E (10) 








Indeed, if the indicated numbers No, «1, ...,&%y, have been found we can 
fix No and take the minimum of the left-hand member over all «;’s to obtain 


€e > En (f)n = En(/a (N > N 0) 


which means that En(f)a > 0 (N > œ). Conversely, if it is known that 
lim Ey(f)q = 0 as N + œ then for any e > 0 there is N such that 
N—-> co 


e€ > En(f)a = [7 -Fp (ær = (J, Px)) 








Gi) The relation (f,f)— l x I(f, x) |? = O indicates that for the given ele- 
ment f there holds Parseval’s relation. 
N 
(iii) The relation lim | S— F (J, Pk)pr| = O shows that the Fourier se- 
N -> c0 


k=l 
ries of f with respect to system (6) is convergent to fin the sense of the metric 
of the space H. 

Since properties (i), (ii) and (iii) can only hold simultaneously, each of them 
implies the other two. 

We remind the reader that property (i), provided it holds for all the ele- 
ments f € H, expresses (see § 14.5) the fact that the system of elements 
Pis P2» P3, ..- is complete in H. 

As a consequence of what has been established we can state the following 
important theorem. 


Theorem 1. For an orthonormal system of elements to be complete in H it is 
necessary and sufficient that one of the following two conditions be fulfilled: 
(a) The Fourier series 


fr xe; p) Pr 


of every element f € H is convergent to f with respect to the metric of H (in this 
case the sign “~ ” can be replaced by “=”; see (9)). 


NORMED LINEAR SPACES. ORTHOGONAL SYSTEMS 175 


4 


ff) = aes ml 


(b) For every element f € H there holds Parseval’s relation 


Let us prove the following lemma. 
Lemma 1. Let f, u € H and let 
f= Uot uit uzt ... 


where the convergence of the series (to f) is understood in the sense of the 
metric of H. Then for any element v € H we have 


/; v) = (uo, v)+ (u, v)+(u, v)+ aes 


that is the number series on the right-hand side converges to the number (f, v). 
Indeed, 


N 
o )—¥ (ue 0) 


Corollary. If a series 


= lloll +0 (N+) 


(rim 














JA 





f=F arp (11) 
2 


where æg are some numbers and 9, P2, ... is an orthonormal system is con- 
vergent with respect to the metric of H to an element f € H then the numbers 
a, are necessarily the Fourier coefficients of f, that is 


as = (f, Ps) (s= 1,2, ...) (12) 


which shows that the expansion of f into a series of type (11) is unique. 
Indeed, on multiplying scalarly both members of equality (11) by 9, 
(s = 1,2, ...) we obtain, on the basis of Lemma 1, relations (12). 


Theorem 2. If orthonormal system (1) is complete in H then for any two 
elements f, € H there holds the numerical equality 


=F Leer (13) 


res that the number series on the right-hand side converges to the number 
» P). 


Indeed, from the completeness of system (1) and from Theorem 1 it 
follows that the series 


f= LU, pa) Pr (14) 


is convergent to f with respect to the metric of the space H. Now to obtain 
(13) from (14) we simply multiply scalarly all the terms on the right-hand and 
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left-hand sides of (14) by pọ, which is legitimate by virtue of Lemma 1: 
(f, 9) = Ly, Pk) (Pr, P) = Ls, Pr) (Ps Px) 


We see that Parseval’s relation is a special case of (13) for f= ọ € H. 
Let us state the following definition. We say that orthonormal system (1) is 
closed if the fact that for an element y € H hold the equalities 


(y, Px) = (k = 1,2, ...) (15) 
implies that y coincides with the zero element of H:y = 0. 


Since for a complete system there holds Parseval’s relation we arrive at the 
following theorem. 


Theorem 3. A complete orthonormal system is closed. 

All the propositions proved in this section up till now apply both to a 
complete and an incomplete* space H. In particular, they hold for the space 
L&) which, as we know, is not complete. 

Below we prove a number of propositions in which it is required that the 
space H in question should be complete. 

Let us suppose that H is a complete infinite-dimensional linear Space with 
scalar product, that is a Hilbert space (an instance of such a space is the 


space L,(Q)). 
Theorem 4. A series of the form 


$ AkPk 
i 
with respect to an orthonormal system ox (k = 1, 2, ...) where 
X |æ |2 < oo (16) 
1 


is convergent relative to the metric of H to an element ọ € H. 
Proof. Let 


Sn = Y ORPR (k =1,2,...) 
1 


By the convergence of series (16), for any € > O there is N such that for 
n > N and any p we have 


n+p n+p 2 
e> } lær? = || >) arp] = IlSn+p— sall? 
n+1 n+1 














* One should distinguish between the notion of a complete system in H and that of a 
complete space H. For example, a system 9, (k = 1, 2, ...) can be complete even in an in- 
complete space ĦA. 
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This shows that the sequence of the elements s, € H satisfies the condition 
of Cauchy’s criterion and therefore, since the space H is complete, there 
exists an element p € H to which this sequence converges (in the metric of H), 
which proves the theorem. 


Theorem 5. The Fourier series 
X (S pd (17) 


of an arbitrary element f € H is convergent (with respect to the metric of H) 
to an element yọ € H, and the element f—ọ is orthogonal to all pgs: 
(f-9,9) =90 (k=1,2,...) 


Proof. According to Bessel’s inequality, the series 
` IS Px) |? = (S) 
1 


is convergent. Therefore, by virtue of the foregoing theorem, series (17) 
converges to an element ọ € H: 


| p= Sf Po 
Thus we have 
f-9= IL, Pk) Pk 


where the series on the right-hand side is convergent in the metric of H. 
On multiplying scalarly all the terms of the last equality by p; (s = 1,2, ...) 
we obtain 


(f—9, Ps) = (J, P)—( f; Ys) = 9 (s= 1,2, ...) 
whence follows the desired assertion. ` 


Let us prove the converse of Theorem 3 (on condition that the space H in 
question is complete). 


Theorem 6. 4 closed orthonormal system (1) in a complete space H i‘ 
complete. 

Proof. Suppose that system (1) is closed but not complete. Then, by The- 
orem 1, there is an element f € H such that its Fourier series does not con- 
verge to it. However, as was proved above, this series converges to an 
element y € H and the element f—ọ is orthogonal to all px (k = 1, 2, ...). 
By virtue of the closedness of system (1), this implies that f—ọ = 9, that 
is f = g, and we have thus arrived at a contradiction. 


Example 1. /> is the set of all (complex or real) number sequences 


a = (aj, A2 ...) 
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for which the norm 5 
lall = (Zia) (18) 
1 


is finite. 
If a 5 I, and B = (61, Bo, ...) € l2 then for any natural n we have (see 
2 (6) 


§ 6.2 
AGA < (Siar) (1 Br) «= {la}! Bll 


and therefore the series (a, 8) = S'ap, is absolutely convergent. 
1 


It can readily be verified that (a, $) possesses properties (i), (ii) and (iii) 
of a scalar product enumerated in § 6.2; this scalar product generates norm 
(18), and the corresponding zero element is 9 = (0, 0, 0, .. .). Consequently 
l is a linear space with scalar product. Moreover, it is in fact a complete 
infinite-dimensional space, that is a Hilbert space. Indeed, let there be given 
a sequence of elements af = (at, af ...) € l (k = 1, 2, ...) satisfying 
Cauchy’s condition, that is let for any e > O there exist N such that 


e > [laa || > jak —a¥ | (k, k =N) 


It follows that for any fixed j the sequence of the numbers æ% (k = 1,2, ...) 
tends to a limit as k + œ: af + a, (k — œ). Let us form the number 
sequence a ='(a, %2, ...). It belongs to l> since 


E > (> lahat) (k >N) 


j=l 


for any natural number n. Therefore 


oo 1/2 

e>(¥ |a}—a,1") = || a*—a|| (k >N) (19) 

j=l ; 

Thus, a* —a € lə. But a* € l and consequently a € l. Finally, inequality 

(19) shows that the sequence of the elements a!, a?, af, ... converges to 

a € l> with respect to the metric of /2, which proves the completeness of Is. 
Let us consider the (countable) set of the elements 


ek = (0,0, ...,0,1,0,0,-..) (k=1,2,...) 


of the space l2; the kth component of e* (k = 1, 2, ...) is equal to 1 while 
all the other are equal to zero. These elements form an orthonormal (and, 
consequently, a linearly independent) system: 

(e*, e) = bx (k i= 1,2, ...) 


For an arbitrary element a = (3, a2, 3, ...) of the space l2 we obviously 
have 
ay, = (a, e*) (Ke = 1, 23.023) 
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and 


a= Ş' (a, ete! 


kal 


where the series on the right-hand side is convergent to a relative to the 
metric of /2 since 


N 
— Y (a, e*)e* | = ||(0, 0, ..., 0, @N+1s ÆN+2» -J| = 
k=1 








= ( È lel?) +0 (N > œ) 
N41 

We see that an arbitrary element a € lz can be expanded into its Fourier 
series with respect to the orthonormal system {e*} (that is the series conver- 
ges to that element). Thus, the system {e*} is complete in lz.. 


Theorem 7. Let 
Pi, P2, P3 --- (20) 


be an (infinite) complete orthonormal system of elements in.a linear space 
H with scalar product and let every element f € H be expanded into its Fourier 
series with respect to that system 


f=F apr 2 
1 
with the Fourier coefficients 


ar=(f p) (k=1,2,...) (22) 


convergent to f relative to the metric of H (see Theorem 1). Then if the space 
H is complete equality (21) sets up a one-to-one correspondence f ~ a = 
= (a1, %2, ...) between the elements of H and the elements of |. isomorphic 
with respect to the operations of addition of elements, multiplication 4 
elements by numbers and scalar multiplication of elements, tha is if f~ 
andy ~ B then f+ ~ a+ß, cf ~ ca and 


(J; Da = Za = = (a, P), (23) 


If the space H is not complete, equality (21) specifies a (linear and isometric ) 
one-to-one correspondence between the elements of H and the elements of |, 
where l, is an incomplete linear subspace of l, which however is such that the 
closure of l, coincides with l, (i.e. l} = h). ` 

Proof. Equality (21) determines an operator A which associates with 
every element f € H the corresponding number sequence a = (a), ae, ...). 
By the completeness of system (20), Parseval’s relation holds: 


Wf lle = 4f = (Af= ae h) (24) 
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The operator A is obviously linear: 
A(cf)=cAf and A(f+) = Af+ Ap 


for any number c and any elements f, p € H. Moreover, by virtue of Theo- 
rem 2, there holds equality (23), more general than (24). 

With two different elements f’ and f” of H the operator A associates two 
different elements a’ and a” belonging to l because the equality Af’ = Af” = 
= a implies A(f’—/f”) = 0 whence follows that the Fourier series of f'—f” 
with respect to system (20) is of the form 


Sf’ —f" = 0-91+0-got ... 


By the completeness of system (20), this series must be convergent with 
respect to the metric of the space H to the element /’—/”’, which means that 
f'—f" = 0, that is f’ = f”. 

Now let us assume that the space H is complete. For an arbitrary element 
a = (%1, %2 ...) € l2 we can take the formal series 


F'arpr (25) 
1 


By the convergence of the series 5 |Z] < æ and by the completeness of H 


1 
(Theorem 4), there is a (uniquely determined) element pọ € H to which 
series (25) is convergent: 


p = Tope (26) 
1 


Series (26) is the Fourier series of g (see the corollary of Lemma 1). 

We have shown that for any element a € l> there is an element p € H 
such. that Ap = a. Combining this property with the properties of the 
operator A established above we can assert that if H is complete then the 
operator A establishes a one-to-one correspondence H = l isomorphic 
with respect to the operations of addition. multiplication by a number and 
scalar multiplication. The first part of Theorem 7 has thus been proved. 

Now we suppose that the space H is incomplete. Let us denote by l, the 
image of H under the operator A (l, = AH). According to what was proved 
above, the operator A specifies a one-to-one correspondence H = l, iso- 
morphic with respect to the operations of addition, multiplication by 
a number and scalar multiplication. 

The space H contains a sequence of elements f1, f?, f3, ... satisfying the 
condition of Cauchy’s criterion which is not convergent to any element 
of H. For this system we have the inequality 


e > |[f*—f'lla = |la*—a' ||,  (a* = Af*) 


for all k, | => N and arbitrary € > 0 provided that N is sufficiently large. 
This inequality shows that the images a* = Af* satisfy the condition of 
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Cauchy’s criterion relative to the metric of the space lz of number sequences. 
Since the space l» is complete there is an element a € la such that ||a—a*||), > 
+ 0, k — œ. However, among the elements belonging to H there is no 
element f for which Af = a because if such an element existed we would 


have 
\la—a* ||, = |I f—f* lla >0 (kK +) 


which would contradict the hypothesis. 

What has been shown indicates that l, is not a complete space. But 
the closure of l, coincides with l, (i.e. 2, = l3) ee for any element 
a = (a1, %2,...) € l2, the elements a” = (a1, a, ..., ay, 0, 0, ...) belong 


to l, for any N and at the same time ||a—a’||), > 0 as N +o fa” € |, 
N 
because the sums )'a,p; belong to H since px € H and H isa linear space). 
1 
We have thus proved the second part of the theorem. 


Example 2. Let 4;, 42, 43, ... be cubes belonging to 2 which can only 
intersect along some parts of their boundaries and let 


1 
plx) = 14172 Pa (x) (k = l, 2, oe a) (27) 
where j 
1 forx € A, 
xXx) = 
Pail) D for x ¢ A, 


System (27) is apparently orthonormal but incomplete in L,(Q) (and in 
L,(2)!) because, for instance, the Fourier series of the function f(x) deter- 
mined by the equalities 

(x) on 4, 


P 
dia i outside 4; 


where y(x) is a continuous function (which is not identically equal to any 
constant) has the form 


fe) ~ aR po dxpa(x)+0+0+ ... (28) 


and the series on the NE side of (28) is not convergent in the mean 
square tọ the left-hand member. 


§ 14.7. Orthogonalization Process 
Theorem 1. Let 


Wi, Wo, W3, --- (1) 


be a linearly independent system of elements belonging to a real linear space 
H with scalar product. Then there is an orthonormal system of elements 


Pir P2 P3, «+ (2) 
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(determined uniquely to within the signs of its members) belonging to H and 
possessing the following properties: 
For any natural k there holds the relation 


m= Yay EPO B 
and, conversely, 
n=% OP #0 (4) 
where af’ and pP are (real) numbers. 
If system (1) is finite and consists of n elements then so is the orthonormal 


system (2). 

The statement “determined uniquely to within the signs of the members” 
should be understood in the sense that if there is a system of type (2) 
satisfying the conditions of the theorem, then the multiplication of all 
pr (k = 1, 2, ...) by 6, =+1 results in a system which again satisfies the 
conditions of the theorem and that there are no other systems satisfying 
these conditions. 

Proof. By the hypothesis, the element y, can be regarded as a linearly 
independent system (consisting of that single element), and therefore 


pall = (ps, y) > 0 


Since there must be p, = By, and ||¢p,|| = 1, it follows that BY = =t 


~ 0. Consequently we also have y, = ans where a = +]|y,|| 2 i 
This proves the desired assertion for k = 

Now let us suppose that it is possible to A an orthonormal system 
of elements 91, ..., 9; determined uniquely to within the signs of its mem- 
bers so that equalities (3) and (4) are fulfilled. We shall show that this 
system can be completed with an element 9,41 determined uniquely to within 
its sign so that the resultant system 9, ..., 941 is orthonormal and satis- 
fies conditions (3) and (4) in which k is replaced by k+1. 

The sought-for element must have the form 


k41 k 
Pk+1 = 2 Bft, = PEPY t 2 YP (5) 
J= J= 


In the second equality (5) we have 2 ioe the elements Yı, ..., Yg by the 
corresponding (equal to pr s; l= , k) linear combinations of the 
elements ¢ with the indices j = k a then ‘combined the similar terms con- 
taining gj; j= 1, ..., k. This is possible because we assumed that our 
assertion holds for k. The element 9x+1 Should be constructed so that it is 
orthogonal to all p, (s = 1, ..., k); therefore we must have 


(Pkt Ps) = VPs P)ty=90 (s=1,...,%) 


NORMED LINEAR SPACES. ORTHOGONAL SYSTEMS 183 
On substituting y, into (5) we obtain 
Prr = Be? [evs -¥ (Prats | 
The element 
Peri = vee (Prti PIP) 


cannot coincide with the zero element because, if otherwise, the element 
+1 WOuld be a linear combination of the elements g; (j = 1, ..., k) and 
therefore, by what has already been proved for k, the element Yki would 
be a linear combination of the elements yy; (j = 1, -> K which would 
contradict the linear independence of the system Py . .. e9 Pkl 

Thus 


Ilyk+ill > 0 


This allows us to choose the number Bf so that the requirement ||pp+1|| = 1 
is satisfied, which implies the formula 


1 
+1) =p} 
peri t Ilyž+ ll 
determining the coefficient Bi, to within its sign. 
The theorem has been proved. 


The construction with the aid of which we have determined orthonormal 
system (2) (equivalent in the indicated sense to the given linearly indepen- 
dent system (1)) is called the orthogonalization process. 


Theorem 2. Two systems of elements 


Pls P2 P3». (6) 
Pis Y2 YS, oo- (7) 
of H connected for every k = l, 2, ... by relations (3) and (4) are simultane- 
ously complete or incomplete in H. 
In this theorem H can be an arbitrary normed linear space in which 
scalar product may not be defined. 
Indeed, suppose that system (6) is complete in the space H, and let f be an 


srpurary ‘element belonging to H. Then for any € > 0 there is a sum of the 
orm 


N 
F akPk (8) 
1 

where «, are some numbers such that 


N ; 
e > > KP 
1 
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Now, since, by equalities (4), expression (8) is a sum of the form 
N 
> Bape 
1 


where x are some numbers, we see that system (7) is complete in H. 
The fact that the completeness of system (7) implies that of system (6) 
is proved in like manner by using equality (3). 


Theorem 3. Let H be a linear space with ‘scalar product possessing the 
following property: it contains a linearly independent system 
Wi, Pa, -. 5 Yn (9) 


such that for any element f € H and any positive number £ there are numbers 
01, ..+, Æn (dependent on £) such that 


|-Saum sig (10) 
1 








Then there are also numbers Bi, ..., Bn such that 
J= $ Bepe (11) 
1 


that is H is an n-dimensional space. 
Proof. On orthogonalizing system (9) we arrive at an orthonormal system 


Qis - +25 Pn (12) 


It is evident that for any element f € H and any number e > 0 there are 
numbers 41, ..., a, such that 


c= | y-a x ILA, PPr (13) 




















where the second inequality follows from the minimizing property of an 
orthonormal system (see§ 14.6 (6)). Since the third term in (13) is independ- 
ent of the number « which is arbitrary, it must be equal to zero, that is 


f= LS ppr (14) 


To obtain (11) it only remains to replace gx in (14) by the corresponding 
linear combinations of px. 

We have thus proved Lemma 1 of § 14.5 on condition that E is a linear 
space with scalar product. 
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§ 14.8. Properties of Spaces L2(Q) and L2) 
We defined L,(Q) as the space of the functions f(x) such that their integ- 
rals f f(x) dx have finite numbers of singularities (provided there are such) 


Q 
and their norms || f||z, are finite: 


If lle, = (J Lf) de) < æ (1) 


Since the integral in this definition is understood in the Riemann (generally, 
improper) sense, the space L,(2) is not complete (see § 19.7). However, the 
space L,({2) possesses many properties of the (complete) Hilbert space L2(Q) 
whose definition uses the notion of the Lebesgue integral. We shall enumerate 
some basic properties of this kind although in the foregoing sections we al- 
ready mentioned almost all of them. 

(i) The scalar product 


Sp) = |f de 
Q 


generating norm (1) makes sense for any two functions f, g € LAQ). 
(ii) In LQ) there is a countable system of functions 


Ax(x), A(x), As(X), «-- (2) 


(these functions can be constructed so that they are finitely-valued and are 
determined by rational values of the parameters) dense in L,(Q) (L,(Q)). 
(See Theorem 5, § 14.4.) 

(iii) LQ) is an infinite-dimensional space; it contains an infinite system 
of linearly independent functions (for instance, the characteristic functions 
of the cubes 4 c Q constructed in § 14.6, Example 2 form such a system). 

(iv) By properties (ii) and (iii), the space L,(Q) is separable. The separa- 
bility of the space L,(2) implies that system (2) (which is dense in L,(9)) 


contains a subsystem 
p(x), pax), a(x), .-- (3) 


obtained by deleting some of the elements of (2), which is linearly indepen- 
dent and complete in L;(Q) (see the proof of Theorem 2, § 14.5). 

(v) Complete linearly independent system (3) can be orthogonalized to 
obtain -a countable orthonormal system of functions 


P1(X), PAX), pa(X), -.- (4) 


which is also complete in L3(Q2) (see Theorems 1 and 2 in§ 14.7). This means 
that in L,(Q) there is a complete orthonormal system of functions. There are 
in fact an infinite number of such systems, which is analogous to the case of 
the three-dimensional Euclidean space containing an infinite number of trip- 
les of pairwise perpendicular unit vectors. In what follows we shall deal with 
some important systems of this kind. 
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(vi) Every function f € £,(Q) can be expanded into the Fourier series with 
respect to orthonormal system (4): 


f(x) = apla) 


where, by the completeness of the system, the series on the right-hand side 
converges to f(x) in the mean square. The numbers 


ær = (f, Pk); k = 1,2, ... (5) 
(the Fourier coefficients of f) satisfy Parseval’s relation 
(Af) = X lanl? <a (6) 


(Theorem 1, § 14.6). 
Equalities (5) set up a one-to-one correspondence 


LQ) = l; (7) 


between the functions f € La(Q) and the sequences of numbers a = (a, 2, 
...) E€ l C h where J, is an incomplete linear subspace of the space lz. 
Correspondence (7) is an isomorphism with respect to the operations of 
ae multiplication by numbers and scalar multiplication (Theorem 7, 

14.6). 

By virtue of isomorphism (7), the subspace L,(Q) corresponding to the 
incomplete space l} C l, is also incomplete. However, the closure of J, 
coincides with }: h = h. | 

Now let us point out some properties of the space L,(@) of the square 
integrable functions for which the squares of their moduli are integrable on 
Q in the Lebesgue sense. 

As was indicated above, L2({2) is a complete linear space with scalar pro- 
duct. The finitely-valued functions with rational parameters (see § 14.4) 
form a dense set in L2(2), which is analogous to the corresponding property 
of the space L3(Q) in which these functions also form a dense set. It follows 
that orthonormal system (4) is complete not only in L(Q) but also in L2(2). 

Now, by virtue of Theorem 7, § 14.6, we can assert that equalities (5) 
establish an ‘isomorphic (with respect to the operations of addition, multip- 
lication by numbers and scalar multiplication) one-to-one correspondence 


LQ) = l; (8) 


between the elements of L2(Q) and all the elements of l2. Further, the closure 
of £,(2) in the metric of L,(Q) coincides with L,(Q), and therefore to an 
arbitrary function f € L2(Q) there corresponds, according to isomorphism 
(8), an element a = (a, &2, ...) € la and 


fV- aerate) 


Q 








2 co 
de= Ọ ja? >0 (N+=) (9) 
N+1 
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N 
where the sums )'a.p; belong to L,(Q) and integral (9) is understood in 
i 
Lebesgue’s sense. 


§ 14.9. Complete Systems of Functions 
in the Spaces C, L; and L’ (La, L) 


Theorem. Let Q be a (bounded) measurable open set. 
(i) If a system of function 
Qis P2 P3, - 

is complete in C(Q) then it is also complete in LQ). 

(ii) If it is complete in L,(Q) it is also complete in L'(Q). 

Proof. We have the obvious inequalities 

N 2 \12 
(S-Z apd] de) © < 7D max 
Q 1 = 


fe)-¥ ap) (1) 














and 


f eur dx = af f i de) (2) 


(see § 14.2 (13)). The first of them holds under the assumption that px, f € 
€ C(Q) and the second under the assumption that 9,, f € LAQ) (Lə). 
If the system 9, (k = 1, 2, ...) is complete in C(Q) (in LQ) or in L,(Q)) 


then there is a finite sum }'«,9 for which the right-hand member of (1) (of 


1 
(2)) is less than £, whence it follows that the left-hand member is also less 
than e. 


N 
free 











Exercise 


Prove the following more general proposition: if system (1) is complete 
in C(2) then it is also complete in L;(@) (1 = p < œ); if it is complete in 
LQ) where 1 =p < p' < œ then it is also complete in.L,(Q) where Q is 
a (bounded) measurable set. 


CHAPTER 15 


Fourier Series. 
Approximation of Functions 
with Polynomials 


§ 15.1. Preliminaries 
The system of trigonometric functions 


+ Cos x, sin x, cos 2x, sin 3x, ... (1) 


s orthogonal on the closed interval [0, 27], that is the integral of the product 
of any two different functions belonging to this system taken over that inter- 
val is equal to zero. This follows from the equalities 


a | 
f coskxcosixdx=0 (k#1,k,1=0,1,...) 
0 


27 

f sin kx sin Ix dx = 0 (k 4 1;k,1=1,2,...) 

0 

27 

[ cos kx sin Ix dx = 0 (k =0,1,...,1=0,1,...) 


2x 
cos? kx dx = Í sintkxdx=a  (k=1,2,...) 


enp omp © 


This chapter is devoted to the theory of trigonometric series and to the 
approximation of functions with trigonometric polynomials. 

A function f(x) is said to be periodic with period 2w > O if it is defined 
throughout the real axis and satisfies the condition 


f(x+20) = f(x) 
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for every x. If for such a function the (proper or improper) integral 
2w 
| Id 
0 
exists, then the equality 
a+2a 


J f(x) dx = f f(x) dx (2) 


is fulfilled for any real number a. This is readily seen from Fig. 15.1 where 
the similarly shaded areas are obviously equal. It is also possible to prove 





O a-2kw 2w 2kw a 2(k+1)w a+2w x 
Fig. 15.1 


this property purely formally. Indeed, for any given a there exists a uniquely 
determined natural number k such that 2 kw =a < 2(k+1)w and, obvi- 
ously, 


2(k4+1)w 2(k+1)o0 
J f(x) dx = J f(x—2ke) dx = i f(z) dz 
a—2kw 
and 
a+2 a+2 a—2keo 
f(x) dx = f f(x-2(k+ Do) dx = Í f(z) dz 
(k +1)w 2(k-+-1)o 0 


On adding together these equalities we arrive at (2). 
In what follows, in the case of periodic functions with period 2m, we shall 


often use the equality "y i 
f Fa- dt = | sat 
0 0 


in which x is an arbitrary number. This relation follows from (2): 
2m 2w—x 2w 
| re-d = | d= f soa 
0 —x 0 
The functions forming system (1) are periodic with period 27. The functions 
1, cos x, cos 2x, .. . are even while the functions sin x, sin 2x, ... are odd. 
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For even functions f(x) we have 
b b 
[I dx = 2 | f@) ax 
-b 0 
and for odd functions 


b 
[ £@) dx = 0 
b 
A sum of the form 
T,(x) = 4 +9 (a, cos kx +b, sin kx) 
1 


where a, and bx are constant numbers is termed a trigonometric polynomial 
of order n. 

The trigonometric polynomials will be regarded as the simplest periodic 
functions with period 27. They will be used for the approximation of more 
general functions with period 2z. 

Given a function f(x) periodic with period 2w, we can pass to the function 
F(u) = f (=) with the aid of the substitution x = = , the resultant function 
F(u) being periodic with period 27. On approximating the latter function 


with a trigonometric polynomial T,,(u) (F(u) ~ T,(u)) we can then return to 
the variable x to obtain the approximation 


f (x) ~ Tn (= x) 
for the original function. 
We shall use the following terminology and notation. 
The symbol C(a, b) (see § 14.1) will denote the space (class) of all con- 
tinuous functions f defined on the closed interval [a, b] equipped with the 


norm 
IF llece, 5) = max | f(x)| 
anxab 
By C* we shall denote the space (class) of the functions f defined and con- 
tinuous throughout the real axis, having period 27 and equipped with the 
norm 


IZllce = max |f(x)| = max If) 
Omx<2n @ex«nat+2n 


where a is an arbitrary real number. 

A function f€ C* can be regarded as belonging to C(0, 2x) (C* c 
C C(0, 2x)) if we consider it for the values of x ranging over the interval 
[0, 277]. However, not every function belonging to C(O, 27) can be obtained 
in this way because a function f € C* restricted to the interval (0,27) 
necessarily has coinciding values at the end points of the period: 


f(0) = f(27) (3) 


FOURIER SERIES. APPROXIMATION OF FUNCTIONS 191 


Conversely, a function f € C (0, 2x) satisfying condition (3) can always be 
extended periodically with the period 2x to the whole real axis to become a 
member of the class C*. 

By L’* we shall mean the space (class) of the periodic functions with period 
2x which, when restricted to the interval [0, 277], belong to the space L’(0, 2) 
(see § 14.2) with the norm 


27 
If Ilze = If liro. = | IfI dx 
0 


We can also say that every function f(x) € L’* is periodic (with period 27) 
and absolutely integrable over the closed interval [0, 2x]. We remind the 
reader that a function f belongs to L’(0, 27) if its integral 


27 
f IO ax o 0 


exists in Riemann’s sense or has a finite number of singularities and is ab- 
solutely convergent in the improper sense (see § 13.13). 

L," is the space (class) of the periodic functions f with period 27 which, 
when restricted to the closed interval [0, 27], belong to the space L,(0, 27) 
(see § 14.3) in which the norm is defined by the equality 


4 Qe 1/2 
IIl? = ( IF)? ax) 


We can also say that every function f(x) € L,° is periodic (with period 27) 
and has the integrable (over the interval [0, 277]) square of its modulus; in the 
case of a real function f(x) € L,(0, 27) we can simply say that its square is 
integrable over [0, 27]. We remind the reader that the space L,(0, 2s) con- 
sists of the functions f such that they are Riemann integrable on [0, 27] or, if 
their integrals (4) have finite numbers of singularities, the squares of their 
moduli are absolutely integrable in the improper sense. It should also be 
stressed that L,* cL” (see § 14.2 (13)). 

In the theory:of Fourier’s series it appears more natural to deal with the 
classes (spaces) L* and L3 of periodic functions with period 27 belonging 
respectively to the spaces L(0, 2x) and L.(0, 2) constructed with the aid of 
Lebesgue’s integral. | 

The asterisk in all these symbols indicates that the functions forming the 
Corresponding classes are periodic (with period 27). 

A function f belonging to one of these classes depends on one variable x 
and can be real or complex; in the latter case it is representable as f(x)=g(x) + 
+ip(x). Therefore we speak of the “integrability of the square of the modu- 
lus” of such a function, which is the same as the “integrability of the square 
of the function” only when /(x) is real. 

System of trigonometric functions (1) is orthogonal and, as will be seen 
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later, is complete in L,* and L3 (and even in C*). Therefore with every 
function f € L2* (L2) we can associate its Fourier series (see § 14.6 (2)) with 


respect to system (1): 


SO) ~ + Y, (e cos kar be sin ka) (5) 
where n 
ar =$ f fO cosktdt (k =0,1,...) (6) 
and i l 
be = 1 pe sinkt d (k = 1,2, ...) (7) 
ò 


The expressions @/2 (a; cos x+ bı sin x), (az cos 2x+ bz sin 2x), ... with 
coefficients ax, bg determined by formulas (6) and (7) entering into the right- 
hand side of (5) are the terms of the Fourier series of the function f (they are 
also called the harmonics of f). 

The Fourier coefficients a, and bg (see (6) and (7)) make sense not only for 
the functions f € L;* but also for the functions f € L’* (and, generally, for 
the functions f € L*). Indeed, the functions cos kx and sin kx are bounded and 
continuous while every function f € L’* isabsolutely integrable, and therefore 
the integrals determining the Fourier coefficients of f € L’(0,2z) are abso- 
lutely convergent: 


i | f(x) cos kx| dx = f | £(x)| dx 
and i ° 


2x 27 
Í 1f sin kx| dx= | | f()| dx 


Therefore, for the sake of generality, we shall, when possible, consider 
the expansions into the Fourier series of functions belonging to L’* (L°). 
Thus, to every function f € L” (or, generally speaking, to f € L*) there 
corresponds its Fourier series irrespective of whether the latter is convergent 
or divergent at some points x. It should be noted that the addition to a func- 
tion f € L’” of the zero element of L’* (L*) which is representable by any 
function 6(x) satisfying the condition 
27 
f 10I dx = 0 
0 
does not alter the Fourier coefficients of f, and hence the Fourier series of f 


also remains unchanged. For instance, this is the case when a function 
f € L” (L*) is redefined at a finite number of points. 
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The set of the Fourier coefficients of a function is called the spectrum of 
that function. Many vibration processes (oscillations) studied in physics and 
technical sciences are described by periodic functions F(u) with periods 2w 
(which can be different from 2z in the general case). In such a description the 
variable u = t is time and y = F(u) is the ordinate of an oscillating point or 
the magnitude of a force or the velocity or the intensity of electric current 
and the like. If F is a trigonometric polynomial then 


y= F(u) = +E (m cos tbe sin = 4) = 
a kn 
= 2+4 COs (= u—ge) 


where A, = Väri and py (k = 1, ..., m) are determined from the rela- 
tions a; = = COS Pk» bg = = sin pg and 0 = pk < 2m. 

In physics it is said that the oscillation process y = F(u) decomposes into the 
simplest harmonic oscillations (harmonics) 


Ak COS (= u— x) (8) 


Harmonics (8) have the frequencies = » the amplitudes Ap and the initial 
phases x. Shown in Fig. 15.2 lh the he graphs of the three periodic functions 
with period 27: S(x) = sin eee 2* (the continuous line), S3(x) = sin x— 

a + nix (the horedah line) and Sa(x) = sin x— . pam 
(the dotted line). 

















Fig. 15.2 
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Fig. 15.3 


a 


In Fig. 15.3 we see a schematized graph of the sum 
n = E kx 
S) = LO D E (9) 


constructed for a large value of n. The figure suggests that for n — œ the 
limiting function 
S(x) = lim S,(x) (10) 


is a periodic function (with period 27) whose values assumed on the interval 
—% < x < x are determined by the relations 


S(x) =x for -w<x<a and S(x)=0 (11) 


Since the function S(x) is discontinuous at the points x, = (2k+1)z (k = 
= 1,2, .:.) the sequence {S,(x)} of the continuous functions S,(x) 
(n= 1, 2, . . -) cannot be uniformly convergent to S(x) throughout the real 
line; however, it is uniformly convergent on any closed interval [a, b] belong- 
ing to the interval (—s, 7) and, generally, on any interval of the x-axis on 
which S(x) has a continuous derivative (see § 15.5). 

As is seen in Fig. 15.3, in the vicinity of the points of discontinuity x; of 
the limiting function S(x) the graph of S,(x) (with a large n) has sharp 
“splashes”. This is a characteristic feature of the points of discontinuity of 
the first kind of the piecewise continuous limiting function of a sequence of 
saris functions known as Gibbs’* phenomenon which will be studied in 

15.9. 


* J. W. Gibbs (1839-1903), an American physicist. 
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§ 15.2. Dirichlet’s Sum 
Let there be given a function f € L’* (or, more generally, f € L*) and let 
Z+ (ap cos kx +b; sin kx) be its Fourier series: 
1 
f(x) ~ +Y. (ax cos kx+ bw sin kx) (1) 
1 
where 
27 
a =—[ f cosktdt (k=0,1,2,...) 
n 
0 
and 


27 
b= — f f(t)sinktdt (k=1,2,...) 
0 


The mth partial sum of this series can be transformed as follows: 
S,(x) = 4.5 (ar cos kx+b, sin kx) = 
l 


27 


asf fÒ dtS y f(O (cos kt cos kx+ sin kt sin kx) dt = 


0 


i 2n 
=} J {a+d cos M-a} f() dt = = f D(t—x) f(t) dt (2) 


where (see § 8.2 (16)) 
g 1 l 
n sin [ 2-+-— jx 
bic) = 14 $.cos kx = 4 ak o 
1 an-7 


We have obtained 4 compact expression for the nth Fourier sum of the 
function f(x): 


Qn 2x 
S(x) = =f D,(t—x) f(t) dt = a D,(u) f(x+u) du (4 


In the derivation of the last equality (4) we have used the periodicity of the 
integrand. 

Integral (4) is called Dirichlet’s integral and the trigonometric polynomial 
Dx) is called Dirichlet’s kernel. It should be noted that for any x and n = 
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= 0, 1,2, ... we have 
1 A 1 A 1 z 1 ri, 
= | Dit—x) dt = f (+Ë toos K-29} dt => [= dt = 1 (5) 
o 0 0 
since 
2x 27 
f cos k(t—» dt = [ cosktdt=0 (k=1,2,...) 
°0 0 


In the derivation of: the last equality (5) we have used the periodicity (with 
period 27) of the function cos kt and the fact that it is orthogonal on the 
interval [0, 2] to the function identically equal to unity. 

Any two Lebesgue (absolutely) integrable functions belonging to L* 
which are equal almost everywhere have one and the same Fourier series, 
that is their Fourier coefficients coincide. 

Any series of the form — 


F+ cos kx+, sin kx) (6) 


where a, and p (the coefficients of the series) are some constants is called 
a trigonometric Series. 

A trigonometric series is a Fourier series only if there is a function f € L* 
whose Fourier coefficients coincide with the numbers æg and p, that is 
ak = a, and bg = pr. For instance, if it is known that series (6) converges 
in the mean square to a function f € L,° (or to f € L3) on [0, 27] then it 
is the Fourier series of that function (see the corollary of Lemma 1,§ 14.6). 

The product of two even.or two odd functions is an even function while 
the product of an even function by an odd function is an odd function. 
i si orn if a function f € L’* (or f € L*) is even its Fourier series has 

e form 


f(x) ~ +Y ax cos kx (a = È f f cos kt a) 
1 0 


because its all coefficients bi are equal to zero, and if it is odd its Fourier 
series is of the form 


f(x) ~ y bx sin x (è: = 2 f f(t)-sin kt a 
k=1 D 


because in this case all the coefficients a, are zero. 

If the coefficients a, and bx of Fourier’s nth sum of a periodic function 
f(x) with period 2x are computed approximately with the aid of the rectangle 
tule (see § 10.6) using 2n+1 equidistant points of division 


nk (k= 0,1, ..., 2n) (7) 


Xk = Jn+1 
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the resultant trigonometric polynomial is of the form 
Sf, x) = at > (aP cos kx-+b® sin kx) 
1 
where 
> 2n 
ap = Bart 2, f C) cos kxy (k= 0,1, ..., ”) 


and 





2n 
by a E 2 SO sin kxy (k = 0, 1, ..., n) 


A remarkable property of this trigonometric polynomial of order n is that 
it provides an interpolation formula with nodes (7) for the function f. We 
thus have 


Sœ) = Sf, xy) (j= 0, l, ...9 2n) 
This property can easily be verified by taking into account that 


2o 
TT 2 cos kx; cos lx, = dy 
=0 





2 ee l 
n+l > sin kx, sin lx; = Ôx 
J=0 


and 


-4 È sin kxy cos bey = 0 (k, 1 = 0,1, ...,7) 


§ 15.3. Formulas for the Remainder of Fourier’s Series 


Formulas (4) and (5) of the foregoing section imply that for a function 
J € L" (or, generally, f € L*) we have 


27 n 
S-S = = | DDS- du = f Dale) Aaf) du (1) 
0 —% 


where 
A, f (x) =f (x+) -f x) (2) 


is the first finite difference of f at the point x with Step u. 
F In these transformations we have used the periodicity of the integrand 
unction. 

Equality (1) gives a compact expression for the remainder of the Fourier 
series. The question of whether or not the Fourier series of a function f 
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converges to f(x) at a given point x and the estimation of the speed of 
convergence reduce to the investigation of the behaviour of integral (1) 
as n > oo. 

For any number 7 > 0 satisfying the inequalities 0 < 7 =x expression 
(1) can also be written in the form 


S-S) = + Free +5 sin "i Auf (x) du = 
—n 2 tan> 








=} J5: SO Au f(x) du a(x) (3) 
where 
0n(x) = f sin nu g(u) A„f (x) du+ f cos nup(u) A, f (x) du (4) 
=( a =x) for 0 < |u| <7 
2 tan > 
glu) = — for n = |u| =x (5) 
27 tan p 
0 outside [—z, 2] 
and 
1 
He) =| cle ag cs atic 6 
0 outside (—z, 7) 


In what follows we shall essentially use the fact that both functions g 
and p are bounded throughout the real axis: 


is) =M and |p(u)| <M 


because 
u 
1 1 Ju—2 tan 5| o 
ijs 31 OW C 0u (N 
2 tan > 2u tan -5 u tan 








where C is a constant independent of u. It is also obvious that the functions 
g and u have compact supports. 

In the next section we shall prove a proposition (Lemma 2) which implies 
that for any x we have the relation 


@n(x) = 01), moo 
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which holds uniformly with respect to the values of x belonging to any 
closed interval [a, b] on which the function fis bounded. It follows from this 
property that for any x we have the equality 





S)-f@) =F [SZ ASG dito), nee & 


-n 


which holds uniformly with respect to x € [a, b] where [a, b] is an arbitrary 
interval on which the function f is bounded. 

For a fixed point x formula (8) always holds provided that the function 
fis defined at that point. To find out whether or not the difference Sa(x)— 
—f (x) tends to zero (as n + æ) at the point x it is sufficient to investigate 
the first (principal) term on the right-hand side of (8) because the second 
term is sure to tend to zero. 

If it is known that the function f in question is bounded on a closed 
interval [a, b] then in order to find out whether or not S,(x) uniformly tends 
to f(x) as n — œ on that interval or on its part it is sufficient to answer 
this question for the principal term on the right-hand side of (8) since it is 
already known that the second term does tend to zero uniformly on [a, b]. 

Of course, if a function f is unbounded on an interval [a, b] then it is 
discontinuous at some of its points, and therefore if the Fourier series of f 
converges to f on [a, b] the convergence must be nonuniform because the 
terms of the series are uniformly continuous functions on (— œ, <œ). 

Let us dwell on an important property of Fourier’s series known.as the 
principle of localization: to answer the question as to whether or not the 
Fourier series of a Junction f € L (L*) converges to that function on a closed 
interval [a’, b'] it is sufficient to know the properties of the function on any 
closed interval [a, b] containing [a’, b'] strictly inside. Indeed, let us put 
n = min {a’—a, b—b’}. Then for the points x € [a’, b’] at which we intend 
to investigate the convergence of the Fourier series the values of the integ- 
rand on the right-hand side of (8) depend solely on the values of f assumed 
on [a, b] (because if x € [a’, b'] and 0 < u < 7 then the points x, x+u 
and x—u belong to [a, b]). 


§ 15.4. Oscillation Lemmas 


Let f € L'(— œ, ©) = generally, f € L(— œ, o)); then for any real 
A we have 


f f(x) cos àx dx 





<z f erioa 
-> (1) 


| f FŒ sin dx dx <> f |r(e+3)-r09| a 
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Indeed, 


09 sin x ds - ic Z) sin A (u+) du = 


=- J set 7) a dud =— f fet F) sin ax dx 


Therefore 





[rosia warm => 





—f(x+ +9)] sat | 


< f| 
2 


f(x+5) —f(x)| dx 








For the cosine the argument is quite analogous. 
Lemma 1. Iff € L'(— œ, ~) (I(— œ, )) then 


lim | FO) cos ax dx = 0 and lim f A sin Ax dx =0 (2) 


Relations (2) are a direct consequence of inequalities (1) because the 
right-hand sides of (1) tend to zero as A — œ (see Theorem 6, § 14.4). 

From Lemma 1 it follows immediately that, for a function f € L” (L*), 
at any fixed point x where the value of f(x) is finite, there holds equality 
(8), § 15.3, that is the term o,({x) tends to zero as n — œ since @,(x) is the 
sum of two integrals for one of which we can write 


[sin nu g(u) f(x+u) du—f(x) f sin mu g(u) du >O (n > œ) (3) 


(the other integral possesses an analogous property; see below). 

Here it should be taken into account that g(u) is a bounded piecewise 
smooth function with support belonging to the interval [—z, x], and there- 
fore the functions g(u) f (x+ u) and g(u) belong to L'(— œ > 2) L(— œ , ©)), 
which low salus to apply Lemma 1. As we have mentio , the similar 
property of the other integral entering into ¢,(x) can also be easily proved; to 
this end one should take into account that p(u) is a bounded piecewise 
smooth function with compact support. 

The proof of the properties concerning the uniform convergence of 
n(x) to zero is based on the following more sophisticated lemma. 
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Lemma 2. Let f, g € L'(— ©, œ) (L(— ©, ©)) and, in addition, let g be 
bounded. Then we have the relations 


Jim f cos Aug(u) f (u+ x) du = 0 
p (4) 
lim f sin Aug(u) f(u+x) du = 0 


which hold uniformly with respect to.all x € (— œ, ©). 
Proof. Let |g(u)| = K: On setting an arbitrary € = O we can choose 
a continuous finite function g such that 
f 1f@)-9@)| du < z 


Then 


f cos Axg(u) f (u+ x) du | ~ 





<3 Í le(u+-5) (u+ +>) -80 f (u+ x)| du < 
<> Í |e(u+5) | | fut 5+x)-se+n) du+ 
+5 J |e(u+5)—-809| |pu-+2)| du+ 

+f [ele+5)-20|1/u+-pu+x)] du < 
<Ž Í | f (ut = +x)—fu+x)| dut 

aj le(u+3)-s6| u+ 


+5 f | flu+x)—plu+x)| du <£ ([AlJ>Ao>0) (5) 
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provided that A is sufficiently large (here M is a constant bounding |g|: M > 
> |9(u)|; also take into account that the substitution v = u+ x in the 
second integral on the right-hand side eliminates x). 

It is quite evident that cos Ax on the left-hand side of (5) can be replaced 
by sin Ax 


Lemma 3. Equality (4) continues to hold under the assumption that f € L’ 
and g(u) = g(a, u) is a bounded function (i. e. |g(a, u)| = K fora, = æ <a) 
dependent continuously on (a, u) where « is a parameter. Moreover, equality 
(4) holds uniformly with respect to æ € [a1, %2] and x belonging to any finite 
interval. 

Indeed, let us consider the third term in inequalities (5). It consists of 
three summands the first and the third of which can be estimated as was 
done in (5) while the second can be estimated on the basis of the following 
inequality (see the explanations below): 


N 
3 J lele u+3)-2 | Ioe+291 dx < 
-N 


N 
=F J |s(eu+4)-s@o|de<2 a= 
-N 


provided that 2o is sufficiently large. 
Since g is a finite function, there is N such that p(u+ x) = 0 for all x € 
€ [a, b] and u satisfying the inequality |u| > N, and therefore we have 
oo N 


f = Í for the summand in question. 

From Lenia 2 follows equality (8) of § 15.3 (it holds uniformly on the 
interval [a, b] where f(x) is bounded) if we take into account that the re- 
mainder term on its right-hand side is determined by equality (4), § 15.3 
where the functions g(u) and y(u) are finite and integrable. Indeed, the 
second integral on the left-hand side of (3) (it is independent of x) tends to 
zero as n — œ, and its product by f (x) tends to zero uniformly with respect 
to x € [a, b] if fis bounded on [a, b] (i. e. | f (x)| <M). For the first integral 
on the left-hand side of (3) we use the following argument. This integral 
is a periodic function with period 2x because so is f. Consequently, if we 
prove that it is uniformly convergent on [0, 27], this will imply its uniform 
convergence throughout the real axis. Let us consider the auxiliary function 


F(x) = tS) for Om x < 32 
E p for x ¢ [0, 3x]. 


Since f € L” (L*), we have F€ L' = L’ (— œ, ) (Œ (— œ, œ)), and, 
since the support of g belongs to [0, z], we obtain, for x € [0, 27], the 
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f sin nu g(u) f (x+u) du = f sin nu g(u) F(x-+u) du = 


= f sin nu g(u) F(x+-u) du — 0, n >œ 
which holds uniformly on [0, 27] (see Lemma 2). 
The following theorem is proved on the basis of Lemma 1. 


Theorem 1. The Fourier coefficients ap and bg of a function f € L (L*) 
tend to zero as k > œ. ; 

To deduce this theorem from Lèmma 2 it is sufficient to consider the 
restriction of the function f € L’* (L*) to the interval [0, 27] and then extend 
it to (— œ, œ) by putting it equal to zero outside [0, 27]. Let the extended 
function be fı € L’(— œ, )(L(— œ, )). Then by Lemma 1, 


2oe co 
a, == | SO cos kt dt = È f fK) cos kt dt >> (k — æ) 


(for the coefficient by in the function sin kt the argument is the same). 

We also note that if f € L° (or f € LQ) then the fact that the Fourier 
coefficients a, and b; of f tend to zero follows from Bessel’s inequality, by 
virtue of which 


5 (larl? + lbk]? <= 
1 


The fact that integrals (2) tend to zero can be elucidated by the following 
consideration. Let us take, for instance, the integral involving the sine. 
Although the given function f € L’* (L*) may have a finite or even an infinite 
number of ‘discontinuities it nevertheless possesses many properties of a 
continuous function. These properties exhibit themselves in the oscillation 
lemmas proved above. The multiplication of the function f (x) by the function 
sin Ax transforms the graph of the former into a “wave-like” curve. Each 
“wave” consists of two “half-waves” which almost compensate each other 
in the mean when the integration is performed. The result of such a compen- 
sation due to the “oscillatory” behaviour of the integrand is that integral 
(2) tends to zero when A —> œ. 


§ 15.5. Test for Convergence of Fourier Series. 
Completeness of Trigonometric System of Functions 


A function f(x) is said to satisfy a Holder condition of order æ (0 < æ = 1) 
on an interval [a, b) ((a, b)) if for any x, x’ €[a, b] ((a, b)) there holds the 


Inequality 
S-S = M|x’—x|* 
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where M is a constant independent of x and x’. This condition is also 
spoken of as a Lipschitz* condition of order œ. In the case « = 1 we have 


IF ()—f(%)| < M|x’—x|* 
and simply speak of a Lipschitz condition for the function f on [a,b] ((a, b)), 
the number M being referred to as a Lipschitz constant. 


For instance, if f is a continuous and piecewise smooth function on [a, b] 
it satisfies a Lipschitz condition on [a, b] because 


IF&)-FO)| = 





x’ 
fro a <M\x-x| (FOM) 


If a function f possesses a bounded derivative (| f’| < M) in an interval 
(a, b) and is continuous on [a, b] we can apply Lagrange’s theorem on finite 
increments to obtain 


FIFO) = IF OC’ -x Mixx, FE (x, x) 


which shows that f satisfies a Lipschitz condition on [a, b]. 
The function |x|* (0 < « <1) satisfies a Hélder condition of order « 
throughout the real axis (and, moreover, on any finite interval) because if 


0 < |x| < |x | we can write, on putting |= = t, 1 < t <0, the inequalities 


[I x? |e@— | x|*| = Ilx |*— | x12] _ &-1 
|x’—x|* x’ 1-1 x] |* (t— 1% 


These inequalities are quite obvious for « = 1. For « < 1 they follow from 
the fact that the leftmost function of the argument t has a limit equal to zero 
as t ~ 1 and equal to 1 as £ — œ and possesses a positive derivative on 
(1, <), which means that it increases on (1, o).** 

Theorem 1. Let a function f belong to L’* (or to L*) and satisfy a Hélder 
condition of (an arbitrary) order œ on a closed interval [a, b) (in particular, 
this is the case when f is a continuous piecewise smooth function on [a, bÌ). 
Then for any a’ and b’ satisfying the inequalities a < a’ < b' < b the Fourier 
series of f is convergent on [a’, b’), the convergence being uniform. 

Proof. Let 6 = min {a’—a, b—b'}, 0< n < 6 and n <x. Then, for 
x € [a’, b'] and 0 = |u| =n, the points x and x+u belong to [a, b], and 
therefore 


<1 (M=1) 


|f@+u)—f()| =< Sf Œ+) x) <M |u|? (1) 
Now for the chosen value of 7 we use formula § 15.3 (8): 


9 
Six) f(x) = + f sin nf OL du+o(1) n> 
0 


*R. O. S. Lipschitz (1832-1903), a German mathematician. 
++ In the case |x| = |x | we have ||x’ [*—|x|*| = 0 = |x’—x|*. 
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This relation holds uniformly with respect to x € [a, b]. Consequently, for 
any £ > 0 we obtain, by virtue of (1), the uniform estimate 


IS)-f@) <= PAE duol) < 


< ttie HN xe, bD D 


where we first choose 7 so that the inequality 2M7"/a < e/2is fulfilled and 
then take N so large that | o(1)| < ¢/2 for n > N. The theorem has been proved. 


Theorem 2. If a function f € C* is piecewise smooth on the interval [0, 27], 
the Fourier series of f converges to it throughout the real axis, the convergence 
being uniform. 

Indeed, the function f regarded on an interval [— €, 27-+-e] (where e > 0) 
is continuous and piecewise smooth, and therefore, by the foregoing theo- 
rem, its Fourier series is uniformly convergent to it on [0, 227], whence it fol- 
lows, by the periodicity of f and of the terms of the Fourier series, that this 
applies to the whole real axis. 


Theorem 3 (Weierstrass). The systems of functions 


1, cos x, sin x, cos 2x, sin 2x, ... (3) 
1, cos x, cos 2x, ... (4) 

and 
sin x, sin 2x, ... (5) 


are complete in the following spaces respectively: 

(i) in the space C*, 

(ii) in the subspace of C* consisting of all even functions and also the space 
C(O, x), and 

(iil) in the subspace of C* consisting of all odd functions and also the class of 
the functions belonging to C(0,2) and satisfying the condition f(0) = f (x) = 

Proof. Let t f be an arbitrary function belonging to the class C*. It is art 
formly continuous on the closed interval [—z, z] and has the period 27. 
TES given any « > 0, there is a polygonal function J7(x) with period 

such that 


IFO- < > (6) 


for all x. If fis an even (odd) function then the function J (x) can be chosen 
So that it is also even (odd). For instance, if we join with a polygonal line the 
points of the graph of f having the abscissas x; = jh; j = 0, +1, +2, . 


h= = where N is a sufficiently large natural number, this line can serve as 


the ph of the desired function I(x). The function I7(x) satisfies the con- 
ditions of the foregoing theorem and consequently its nth Fourier sum satis- 
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fies the inequality 

| Z(x)—S,(x)| < > for all x (7) 
when n is sufficiently large. Besides, if J7(x)is an even (odd) function the sum 
S,(x) is also even (odd). 

It follows from (6) and (7) that | (x)—S,(x)| < e for all x. This proves 
the theorem because S,(x) is a trigonometric polynomial, that is a finite 
linear combination of functions belonging to (3), (4) or (5) depending on the 
character of the function f in question. Note that S, is Fourier’s sum of I 
and not of f. 

The assertion of Theorem 3 does not contradict the fact that there are func- 
tions f € C* whose Fourier series are divergent at some points (in this connec- 
tion see the remark at the end of the present section). It should also be noted 
that if a function continuous on [0, z] (belonging to C(0, z)) is extended to 
(—x, 0) in an even fashion and then is periodically extended (with period 27) 
to the whole real axis, the resulting even function is a function of class C*. 
If a function continuous on [0,7] and satisfying the condition f(0) = f(z) = 
= 0 is extended to [—z, 0] in an odd fashion and then extended periodically 
to the real axis, the result is an odd function of class C*. 

It should also be taken into account that Theorem 3 implies the following 
property: for any continuous periodic function f (f € C*) with period 2x 
there is a sequence of trigonometric polynomials T,(x) (n = 1, 2, ...) uni- 
formly convergent to that function (throughout the real axis) whence it follows 
that the function f is representable as the sum of a uniformly convergent series 
of trigonometric polynomials: 

F(x) = ¥ Ox), Qo = To, Qk = Tk—Tk-ı (K = 1,2, ...-) 


0 


Theorem 4. The Fourier series of a function f € L,* (and, generally, of 
fE Lj) is convergent to it in the mean square on the period. 

Proof. Indeed, by the foregoing theorem, system (3) of trigonometric func- 
tions is complete in C*. Then, moreover, it is complete in Ls (see the theorem 
proved in § 14.9). Therefore the theorem stated follows from Theorem 1, 
§ 14.6 and from the general theory of series with respect to orthogonal sys- 
tems. 

By virtue of the theorem we have referred to, for the complete orthonor- 
mal system of trigonometric functions (§ 15.1 (1)), Parseval’s relation holds 
for any function f € L3* (and, moreover, for f € L3): 


frala 


! 


2 
+ 








firear = 2 [AO cos ket dt 








-+ 





Í f(t) sin nt dt 
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or, which is the same, 
1 ¢ 2 2 
= fispa =+ F (altib) (8) 
= kel 


Example. The function y(x) with period 27 defined by the relations* 
N —X 
y(x) = -z for 0 < x < 2x 
0 for x = 0 
obviously belongs to L’*. Its Fourier series is of the form 


— sin kx 


w(x) =.= (10) 
1 
because the function y is odd, and 


bp = — [ 7 sin kt dt => (k =1,2,...) 
0 

Any closed interval [a’, b’] not containing the points x, = 2kr (k = 0, +1, 
+2, ...) lies strictly inside another closed interval [a, b] (a < a’ < b’ < b) 
possessing the same property, and the function y is continuous on that inter- 
val [a, b] together with its derivative, and consequently it is smooth. There- 
fore, by Theorem 1, Fourier series (10) of the function y converges to it uni- 
formly on [a’, b’]. Hence, it converges at any point x # 2ka (k =0, +1, 
+2, ...). Moreover, it is also convergent to y at these points 2kz because at 
the points 2kz the function y and all the members of series (10) vanish. How- 
ever, there is no uniform convergence in any neighbourhoods of the points 
xk = 2k (k = 0, £1, +2, ...). 

Further, it is evident that y € L,*, and therefore, by Theorem 4, Fourier 
series (10) of the function y is convergent to y in the mean square on the 
interval [—z, 7]: 


J 


The function (x) is a simple example of a discontinuous periodic function 
with period 2x having a single point of discontinuity (of the first kind) on the 
interval 0 «= x < 2x. Its jumps at the points of discontinuity are equal to 
(0+-0)—y(O—0) = x. 

It is apparent that the function y(x— x?) whose graph is shifted by a dist- 
ance of Xo along the x-axis relative to that of y(x) has the discontinuities at 


(9) 


k 





v0)-5 | dx~0 (n=) 


* This function (x) and the function S(x) mentioned in§ 15.1 (see§ 15.1 (11)) are con- 
nected by the equality — y(x) = 5 S(x—z) and therefore the graphs of —y and > S and 
of their partial Fourier sums are obtained from each other by a shift by z along the x-axis. 
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the points x°+2km (k = 0, +1, £2, ...) with jumps equal to x. It can be 
expanded into the trigonometric series 
cos kx? 


w(x—x°) = ye ie cos kx += sin kx) 





which is its Fourier series because it is convergent in the mean square to 
p(x— x?) on (0, 27) (see the corollary of Lemma 1 proved in § 14.6). 

Now, proceeding from the properties of the function y, we shall prove the 
following theorem. 


Theorem 5. Let f € L’* (L*) be a piecewise smooth function on a closed 
interval [a, b] having a single point of discontinuity x? € (a, b) on that interval. 
Then the Fourier series of f is convergent at the point x? to the arithmetic mean 
of the right-hand and left-hand limits of f at that point: 


LOTTIE) = 0.4. (ay cos kx?+by sin kx?) (11) 
nla 


Proof. Let us assume that the value of f at the point x° is equal to the 
arithmetic mean of the right-hand and left-hand limits of f at that point: 


f°) = FU?) +/0°+0)] (12) 


If otherwise, we can redefine fat x? so that equality (12) holds, which 
does not alter the Fourier coefficients of f and, consequently, its Fourier 
series and its sum at the point x? either. 

Let us put 


F(x) = fi) +f) (13) 


where 
fx) = =f 0P+0)4+-F°—0)] yx) 


and y is the function defined by the above formula (10). The coefficient in 
(x—x®) is chosen so that 

Fox? +-0)—fox°—0) = f(2°+-0)—f(x°—0) 
It obviously follows that /4(x°+0)— fi(x°—0) = 0, and since y(x’) = 
= F [y(x?-+0)+(—0)] = 0, we have f(x) = 5 A+A -—0)); 
consequently, f(x°) = A) = fa(x°+0) = fÒ. 

Thus, the function fı is continuous at the point x° and, since it belongs to 
L’* and is piecewise smooth on [a, b], Theorem 1 implies that its Fourier 
series is convergent to fı(x®) at x°. As we know, the Fourier series of fz is also 
convergent to f2(x°) at x°. Consequently the Fourier series of fis convergent 


to f(x°) at the point x° because the sum of the Fourier series of the functions 
fı and fz is equal to the Fourier series of f = fit+-/2. 
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Taking into account (12), we thus complete the proof of the theorem. 

The Fourier series of the function f (described in Theorem 5) which has a 
jump at the point x = x° is convergent in a neighbourhood of the point x° 
and at that point itself but the convergence is nonuniform, and its speed is 
low. The speed of convergence of the Fourier series of /;(x) is higher, and 
the convergence is uniform in some neighbourhood of x°. On the other hand, 
the function /2(x) is represented by an extremely simple formula and can even 
be studied thoroughly without expanding it into the Fourier series. It should 
also be noted that the Fourier series of the function y is thoroughly studied 
in the special literature devoted to trigonometric series. 

Let us mention some further facts concerning the question of convergence 
and divergence of Fourier series. 

A. N. Kolmogorov’* constructed a function belonging to the class L* of 
Lebesgue (absolutely) integrable functions whose Fourier series is divergent 
throughout the real axis. . 

L. Carleson** showed that the Fourier series of any function belonging to 
the class L3 is convergent almost everywhere. Since C* c L3, the proposition 
of Carleson also applies to any continuous periodic function with period 
2x defined on the whole real axis. This proposition also holds for the func- 
tions f € Lp (1 < p < ~)***. 

On the other hand there are examples (constructed by Du Bois-Reymond 
and Fejér) of continuous periodic functions f(f € C*) whose Fourier series 
are divergent on the set of all rational points. These examples indicate that 
if it is only known that a function f is continuous this is not sufficient for its 
Fourier series to be convergent. For the convergence to take place the func- 
tion f should satisfy some additional requirements. In the theorems proved 
above the role of such an additional requirement was played by a Hölder 
(Lipschitz) condition of order «. In some other more sophisticated theorems 
this condition is replaced by weaker sufficient conditions. 

The properties of the Fourier series of 27-periodic functions established 
in this section can be automatically extended to the Fourier series of functions 
with an arbitrary period 2w. In this more general case we have 


f(x) = 7+ (ar cos etd sin = x) (14) 


where | 
2w 2w 
a, = =f cos = fA dt and h= =f sin = f (0 dt (15) 
0 0 
Thus, if a periodic function f € L’(0, 2w) (L(0, 2w)) with period 2w satisfies 
a Hölder condition of order « (0 < æ = 1) on a closed interval [a, b], its 


* Academician A. N. Kolmogorov (born 1903), a prominent Soviet mathematician. 
** L, Carleson, a noted modern Swedish mathematician. 
*** This was proved by the American mathematician R. A. Hunt. 
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Fourier series (14) is uniformly convergent to it on any closed interval 
[a’, b'] c (a, b); if f is piecewise smooth on [a, b] then its Fourier series con- 


verges to 5 [f(x+0)+/(x—0)] at its points of discontinuity x belonging to 


(a, b). 

Finally, if a function y = f(x) describes a periodic vibration process with 
period 2w (in physics or in some technical science) which is a sum of a finite 
or infinite nber of simple harmonic oscillations corresponding to the fre- 


quencies = (k = = 0, +1, ...) then the kth harmonic u,(x) = a; cos et 


+b, sin = can readily be found since the numbers a, and bx are nothing 
but the Fourier coefficients of f computed by formulas (15). On the other 
x as is known, a harmonic u(x) = a, cos —-x+, sin = x (k =0, +1, 


..) can be obtained physically from the compound real oscillation 
= ap (x) with the aid of special devices (resonators), and the experimental 
results thus obtained are in coherence with the corresponding data obtained 
mathematically. 


Examples. The functions below are considered as periodic with period 27. 


1. f(x) = sgn x(|x| <2); fix) = -2 iati, 


L psk fe) =2 S, 


3. fs(x) is an even function equal to = = on [0, x], 


— cos (2k+ 1)x 
Ax) = G45 SL ORE (2k-+ 1)? 


4. fAx) is an even function equal to 1 on (0, h) and equal to zero on (h, 2), 


<h<x, 


fox) = = |z+2 y (an) cos k| 


5. fs(x) is a continuous even function equal to zero on (2h, 7),0 < h = 3 ? 
equal to 1 for x = 0 and linear on (0, 2h), 


Ae) =F |T H (Yy cos kx] 


Exercise. Find out on what intervals (finite, infinite or coinciding with the 
whole real axis) the series in Examples 1-5 are uniformly convergent. 
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§ 15.6. Complex Form of Fourier Series 


Let a; and bx be the Fourier coefficients of a function f € L’* (or f € L°). 
By Euler’s formulas, we have 


a, cos kx +b, sin kx = a,.-—— + kay = one + c_pem ik 





here 
S a,— ib, a,+ ib, 
c= =z and c= (1) 
It follows that y i 
Ck = f (cos kt—i sin kt) f(s) dt = = J f(O em ## dt 
0 
and : ; 
ae f (cos kt+i sin kt) f() dt = + f : f(t) e" dt 
Ck mas I7 — Wn J e 
0 
Hence, the numbers 


27 
Ck = f f@e- dt (k=0, £1, £2, ...) (2) 
0 


can be computed with the aid of unified formula (2) applicable to all k’s 
(including k = 0 for which co = @o/2). 

It is important to note that if f is a real function then a, and bx are real 
numbers while the numbers cg and c~ may be complex in the general case but 
are mutually complex conjugate: 


Cak = Cr; k= 0, +1, +2, eee (3) 


Conversely, if ck = ¢_, for some k then the corresponding Fourier coeffi- 
cients a, and bx of the function f are real; if (3) holds for all k’s then all the 
Fourier coefficients and, together with them, the function /‘itself are real. 

Indeed, if, for instance, f € L,* then the Fourier series of f converges to f 
in the mean square, and, if the terms of the series are real then the function 
f(x) is also real. In the general case when f € L’* the same follows from 
Theorem 2, § 15.11. 

The nth sum of the Fourier series of f can obviously be written in the form 


S,(x) = 90.4.5" (ax cos kx-+- bx sin kx) = s cz etkx (4) 
1 -rn 
and the Fourier series of f itself in the form of the two-way series 


f(x) ~ THE. (a4 cos ko + by sin kx) ~ Ș cp etke (5) 
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We shall say that the series on the right-hand side of (5) is convergent for 
a given value of x if the limit 


lim J Cy ebkx 
n->œ on 
exists. 
We thus have defined the convergence of series (5) in the sense of the prin- 
cipal value: for the convergence in the ordinary sense it would be natural to 
consider series (5) convergent when the limit 


lim 5 cp ebk 
n m—>oo `m 
exists as n and m tend to infinity independently of each other. 
The (complex) functions 


ae (k = 0, +1, +2, ...) (6) 


form an orthonormal system on the closed interval [0, 27r] because 
Qn 
an =ils Jy — Í pik-Dx Jy = 
fz Vz -= ø Fý dx = z| €e dx Oxi 


Since the trigonometric functions cos kx, sin kx (k = 0, 1, 2, ...) form 
a complete system in C* and, moreover, in L} and L* (Theorem 3, § 15.5), 
the same property holds for the system e** (k = 0, +1, +2, ...) because 


cos kx = 1/2 (e***+e-*) and sin kx = 1/2i(e!**—e tk) 


The numbers cp (k = 0, +1, +2, ...) determined by formulas (2) are the 
owe coefficients of f with respect to the system of functions e'** (see § 14.6 
(2)). 

If follows that the series 


SO ~ ¥ ene 
obtained in (5) from the ordinary trigonometric Fourier series of a function f is 
the Fourier series of f with respect to the functions ex (k = 0, +1, +2, ...). 
It is called the Fourier series of the function f in complex form. 
By virtue of the completeness of system (6) in Lz, for any function f € Lz 
A holds Ratecval relation 


f If)? dx = È (is 7z] f fe dt af fO e7 a 


FOURIER SERIES. APPROXIMATION OF FUNCTIONS 213 


which can also be rewritten as 


z f GI de = È eel? (7) 


§ 15.7. Differentiation and Integration 
of Fourier Series 


Let f(x) be a continuous piecewise smooth periodic function with period 
2x.* Taking an arbitrary coefficient c, different from co we can perform 
integration K parts in its expression to obtain 





c= sf 10 e= di= z i aa "f few a) = 


Ck (= 21,2512) (1) 


sl- 


where 


= bf roma (2) 


Here we have used the periodicity of the functions f(A and e*t, by virtue 
of which 
SĄ | = 0 


The derivative f'(t) is periodic piecewise continuous function with period 
22 which may have a finite number of points of discontinuity of the first 
kind on the interval [0, 27]. Of course, it belongs to L’*, and the numbers cp 
(the complex Fourier coefficients off”) make sense for it. 

If a periodic function f(x) with period 2x is continuous and possesses a 
continuous piecewise smooth derivative of the (/—1)th order, integration by 
parts (see (1)) can be — out / times, which results in the equalities 


AER aE MP (k= +1, +2,...) KS 


where 
27 
P => | PO e at 
0 


are the Fourier coefficients of the derivative f(x) of the /th order of the 
function f. 
There holds the following important theorem. 


* What is established below also applies to a periodic function f with period 27 which 
is absolutely continuous on every closed interval (see § 19.5 (11)). 
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Theorem 1. If the Fourier series 
f(x) = F cre (4) 


of a continuous piecewise smooth periodic function? f(x) with period 2x is 
differentiated termwise the resultant series is the Fourier series of the derivative 


I'(x) of the function f(x): 7 
f~ y” cp ex = S” (ik) ck e** (5) 


Here the symbol )"' indicates that the summationis extended over all the values 
of the index k except k = 0, that is the term involving co is not contained in 
series (5). 

Proof. In the general case the function f'(x) is piecewise continuous and 
has discontinuities at those points where the derivative of f is discontinuous; 
however, at the points x; where f’ is discontinuous the limits f'(x 0) exist. 
To a function of this kind there corresponds its Fourier series cg e: 


S'O) ~ Vig (6) 


Series (6) may not be convergent to f'(x) for some x. In series.(6) we have 
27r 
ld 1 7 1 
=z | F'O dt = z- = 0 
0 


since f is a continuous periodic function with period 27. On the other hand, 
for all k = 0 there holds equality (1), and consequently (6) implies (5). 
Series (4) is uniformly convergent to f(x), which follows from Theorem 2, 
§ 15.5. 


Theorem 2. If the Fourier series 
p(x) ~ dc = (cg = 0) (7) 


of a piecewise continuous function** (x) (whose all discontinuities are of the 
first kind!) is integrated termwise (by taking as an antiderivative of e™, k = 
=+1, +2, ..., the function (iky te") the resultant series is the uniformly 
om Fourier series of the continuous piecewise smooth function f (x)— 


-5 a F(a) dx: 
0 
ID- | SQ) dx = YY exe (8) 


The theorem also applies to an absolutely continuous function with period 27 (see 


§ 19.5 (11) 
Pi theorem also applies to p € L*. In that caso f is an absolutely continuous func- 
non G19 19.5 (11)) whose Fourier series is uniformly convergent to it (this is proved in 
ive courses in the theorem of the Fourier series). 
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where 


Af Ko edt (k=41, £2, ...) 
0 


f= J p(t) dt (9) 


Indeed, by virtue of (9), the function f(x) as integral with variable upper 
limit of the piecewise continuous function ọ(t) is continuous and piecewise 
smooth on [0, 27]. Besides, we have 

ax 
fQ2n)-f0)= f p(t) dely = 
because 


2 
zx | g(t) dt = cf, = 0 


and, consequently, the Fourier series of f is uniformly convergent to f, 
whence follows (8). On the other hand, the right-hand side of (8) can be 
regarded, by virtue of (1), as the result ‘of the termwise integration (in the 
indicated sense) of the right-hand side of (7). 


Remark. Theorems 1 and 2 essentially extend, for the case of the Fourier 
series, the sufficient tests for termwise integrability and differentiability of 
general series known to the reader. These theorems also admit of further 
generalizations which however not only involve the notion of the Lebesgue 
integral but also that of a generalized function (see § 16.11). 


Exercise 1. Prove that if a periodic function f(x) with period 2s: possesses 
the continuous piecewise smooth derivative f@—)(x) of the (/—1)th order, itis 
representable in the form 


S= Rtg f Blt» fo at 


where 


lx 
œ COS | ku+-— 
ney = $2) (= 1,2, ...) 


Exercise 2. Using the relation 


B,(u) =- sin ka 
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from which it follows that B,(u) = #37 (0 < u < 2m) show that the function 
Bu) (for any / = 1, 2, 3, ...) regarded on the closed interval [0, 27] is a 
polynomial of degree / possessing the property that its integral over [0, 27r] is 
equal to zero. These polynomials are called Bernoulli’s* polynomials. 

§ 15.8. Estimating the Remainder of Fourier’s Series 


Theorem 1. Let a periodic function f with period 2x have a continuous piece- 
wise smooth derivative f°—» of the (l—1)th order throughout the real axis and 
let its derivative f® satisfy the inequality 


27 
sz) OR dx < Me (1) 
-0 


Then the deviation of the function f (x) fromits(N—1)th Fourier sum satisfies 
the following inequality : 


co {2 
S-n- <M?25 a) <Va5 ae O 


Proof. The condition of the theorem implies that the Fourier series of the 
function f(x) is convergent to it throughout the real axis. The deviation 
of f(x) from Sy_1(x) can be written in the form 


f()—-Sy_-a) = F (crece) = 
N 


-tea 0 


where c are the complex Fourier coefficients of f which are expressed (in the 
third member of (3)) in terms of the Fourier coefficients c of the derivative 
Ff with the aid of formula (3) of the foregoing section. 
On taking into account that 
le] = 1 


(because x is real) and using Parseval’s relation for f we obtain 


[f@)—Sw-10)1 <P ae (P| + |e!) < 
N 


< efr) (Saer+ | O19) < 
<h) (3s f IO] a) < MSE) ® 


* After D. Bernoulli (1700-1782), a Swiss mathematician and physicist. 
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The first inequality (2) has thus been proved. The second cruder estimate in 
(2) for the deviation of f from Sy_1 follows from the inequality 


a t= -i We) 
N N-1 


Remark. Estimate (2) continues to hold (and the proof remains essentially 
the same) when the periodic function f (x) possesses an absolutely continuous 
derivative of the (J—1)th order and the derivative of order / exists almost 
everywhere and satisfies inequality (1) in which the integral is understood in 
Lebesgue’s sense (see the footnotes concerning Theorems 1 and 2 in the 
foregoing section). 

We also note that it is possible to prove the estimate 


IFO- Sa) < CTF" sup ISOC) 


where C is a constant independent of n, but this involves a rather lengthy 
argument. 

Exercise. Confining yourself, for simplicity, to the case when / is divisible 
by 4, shọw that the first inequality (2) provides a precise estimate. 

Hint. From (3) it follows that for x = 0 we have 


=.) 
fO)—-Si0) = ¥ (P+) 
n+l 
and therefore the first two inequalities (4) become equalities if the numbers 
cf) are chosen so that they are proportional to = (see the remark after 


§ 6.2 (6). 


§ 15.9. Gibbs’ Phenomenon 
_ In this section we shall study Gibbs’ phenomenon which was mentioned 
a fee 
va) => (1) 
which is equal to 
-jie a 


on the interval (0, x) has as the nth partial sum of its Fourier series the ex- 
pression 


Pn(x) = 3 =e (3) 
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On the interval 0 < x < x we can write for this function (see the explanations 
below) the relations 


$+ n(x) = f (z+ cos kt) dt = 


S 2 


, 1 
-jee an] iw are} f cos nt di = 
x 








x 
sin s : A 7] ary f cos nt dt = 
0 2 


t 
tan —- 
” 2 





= f in dt-+-0(1) (n + æ) (4) 


which hold uniformly with respect to x € (0, 7). Here only the estimations 
of the second and third summands in the fifth member of (4) require ex- 
planation. Let us, for example, estimate the second summand. It can be 


written as 
x 


A, = f sin ntg(t) dt = 


‘ x i X+n/n 
e e ky A 
= zÍ sın ntg(t) dt—-5 f sin ntg(t+—) dt = 
0 njn 
nin x+njn 


= $ J sin ntg(t) dt—+ J sin ntg(t+—) dt+ 


> f sin nt|g()—g(t+=)| dt 
nin 
whence, since |g(t)| = M and g(t) = 0 outside (0, x) (see § 15.3 (7)), follows 
lAl <> = M45 M+ Í le) -e( g (+2)| dt = 0, n-+e (5) 


where the right-hand side is independent of x € (0, 2), and therefore the 
left-hand side tends to zero uniformly with respect to these x’s. 


On putting x = = in (4) and passing to the limit as n — oo we obtain (see 
the explanations below) 


d, = lim »,(=) = (6) 


== dt > 


O t yy 


n| a 
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(see relations (9) and (12) below). At the same time we have 


y(0-+0) = lim =>* = > (7) 
x>0 
x—0 
The direct computation shows that 
d, ds 2 sint 
= = — | — dt = 1.089490... (8) 
1 (10040) p00) yO+0) zJ r 


The fact that this ratio is greater than 1 (and is not equal to 1) is termed 
Gibbs’ phenomenon. 

Fig. 15.3 shows schematic graphs of the function f(x) = —y(x—z) and 
of its nth partial sum S,(x). We see that the function S,,(x) oscillates in the vici- 
nity of f(x) on the interval [~+ 6, «— ô] (where 6 = 0) for sufficiently large 
n. Indeed, the sum S,(x) uniformly tends to f(x) on this interval as 
n + œ. On the other hand, near the point x = x the graph of S,(x) sharply 
deviates upward from the graph of f(x); it is this way in which the sum S,(x) 
exhibits Gibbs’ phenomenon. Then the graph of S,(x) sharply goes down- 
ward to the point x = x of the x-axis. An analogous behaviour takes place 
on the interval [—z, 0]. ‘ 

It should be noted that the same phenomenon takes place in the case of 
an arbitrary function f € L* which is continuous together with its derivative 
on half-open intervals [a, x°) and (x®, b] and has, together with its derivative, 
a discontinuity of the first kind at x°. This follows from the possibility of 
representing the function f in the form of the sum f(x) = fi(x)+/2(x) (see 
§ 15.5 (12)) where fı is a continuous* piecewise smooth function on [a, b] 
and f(x) = = (x—x*) where x is the jump of fat x°. The Fourier series of fı 
uniformly converges to fı on [a’, b’] c (a, b) while the function fz is nothing 
but the result of the multiplication of the function y by a constant and by 


the shift of the argument by x°. For the function fz (and, consequently, 
for fas well) Gibbs’ phenomenon takes place with the same value of ratio (8): 


1 Ie t 
p (f(x°+0)—S(°— 0)) 


0 


where in this case Pre 
‘ n +O)+f(xX"— 
d(x") = lim [s.(+=)-- oe 
and S, is the nth Fourier sum of f. ; 
Gibbs’ phenomenon and, generally, Fourier’s expansions of functions, 
Should be regarded as an exhibition of the law of nature; for instance, the 
former was first discovered by Gibbs purely experimentally. 





* More precisely, the function fı may have removable discontinuities. 
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There hold the relations 
By sin x sin x 
+= I me d= f (= =m)" dx (9) 


For the second of them see § 13.15 (12). The first of them can be obtained 
as follows (see the explanations below): 





m f sin (n+1/2)r = f sinnt ri. i 1 
2 = 2 sin ¢/2 dt = J t di+ J sin mt (Faq gar) Et 
+3 [cos nt dt = (= dt+o(1) = 
0 0 
nn e pe e 
= f [=-a (n>a) (10) 
0 0 


The first equality in (10) follows from § 15.2 (3) and (5) and the third from 
Theorem 1,§ 15.4 and also from § 15.3 (7). 

The integral on the right-hand side of (io) can also be written in the form 
of the series 


(k+1)x 
sin x sin sin x y sin (kx+-u) du ba 
EZE x J rife eta = (Dan 
0 


It is clear that the numbers a, are nonnegative and monotonically tend to 
zero, and hence the right-hand member of (11) is a Leibniz series. It follows, 
in particular, that 


z fp sinx f sinx 
Remark. The function 
n(x) = | Ea = | SY du (13) 
0 0 


attains its maximum value on [0, œ) (which is equal to 2/2) at the point 
xı = 2/2. 
Indeed, since the derivative 


„a _ _, Sin nx 
A(x) =n a 
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vanishes only at the points x, = kz/n(k = 1,2, ...) of the interval (0, œ), 
the points of extremum of the function 2,(x) on ‘that interval can only be 
among these points. But we have 


n 27 kn 
An(Xk) = = du—{ Edut ... +1 | Edu < 
z (k—1)x 


< |F du = Ax) =F 


0 


whence follows the aah assertion if we take into account inequality (12) 
and the fact that 2,(0) = 

It follows that the acai d, (defined originally in (6)) can aso be defined 
with the aid of the equality 


d, = lim max y»,(#) (14) 


x->0 0ætæx 


Indeed, R us choose x € (0, 7) and then find a natural number n such that 
<< x< -Z . Then pa( =) < a »,(t), and, since n + o when x > 0, we 


see that, by virtue of (6), d} = im max r(t). On the other hand, by virtue, 


of (4), we can write the latons 
n(x) < A,(x)+o(1) = An(n) + o(1) = d} +0(1) (n =œ) © 


holding uniformly with respect to x € (0, 7), whence, taking into account 
that n > œ for x — 0, we obtain lim max y»,(t)<d,. 


x—0 O<t=ax 


Now we see that d, is in fact equal to the right-hand member of (14). 


§ 15.10. Fejér’s® Sums 


As was mentioned in § 15.5, there are examples of continuous periodic 
functions f with period 2x belon, ging to C* whose Fourier series are divergent 
at some points and even at an infinite number of points of an arbitrarily 
chosen countable set, for instance, at all rational points. In this connection 
of extreme importance is the fact that the Fourier series of an arbitrary func- 
tion f € C* is uniformly summable to f throughout the real axis with the aid 
of the method of arithmetic means (see § 11.10). 

Let us take a function f € L’* (or, generally, f € L*) and form its Fourier 
Series 


f(x) ~ 24 (ax cos kx-+ by sin kx) 
1 





* L. Fejér (1880-1959), a Hungarian mathematician. 
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where 


2x 
a= 5 f fcosktdt (k=0,1,...) 
0 


and 


Qa 
be = — f Osin ktdt (k=1,2,...) 
0 


Denoting the partial sum of the Fourier series as 


Sn = $0.4 5° (ar cos kx+ bp sin kx) 
1 


we form the arithmetic means of the sums So, Si, ..., Sn: 


Oy = Statta (n = 0, 1, 2, ...) (1) 


We shall begin with deriving a compact expression for o,. To this end we 
write 


= 


= af f Oat > = a | Dat») fa = 


a TE f io) f(t) at 


On taking the imaginary parts on both sides of the equality 








n ef2/2— eftn+3/Dz 1— ef"+Ds 
iis T n R 2 
k=0 
we receive 
ntl 
sin? —— x 
A a i\_„ _ l-cos(n+1i)x _ 2 
2 i (+z) 7 2 sin p sin = ©”) 
= 2 2 
Consequently, 
1 2 i nsin (e+5)s 
z+) Dex) =>+) m 
1 1 2 sin — 
2 
Pe ical i 
= LY sin (k+5)x = 2 
2 sin > 0 sin pJ 
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and we obtain , 23 
a(x) == [ Ft—a)fdt=—[ Fw fl+u)du A) 
where f i 
. n+i 2 
1 sın > x 
F,(x) = > | ———— 
= wen | (5) 


In the derivation of the last equality (4) we have used the periodicity of the 
integrand. 

The function o,(x) is called Fejér’s sum (of order n) and the function F,(x) 
is Fejér’s kernel. It can readily be seen that 








1, & ati-k 
F,(x) mee I cos kx (6) 
Therefore the sum o,(x) can also be written as 
n ——_— e 
on(x) = 24 F ntis (ax cos kx+ bg sin kx) (7) 
kal 


Let us enumerate the following properties of the kernel F,(x): 
(i) F(x) is a nonnegative even trigonometric polynomial of order n (see 


(5) and (6)); 
2x 
di) $f Ad =1 (8) 
0 
(see (6); take into account that cos kx is orthogonal to 1; k = 1, 2, ..., 7). 
dx z= 6 l 
F TE = ———————— ee -> 0 (n -> oo) 
(sin $) An+1) (sin 5) 


z property (ii), the deviation of o,(x) from f(x) is expressed by the for- 
m 


(iii) f Fils) deaf 
0 0 


27 
o()—f() =F [ E-A- dt = 


== | ROUG+)-S@) at 0) 


In the derivation of the last equality we have used the periodicity: of the 
integrand function. 
Now we proceed to the following theorem. 
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Theorem 1 (Fejér). Fejér’s sum of order n of an arbitrary 2n-periodic func- 
tion f (x) continuous throughout the real axis (i.e. f € C*) uniformly tends to 
that function as n > æ: 


I] F—-Onllco, 2 = max ISO) o -~9 (n=) (10) 


Proof. Let œ(ô) be the modulus of continuity of the function f; œ(ô) is a 
continuous function of 6 (see § 7.10, Example 2). Therefore, by virtue of (9) 
and properties (i), (ii) and (iii), we have 


lo(x)-fO) f Eol) dt == f Et) dt = 
ò n 
== f FO olt) de+= f F) olt) dt < 
0 é 
< 0(8)+K— [RQd<5+5 (n>n K>o() (11) 
8 


where first 6 is chosen so small that w(6) < > and then no is taken so large 


that the second summand in the fifth member of (11) becomes less than $ 


for n > no. 

Later on we shall prove some other properties of Fejér’s sums (Theorems 
2 and 5 in§ 15.11) for the general case of an arbitrary dimension n which are 
important for the theory of Fourier’s series. 

We already know that it may happen that the arithmetic means of the 
partial sums of a number series converge to a limit while the series itself is 
divergent. That very situation takes place in the case of the Fourier series of 
an arbitrary continuous function. There exist continuous functions whose 
Fourier series are divergent on any preassigned countable set, for instance, 
on the set of all rational numbers. But, as has been shown, this does not pre- 
vent the arithmetic means of the partial Fourier sums of any continuous 
function f from converging (even uniformly!) to f. 

Note that, in particular, Fejér’s theorem implies the completeness of the 
system of trigonometric functions 


1, cos x, sin x, ... (12) 


in the space C°. For, if f € C* and £ > O is an arbitrary number then there is 
n such that there holds inequality (11) where o,(x) is a trigonometric poly- 
nomial, that is a finite linear combination of functions belonging to system 


(12). 
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§ 15.11. Elements of the Theory of Fourier Series 
for Functions of Several Variables 


The functions 
1 
Gaye 
(k; = 0, +1, +2, os J=9, ss N) (1) 


are periodic with period 2x with respect to each variable xj. 
They are orthonormal on the n-dimensional cube (“n-dimensional pe- 
ri od”) 





ekt, k = (kn... kn); kx = F kj% 
1 


A, = {r = x4 an; j=1,...,n} (2) 


al 


(and also on any other cube with edges of length 27 parallel to the coordinate 
axes) because 


1 1 = 
| cape mp ow de = 
dg 
0 forkæl 


1 f Š i = = 
Ja Won dr... | ete Inn dXn = $ for k=l 


F 


For, if k = l, then there is j for which k;—J; ~ 0, and hence we obtain 


| etp ds dy = 0 
if k = 1, the integrands of all the integrals entering into the product are 
equal to unity. It is clear that system (1) is countable. 
We shall deal with the following classes of (complex or real) functions 
with period 2x (with respect ta each variable x;) defined in Rr. 
The class C* consists of the continuous functions and is equipped with the 


norm 
lf llce = max lf) 


The class L* consists of the functions (Lebesgue) integrable on the period 
A,, the norm being defined as 


Wiles = [1 s@)| de 
Ag 


The class L3 consists of the functions which are Lebesgue measurable and 
have (Lebesgue) integrable squares of their moduli. The corresponding norm 
is 


WT lig = (J HO ax)" 
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The Fourier series of a function f € L* in camplex form is written as 
fŒ) ~ Yicxe™ (3) 


where 


ck = F J f(t) e- dt (4) 


and the sum extends over all the possible integral vectors (i.e. having integral 
components) k = (kı, ..., kn) (Ky = 0, £1, £2, ...; f= 1, n). 

The numbers cg are called the Fourier coefficients of f. The Nth Fourier 
sum is written in the form 


Sy(x) = Z ae = TF P a e`ikt-») f(t) dt = 


Kik 
1 
= ——. > eT k(t: —*1) ead ET Kaltn—*n) fi (t) dt = 
Gai 4, kil =N oe 
JĮ Pxts— a) f (t) dt (5) 
j= i 
where 
1 N 
Dy(u) = PEDA cos ku 
l 
is Dirichlet’s sum (of order N). 


The multi-dimensional analogue of Fejér’s Nth sum has the form 
on(x) =e [Pn(t—2) fO d = [Ow f(xtw)de ©) 
Ag Ag 


where 
. N+1 \2 
ï i sin —5 t 
®)(u) = T] Fry), FÀ) = NDI r7 (7) 
j=l sin > 
Let 


A, = {|u| se; j=1, ...,n} 
Then for the function x(u) (Önx(u) > 0) we have 
~ f Dnu) du <} f Dniu) du = 1 (8) 
de Ae 


and 
f Durlu) du ~ 0 (N = œ) (9) 


g=, 
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For the planes in which the faces of A, lie divide 4, —4, into a finite number 
of rectangles (i.e. rectangular parallelepipeds with edges parallel to the. co- 
ordinate axes) on each of which at least one coordinate u;, satisfies the in- 
equality |,| = £. Therefore if the integral with element of integration Py du 
is written-as the product of the integrals with elements of integration 
F,(u;) duj, one of the factors (Corresponding to j = jo) tends to zero as N — co 
while the other factors (which are positive} do not exceed 1 (see § 15.10, 
properties (i)-(iii) of the kernel Fy). 

Let us prove the following theorem generalizing Theorem 1, § 15.10 to 
the n-dimensional case. 


Theorem 1. The Nth Fejér sum oy of a function f € C* satisfies the condition 
f—-onllee +0 (N+) 
Proof. Taking into account (7)-(9) and denoting by w(6) the modulus of 
continuity of f we can write 


jon) -S= E) On(u) e+) “Fd <= |On olan du < 


n” 





PEA (25) fondut” f oro du) < 
d 4—45 


< w(28Vn) += J ®y(u) du < e 
4,.—43 
(N > No, K = max |(t)|) 


Here we first choose ô so that o(28/n) < > (26/n is the diameter of 
A.) and then take a sufficiently large No so that the second summand in the 
fifth member of these relations becomes less than 5 : 


Theorem 2. The Nth Fejér sum on of a function f € L* satisfies the condition 
\Wf-onllee = [1f()—-on(x)| de 0 (N +=) 
da 


Indeed, we have (see the explanations below) 
fowls =- f de] f Ono) Le +u)—f(2)] du| < 
de de 





=X |On) dw f |f(e+0)-s@)| de = 


== | Dn) Au) du +0, N= (10) 
da 
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where 


Aw) = fifet+u)-f@)| dx 
de 


is a continuous (see below) periodic function with period 27 (with respect to 
each scalar argument) which is equal to zero for u = 0. According to Theorem 
1, the last integral in (10) involving this function tends to zero as n — co for 
this integral is nothing but the value of the Nth Fejér sum of the function 
A(u) at the point # = 0. 

In the second relation (10) we have changed the order of integration, 
which is legitimate because in the theory of, the Lebesgue integral it is proved 
that, for any nonnegative measurable function, the integrations with respect 
to different variables can be interchanged without altering the result (see 
Fubini’s theorem in § 19.3, property 19). 

The continuity of A(u) is established as follows: 


A-A) <= f 1f(e+tu)—fetw)|de~0 (ww) 


de 


The last property (the convergence to zero) follows from Theorem 6, § 14.4, 
in which we should assume that f = 0 outside a finite cube with sufficiently 
large dimensions containing the cube A, (with the same centre). 


Theorem 3. System of functions (1) is complete in C* (and, consequently, in 
L* and L; as well; see§ 14.9). 

The assertion of this theorem follows from Theorem 1 if we take into ac- 
count that, for any N, Fejér’s sum on(x) is an expression of the form 


Y, apee = Ty(x) (11) 
li=n 


where æg are some numbers, that is oy is a finite linear combination of func- 
tions belonging to system (1) (in other words, oy is a trigonometric polyno- 
mial of order N). Indeed, the one-dimensional Fejér kernel can be written 
in the form (see § 15.10 (6)) 





F(x) = 5+ b> TH k sos kx = 4 5 [+S eae (eremi) 


whence it is seen that the kernel ®y(t—x) = I Fy(t;—x)) 1s a trigonometric 


j=l 
polynomial in x of order N with vector parameter £. The multiplication of 
Dy(t—x) by f(#) arid the integration of that product with respect to the 
parameter £ € A, (see (6)) lead to a trigonometric polynomial in x of order N. 


Theorem 4. Fourier series (3) of a function f € Lz is convergent in the mean 
square to f (i.e. in the sense of L, = L(A, 
This follows from the completeness in T of the system of functions (1) 
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orthonormal on A, and from Theorem 1, § 14.6 proved in the general theory 
of series with respect to orthogonal systems. 
Any series of the form 
2, cp e= (12) 


(where cx are numbers) extending over all the possible integral vectors k is 
called a trigonometric series (in complex form). 


Theorem 5. Jf series (12) is the Fourier series of a function f belonging to L*, 
this function is determined uniquely to within its values on a set of measure zero. 
Indeed, let (12) be the Fourier series of a function f € L*. Then 


1 
ck = mF J f(t) e dt 


This formula uniquely specifies, for any N, Fejér’s sum on(f, x) of the function 
f in question because the kernel ®y(x) of this sum is a definite linear combi- 
nation of the functions e~* (|k;| = N). By Theorem 2, the sum oy(x) 
tends to f(x) as N — œ in the sense of the convergence in the space L(A,). 
This obviously determines the function f uniquely to within its values as- 
sumed on a set of measure zero. 

At the end of § 15.5 we already mentioned Kolmogorov’s theorem assert- 
ing the existence of a function fo € L* dependent on one variable whose 
Fourier series is divergent throughout the real axis. Hence, from the point of 
view of the pointwise convergence the Fourier series of the function fo has 
nothing in common with fo and does not represent it in this sense. But this 
does not mean that there is no connection at all between fo or, generally, 
between a function f € L* and its Fourier series. On the contrary, they are 
Closely related but in the sense different from that of the pointwise con- 
vergence. Indeed, as has been shown, the Fejér sum oy of order N of any 
function f € L* which is closely connected with the Fourier series of f possesses 
the property that (Theorem 2) it converges to f with respect to the metric of 
L*. Theorem 5 also establishes a relationship between the functions f € L* 
and their Fourier series; according to this theorem any two different (not 
coinciding almost everywhere) functions belonging to L* possess different 
Fourier’s series. As will be seen later (§ 16.11), it is this property that provides 
a foundation for the generalization of the notion of functions f € L* to more 
general objects (the so-called periodic generalized functions). 
oe (5) for the Nth sum of the Fourier series of f(x) can also be written 
in the form 


Sy(x) = = Í I (5 + cos (t—x;)+ --+ COS N(Y —x)) FO dt = 
A, }=1 


= + f 5” Roe cos kı(tı— x) ... Cos Ki(ta—Xn) f(t) dt (13) 


de k,=0 k,=0 


where the prime indicates that the functions cos k,(t;—x;) with k; = 0 
(j= 1, ...,) under the summation sign )”’ should be replaced by 1/2. 
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Expression (13) admits of some further useful modifications; we shall limit 
ourselves to presenting them for the two-dimensional case (n = 2). For 
n > 2 they are quite analogous. 

On putting 


J cos ku cos lv f(u, v) du do 


1 
=a 


= 
ome 


f sin ku sin lv f(u, 0) du do 


o 
= 
li 

a- 


(14) 


f cos ku sin lv f(u, v) du dv 


=- 
7 


2 
on 
| 


| sin ku cos lv f(u, v) du dv 


~R 


= 


SU] me 
isa ia ia a 
| 


aj- 


and 
Akı = ayy COS kx cos ly+bpi sin kx sin ly + 
+x, COS kx sin ly+d,, sin kx cos ly (15) 
we obtain 


7 n 


1 N N 
Sux, =z | | y” Y” cos k(u—x) cos I(v—y) f (u, v) du dv = 


=n =g K=O i=0 


N N 
0 0 

where the prime in the second sum indicates that Aoo, Axo and Ao; (k, | = 0) 

must be in fact replaced by > Ace | os and 4% > Tespectively, and the same con- 

vention applies to the first ee Thus, 


N 
Sn(x, y) = oe (ako Cos kx+ dpo sin kx)+ 
iN : N N 

+>), (ao; cos ly + Co, sin ly)+)° > Arx, Y) (16) 
1 11 


Fourier series (3) of the function f with respect to system (1) can be trans- 
formed formally into the series 


{@y) ~ B+5 7 (ako cos kx+ dpo sin kx)+ 


FY (a Go, COS ly+ co sin ly) +E 3 Axx, y) (7 


1 
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It should be noted that series (17) can also be derived in a direct manner. 
The matter is that the trigonometric functions 


cos kx cos ly, sin kx sin ly, cos kx sin ly, sin kx cos ly (18) 
(k,l = 0, +1, +2, ...) 


form, as can readily be shown, an orthogonal system on the rectangle 
A, = {-—% = x, y <a}. The expansion of f into the Fourier series with 
respect to this system exactly results in series (17). 

Thus, series (17) in which the numbers axı, bki, cx; and dy are computed by 
formulas (14) is the Fourier series of f with respect to system (18), and num- 
bers (14) are the Fourier coefficients of f relative to system (18). 

It follows that 


Akt = Agi COS kx cos ly-+ by; sin kx sin ly+ 
+ Cz; cos kx sin ly + dy sin kx cos ly = 
= cel ty) + Ck, = pelke—b) +. c*. k, yoke tly) +e k,— jo i(kx+ly) 


where (in distinction to the foregoing formulas) ci; denotes the correspond- 
ing complex Fourier coefficient (in order to distinguish between such a 
coefficient and cx in (14)). 

We also note that system (18) is complete in C* (and, consequently, in L* 
and L% as well), which follows from the completeness of system (1) and from 
the fact that the functions forming system (1) are finite linear combinations 
of functions belonging to system (18). 

Finally, we also mention that if f € L* is a real function, its Fourier coeffi- 
cients Akn bki, Cki and dy, are real while, generally speaking, the coefficients 
ckı are complex but satisfy the condition that c*,,_, and c% are mutually 
complex conjugate: c*,,-; = Ck,- 

Now we return to the general n-dimensional case using the former notation. 


Ifa function f € C* possesses the partial derivative = € C*, the expression 


of its any Fourier coefficient cą with k, = 0 admits of integration by parts 
(see § 15.7): 


27 27 








n—-l 2 
1 -iS kyt 7 
CAF) = aay | ° o o J e x ‘ss dt, eee dirs J e Kate f(t, eeeg tn) at, = 
2x 2s 2-1 
Se Í (eR at dt,-1-X 
= Gap). se) eae 


27r 
xj e~ iknin Lin, wee tn) dta = x (s2) 


Generally, if 2 = (Ai, ..., An) is a given nonnegative integral vector (i.e. 
y are nonnegative integers; j = 1, ..., n) and f® € C* for every nonnega- 


232 A COURSE OF MATHEMATICAL ANALYSIS 


tive integral vector s<A (i.e. sjæ2;; j= 1, ..., n), the integration by 
parts performed the corresponding number of times yields 


1 n 
af) = age cf) (ia = D4, k = eb. e) (19) 
where we should put 4, = 0 and k} = 0° = 1 when k, = 0. As to the num- 
bers c,(f), they are the Fourier cfficients ooef the derivative f®. 
Formula (19) does in fact hold in the more general case when the function 
f € L* has the (Sobolev) generalized derivatives (see§ 19.5) f® € L* (kj << Aj). 
Theorem 6. Let A = (A, ..., A) be a vector with positive integral components 


A equal to each other and let a function f(x) = f(x1, ..., Xn) belong to C”? 

together with its partial derivatives f™ of order k = À (k; =A). Also, let the 
inequalities 

Gay ISOR de a M (20) 

4g 


hold for any vector I = (h, ..., ln) whose components l; are equal to 0 er to 
> 0. 

Then the deviation of the Nth Fourier sum Sy(x) of the function f(x) from 

f(x) satisfies the inequality 


II-S < <4 


where the constant C depends solely on 2 and is independent of M and N. 
Proof. The remainder of the Fourier series of f corresponding to the partial 


sum Sy is 
on(x)= i cre (21) 
max |k;|>N 


Let us choose a natural number m satisfying the inequalities 0 -= m < n 
and consider the set Qm of the integral vectors k = (kı, ..., kn) whose 
coordinates satisfy the relations 

[ky] = 0 (j= 1, ..., mifm => 0) 

[Km+1| > N, |k] => 1 (j= m4+2, ..., nif m<n—1) 
The same symbol 2,, will also be used for denoting any set of vectors k 
which can be transformed into the above-described set by the corresponding 


permutation of the indices j. To each given m there obviously corresponds a 
finite system of such sets Qm; the set of all k’s over which sum (21) extends is 


(k: max |k > N} = >” 2, 2m (23) 


m=0 


) (22) 


where the second sum extends, for every m, over all the different sets Qm. 
Let us estimate the sum of the moduli of only those terms of series (21) 
which correspond to the vectors k belonging to some Qm. For definiteness, 
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let us assume that Qm is described as in (22). For the other sets of the type of 
Qm the calculations ; are quite analogous and lead to the same estimates. 
We have 











| | x g-m f 
Ck) = zA... ox <= 
2, j kén Kat ae npa a) ) 
1 1/2 an-A f 2\ 1/2 
< c cki) —— = 
RA Ks sues =) (2. (az. asi T) ) 
co 1 co k 1/2 c’M 
'M ry rT meee — “aop (24 
a (2, ken. een kats ką=1 iz) Ne oS 


(see (19) and (20)). Consequently 
lon(e)| = ar (25) 


where C is a constant independent of M and N. 

It follows from (25) that the Fourier series of f is uniformly convergent; 
as is known, it is also convergent to fin the mean square. Therefore it con- 
verges uniformly to that very function f(x) (see the lemma below), and,con- 
sequently 


len(x)| = Iœ) S(x) = Fr a8 
which is what we set out to prove. 
Lemma 1. If a series of the form 
Uo(X)+-u1(x)+u(x)+ ... 


consisting of functions u(x) (j= 0, 1, 2, ...) continuous in a domain Q is 

convergent in the mean square to a continuous function S(x) and, at the same 

time, converges uniformly on Q to a function o(x), then S(x) = o(x) on Q. 
Proof. Let Sn(x) be the sum of the first N terms of the series and let 


xy = max |o(x)—Sy(x)| 
x€V 


ee V c Qis an arbitrary ball. By the hypothesis, y - 0X§311.7). There- 
ore . 


( J |S(x)—o(x) |? as)" ie 
= ( JIS- Sri) de)" + fisd -ot Ras)" 


< ( J |S(x)—Sr(x)/? as) nT +0 (N+) 
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Consequently, the leftmost member of these relations is equal to zero, and, 
since the functions S(x) and o(x) are continuous, they are indentically equal 
to each other. © 

Theorem 6 has been proved. It does in fact hold (and the proof remains 
the same) under the more general assumption that the partial derivatives in 
(20) are understood as generalized ones in Sobolev’s sense. 

Now, for an arbitrary n > 0, we form the set K, @ o gin region) 
which is the union of the n sets {|u| < n} (j= 1, ..., n) and proceed to 
the following theorem. 


Theorem 7. For any function f € L” (or f € L*) and an arbitrary n > 0, 
the equality 


S- = = f I Dulu)Lfe+a)—f(e)ldut-o() (N > =) (26) 
pie 
holds uniformly on any set 2 of points x on which f is bounded. 


Proof. We shall confine ourselves to the two-dimensional case. We nave 
the relation 


J Du) Dalo) Ef (etu, y+ 0)-f (x,y) du do = 
n 


= f f sin (N+) ug(s) sin (N+) eg(0)x 


X[fx+u, yt+o)—f(x, y) dudv 0 (N+) (27) 
which holds uniformly on the domain Q where f is bounded. Here 
1 


- Uu 
gu) = 4 28> 
0 outside [n, 7] 


Property (27) follows from a simple lemma generalizing Lemma 2 of § 15.4 
to the two-dimensional case. 

A property analogous to (27) obviously also holds for the integral on the 
left-hand side of (27) when its domain of integration is replaced by a domain 
symmetric to the former with respect to any of the coordinate axes and with 
respect to the origin. 


Remark. A thorough investigation shows that in the general case the cross- 
shaped region K, in formula (26) cannot be replaced by the cube 4, = {|u| = 
<n, j= 1, ..., n}; here lies an essential distinction between the Fourier 
series for functions of many variables and those for functions of one variable 
(cf. § 15.3 (8); see also § 16.8 (17)). 





forn <u <x 
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§ 15.12. Algebraic Polynomials. Chebyshev’s Polynomials 


To establish a relationship between algebraic and trigonometric polyno- 
mials (more precisely, even trigonometric polynomials) let us resort to the 


equality 
cos nO+i sin nô = (cos 0+i sin OY = 
= (cos 0)'+-iCli(cos 6)"—! sin x+i7C2(cos gy2 sin? 0+ . 
The terms on the right-hand side involving even powers of sin 0 are real 


while those with odd powers of sin 0 are imaginary. Besides, (sin 6°" = (1— 
—cos? 6" (m = 1, 2, ...). It follows that for any natural n we have 


cos n0 = Q, (cos 0) 
where Q,(x) = cos narc cos x = of)-+afx+ ... +af)x" is an algebraic 


polynomial of degree n with real coefficients. It is ‘called Chebyshev’s polyno- 


mial of degree n. 
Obviously, 


Q(x) = 1 
Q(x) = cos arc cos x = x | 
Q(x) = 2(cos arc cos x)?—1 = 2x*—-1 


It follows that every even trigonometric polynomial 
T,(8) = ty a, cos kô 


is transformed with the aid of the substitution 0 = arc cos x (or x = cos 6) 
Into the corresponding algebraic polynomial of degree n (this substitution 
specifies a homeomorphic, that is continuous and one-to-one, mapping of 
the closed interval 0 = 0 =x on the closed interval —1 = x < 1): 


n 
P,(x) = T,(are cos x) = 24y a, COS k arc cos x 
1 


It is important that, conversely, the substitution x = cos 0 (0 = 0 «x, 
—1 <x < 1) transforms an arbitrary algebraic polynomial 


PAX) = dot ayxt+ ... + anx” 
of degree n into the corresponding even trigonometric polynomial 


T,(6) = P,(cos 0) = the cos kô 


(see § 8.11 (8)) where the numbers œx (k = 0, 1, ...,) depend on Py. 
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§ 15.13. Weierstrass’ Theorem 


Theorem 1 (Weierstrass). The system of functions 
1, x, x*, ... (1) 
is complete in the space C(a, b) of continuous functions. In other words, for any 
function f(x) continuous on [a, b] and any e > 0 there is an algebraic poly- 
nomial P,{x) such that 
\f(~)—P,(x)|<e forall x € [a; b] (2) 


We shall first carry out the proof for the interval [—1, +1]. Let f(x) bea 
continuous function defined on [—1, +1]. Then f(cos t) is a continuous 
function on the interval [0, 7t], and, since the system of the functions 

1, cos t, cos 2t, ... 
is complete in C(0, 7x) (see Theorem 3, § 15.5), given any € > 0, there is a 
trigonometric polynomial T,(t) such that | f(cos 1)—T,,(t)| < «. 

The trigonometric polynomial T,(t) can be written in the form T,(1) = 
= P,(cos t) where P, is an algebraic polynomial of degree n. Hence, 

| f(cos t)—P,,(cos t)| < e (0 = t <7) 
and therefore 
| f(x) —P,(x)| < e (-1<x<1l) 
which proves the theorem for the closed interval [—1, +1]. 

In the general case when we are given a continuous function f (x) defined 

on a closed interval [a, b] we can make the substitution 


x= a+75"(2+1) 


which specifies a linear one-to-one mapping of the interval [—1, +1] of 
variation of z on the interval [a, b] of variation of x. Then the function f(x) 
goes into the function 

F(z) = f(a+73! +1) 
which is continuous on [— 1, +1]; by what has already been proved, for the 
latter function there is a polynomial P,(z) such that 


| F(z)—P,(z)| < £ z€[—1, +1] 
The inverse transformation leads to the inequality 
If)—-RAx)|< 6 x € [a, 5] 


where R(x) = PATE.) is obviously a polynomial. 

The theorem has been proved. 

It should be stressed that the degree n of the polynomial P,(x) (for which 
inequality (2) holds with a given £) depends on €. Generally speaking, when 
e — 0, the degree n tends to infinity. 
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§ 15.14. Legendre’s Polynomials 
Let us take the functions 
1 -1 
Lox) = 1, L(x) = zp SY 1,2...) (1) 





We shall consider them on the closed interval [—1, +1]. For each / = 0, 1, 
2, ..., the function L,(x) is obviously a polynomial exactly of degree /. On 
differentiating the expression (x?— 1% = (x—1)"(x+ 1} according to Leib- 
niz’ rule we obtain 


oY = nl(xt+l1/+... 


where the terms denoted by the dots contain the factor x—1. Therefore 
L,1) = 1 (l= 0, 1, ...). Putting m < n and integrating by parts we re- 
ceive 
+1 +1 rem 
2mm! [Hares f | e k= 
= x™ 


+1 
d-(x?— 1)" _, 4108-1)" 
|e AF a d= 


mam | m ED ge .=0 


The first summand in the third member is equal to zero because +1 and 
-1 ae the roots of multiplicity n of (x*— 1)" and, consequently, the deri- 


vative- (2—17 (m = 0, 1, ..., n— 1) vanishes at the points +1. To the 


last of ie integrals written explicitly i in the above relations which contains 
x™—1 (instead of the original power x”) we again apply integration by parts, 
which again reduces the power of x by unity, etc. The continuation of this 
process brings the power of x involved to zero. 
i pe equality we have obtained shows that system (1) is orthogonal on 
—1, +1]. 

Letus evaluate the integral of the aes of L,(x) over the interval [—1, + 1]. 

To this end we put u,(x) = (x2— 1}. Then 


j uC) u(x) dx = — f uy (x) ug t(x) dx = 


+1 +1 
= | ul (x) Mx) de =... = (-1 fle? de = 
at —1 


= (2n)! | 0—27 (1+x dx 
-1 
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But we have 
+1 


+1 
f (1—x)" (1+3) dx = = J (1—71 (1+9"+! dx =... 
-1 


— 


_ __mn—1). (nD)? 
Ea G+) @+2). E i (hha) dx = aa ar, 
+1 
and therefore f L2(x) dx = ae Consequently the normalized polyno- 
-1 
mials are of the form 


pd = FF L = PH ae a01.) O 


On the other hand, if we apply the o opa Pon process developed in 
§ 14.7 to the system 1, x, x”, ... on the interval [— 1, +1] we shall obtain the 
complete orthonormal system Pol), AO), P(x), ... on[—1, +1]. 

At the nth stage of this process (n = 0, 1,2,. =) the polynomial P,(x) of 
degree n is uniquely determined to within its sign byi imposing the conditions 


that, in the first place, itis normalized (ie jram) and, in the second 


place, it is orthogonal to Po, Pi, ...,Pn—1. But, as is readily seen, the poly- 
nomial ¢,(x) possesses all the indicated properties, and therefore it is identi- 
cally equal to one of the polynomials +-P, or —P, depending on which of 
them has a positive coefficient in x" because p„(x) possesses this property. 

The system Po, Pa, ... being complete in C(— 1, +1), we have thus proved 
that the system of functions 


Pos Pls P2... (3) 
is not only orthonormal on [—1, +1] but also complete in C(—1, +1) 
(and, moreover, in La(—1, +1)). 

The functions ¢,(x) are called Legendre’s polynomials (orthonormal on the 
closed interval [—1, +1]). The functions L,(x) are also called Legendre’s 
polynomials (uniquely determined by the conditions L,(1) = 1; n = 0, 1, ...). 

It follows that to Legendre’s polynomials applies the general theory of 
orthogonal systems of functions. In particular, any function f(x) € 
€ La(—1, +1) can be expanded into the Fourier series 


f@ = j (fF, pa on(x) 


with respect to Legendre’s polynomials pr Which is convergent to f in the mean 
square on the interval [—1, +1]. 

Series with respect to Legendre’s polynomials can be tested for the ordi- 
nary or uniform convergence by analogy with the theory of trigonometric 
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Fourier series whose theory was presented here. For instance, if it is known 
that a function f possesses a continuous derivative of the second order on the 
closed interval [—1, +1], its Fourier series with respect to the system of 
Legendre’s polynomials is uniformly convergent to that function on the 
interval. As in the theory of trigonometric Fourier series, the estimates for 
the remainder of the Fourier series of f with respect to Legendre’s polyno- 
mials depend on the differentiability properties of f. Generally speaking, the 
smoother the function, the higher the speed of convergence of the series. It 
should also be mentioned that, as a rule, a series in Legendre’s polynomials 
converges faster strictly inside the interval [—1, +1] and slower at its end 
points. l 


CHAPTER 16 


Fourier Integral. 
Generalized Functions 


§ 16.1. Notion of Fourier Integral 


In the foregoing chapter we dealt with periodic functions of period 27 be- 
longing to the class L’* (or, generally, to L*). For each such function there 
exists its Fourier series 


f(x) = TH (a, cos kx+ bx sin kx) = 2 cpe (1) 
where 
ar = — [f@coskedt  (k=0,1,...) (2) 
b=} [fOsinktd (k=1,2,...) (3) 
=f fe dt (k= 0, +1, £2...) (4) 
and 


ce = 2, cay = Es (k = 0, 1,2, ...; bo = 0) 


In this chapter we shall be concerned with functions nonperiodic in the 
general case, which are defined throughout the real axis and belong to the 
class L’ = L'(— œ, œ) or to the more general class L = L(— œ, œ) of 
Lebesgue integrable functions. 

Every function f € L’ is absolutely integrable in Riemann’s improper 
sense (see § 14.2)-on (— oo, oo) while every function f € L is absolutely inte- 
grable in Lebesgue’s sense over the real axis. All the results that will be 
established for f € L’ also apply to f € L but in the latter case their justifi- 
cation involves the notion of the Lebesgue integral. 


240 
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For a function f € L’ the following integrals make sense for any real s: 


d=} f AO 008s (5) 

b(s) = + f f(t) sin st dt (6) 
and H 

A) = 5y f sen at (7) 
These integrals exist because 

IF( cos st| = IFD €L’ (8) 


for the integrand in integral (5), and similar estimates hold for (6) and (7). 

It can readily be shown that the functions a(s), b(s) and c(s) are continuous. 
Indeed, if f has a finite number of points of discontinuity, this follows from 
the uniform convergence of integrals (5), (6) and (7) because the integrand 
functions in these integrals are continuous with respect to (s, £) except at the 
points t where f is discontinuous. For the general proof of the continuity 
see Lemma 1 in § 16.2. i 

The functions a(s), b(s) and c(s) are respectively analogues of the Fourier 
coefficients a,, bg and cg of a periodic function; the latter are defined for 
discrete values of k while the functions a(s), b(s) and c(s) depend on the con- 
tinuously varying argument s. 

The functions a(s), b(s) and c(s) possess the properties 

a(s) + 0, D(s) +0 and c(s)-0 (s >= œ) 
analogous to the corresponding properties of the Fourier coefficients (see 
Lemma 1, § 15.4). 

It would be natural to call the functions a(s), b(s) and c(s) Fourier’s cosine 
transform, Fourier’s sine transform and Fourier’s (complex) transform of 
the function f respectively; however, for the sake of symmetry, these names 
a used for the integrals differing from (5), (6) and (7) in some constant co- 
emcients. 

As an analogue of the term of a Fourier series it is natural to consider the 
function 


a(s) cos sx-+b(s) sin sx = + f FO cos s(t—x) dt = 


= 5 f S(t) [eis —>) 4. e~ istt—x)] at = c(s)e!s* + c(— sje is 


dependent on x and on the parameter s. For a real function f(t) we have 


c(—s) = es). 
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The expression 


N 
Sy(x) = J (a(s) cos sx+b(s) sin sx) ds = 


St | me 


fa f (8) cos s(t— x) dt = 
0 —co 


al- 


=i fy (1) dt f cos s(t— x) ds = 


al FATS, “a x) dt = L frero sin Nt Š 


sin = 


1 J f+) Se dt+o(1) (N+,7>0) (9) 


is an analogue of fie Nth Fourier sum; the summand o(1) on the right-hand 
side of (9) uniformly tends to zero with respect to all x belonging to any 
interval [a, b]. As will be shown, under some general assumptions, expression 
(9) approximates the given function fin the sense that 


sin Md 


f(x) = Jim S(x) = im f S(x+t) 





The latter relation is known as Fourier’s single-integral formula. We shall 
call the expression Sy(x) (determined by formula (9)) Fourier’s single inte- 
gral. 


Since the integrand in the first integral (9) is continuous in s, this integral 
exists. In the second equality (9) we have changed the order of integration. 
By Theorem 2, § 13.14, this is legitimate when f has a finite number of dis- 
continuities because in this case the integral 


! f(t) cos s(t—x) dt 


1S uniformly convergent with respect to s € [0, N] and the integrand is con- 
tinuous in (t, s) except at a finite number of the points t. For a more general 
function f this is justified by the lemma which will be proved in § 16.2. 
Finally, the number 7 > 0 in the last integral (9) can be chosen quite arbitra- 
rily for if, for instance, some 7 > 0 has been chosen, we can write 


oo f I 
[ tec+y™ at = f fth} sin Nt dt+ Anfa) (10) 


7 
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provided that / > 7 is taken so large that 


| An(x)| = f æ+ sin Ne dt 
l 





<+f | f(x+2)| dt < 
l 


<4 f | f(u)| du = e (11) 


i+a 
for x ranging over [a, b]. Then the integral on the right-hand side of (10) also 
becomes less than £ for N > No provided that No is sufficiently large (see 
Lemma 2, § 15.4 where we should put g(t) = + for t € [n, [] and g(t) = 0 out- 
side [n, n). 

Thus, the integral on the left-hand side of (10) becomes less than e in its 
absolute value for all x € [a, b] when N > No and therefore it tends to zero 
as N + œ uniformly on [a, b]. 

The function Sy(x) can also be written in the complex form 


N N 
Sy(x) = f (els)e!*+ce(— Je sx) ds = f eoe ads = 
0 —N 


N oo 
== [es ds f fOe- dt (12) 
-N ~co 


§ 16.2. Lemma on Change of Order of Integration 
Lemma 1. Let f and ọ be functions belonging to L'(0, =) (or to L(0, -)) and 
let A(s, t) (0 = s, t < œ) be a bounded continuous function (|A(s, t)| = K). 
Then the integral 
a(s) = | As, NfO dt (1) 
0 
is a bounded continuous function of s, and the equality 
f os) ds | As, DAO dt = | sO de | 1s, Des) ds (2) 
0 0 0 0 


holds. 
Proof. For -an arbitrary £ > 0 we can take finite continuous functions fı 
and p, such that 


fis@-A@ldt <2 and fio- at =< ~ 
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Then 
N 
ws) = | As, DAC dt+n(s) (3) 


0 


where N is chosen so large that the closed interval [0, N] contains the support 
of fı and 


Ins) = | | O-A, Ndit = KS 1FO-A@ldt<e A 
0 0 


Since the integral on the right-hand side of (3) is a continuous and bounded 
function of s, Lemm: 1,§ 13.14 implies that the function (s) is continuous 
and also bounded (| u(s)| = NK max | /,(t)|+<¢). Consequently, the outer 
integral on the left-hand side of (2) (taken with respect to s) makes sense. 
The existence of the integral on the right-hand side of (2) is proved in like 
manner. 

Now we can write (see the explanations below) 


eo co N N 
J os) ds J As, DSO at = | os) ds f As, DSO dt-+o(l) = 


N N 


f(t) dt f p(s) A(s, t) ds-+o(1) = 
0 


o g O ae, 


fÀ dt f p(s) A(s, t) dt (N — œ) 


The first of the above equalities follows from the estimation of the integral 


oo N 
f p(s) ds | As, t) f(t) dt: 
N 0 
coo N N œ 
fff f+ 
N 0 oo N N N 
coo N N œ o oo 
=x(f f+] f+] ip(s)l ds Í AOI de) = o0 (N + œ) 
0 ON N N 


The last equality is justified in a similar way. lt should be taken into 
account that the integral in the third member in the equalities differs from 
the rightmost integral by o(1) (N — ~œ) and therefore tends to the latter as 


N — œ. 


<= 





p(s) ds | FMs, 1) dt 
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Remark 1. Lemma 1 also applies to the case when the scalar variables s 
and t are replaced by vector variables s = (Sı, ..., Sm) and t = (ty, ..., tn) 
(0 = Sj, tg < oo), 

Remark 2. Equality (2) also follows from Fubini’s theorem proved in the 
theory of the Lebesgue integral (see §§ 19.3 and 19.4, property 19). 


§ 16.3. Convergence of Fourier’s Single Integral 


An important property of Fourier’s single integral of a function f is that, 
under some rather general assumptions, it converges to the latter as N — œ, 
that is 


JO) = lim Sy(x) = lim > Lf ser BE aNd (1) 


This property is implied by the following important lemma establishing a 
close relationship between Fourier’s integrals and series. 

Lemma 1. Let two functions f € L' = L(— œ, o)orf€ Land f, € L’* or 
f, € L* (this means that f, is periodic with period 27) coincide on a closed 
interval [a, b] (i.e. f(x) =f, re for x € [a, b]). 

Then, for any x E€ (a, b), there holds the re m 

lim (Sn) -SO = 0 (2) 


which is uniform with respect to x belonging to any closed interval [a’, b'] c 
c (a, b), the function Sn(x) being Fourier’s single integral of f and Sn(x) being 
the Nth partial Fourier sum of the function fy. 
Proof. Let us set a value x € (a, b) and let the closed interval [a’, b'] c 
C (a, b) contain x. On putting 
n = min {a’—a, b—b'} 
we can write the relation ad 16.1 (9)) 


suo) = 2 ferry Ndo (N=) 6) 


holding uniformly with respect to x € [a, b]. On the other hand, 





9 
1 in Ni 

S) == [A+ dtto) (N+) (4) 

-n 
holds uniformly with respect to all x (see § 15.3 (8) where S, and f should be 
replaced by S3 and f, respectively). Now, since x+ t € {a, b] in integrals (3) 
and (4), the condition of the lemma implies f (x+ t) = f,(x+ t) whence fol- 

lows the equality 


Sn(x)—SN(x) = o(1)—o(1) = off) (N+) 
which holds uniformly on {a’, b’J. 
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A real or complex function f(x) defined on the real axis (— œ, o>) will be 
called locally piecewise smooth if it is piecewise smooth on any finite closed 
interval fa, b] (i.e. f(x) and its derivative f'(x) have a finite number of points 
of discontinuity of the first kind on every such interval). For our further 
aims it will be convenient to assume that for all x there holds the condition 
2f(x) = f(x+0)+f(x—0) although a locally piecewise smooth function 
(understood in the sense of the ordinary terminology) must not necessarily 
satisfy this additional requirement. 

With the aid of Lemma 1 the sufficient tests for convergence of Fourier’s 
series established earlier can be automatically extended to Fourier’s single- 
integral formula. For example, there holds the following theorem (see Theo- 
rems 1 and 5 in§ 15.5). 


Theorem 1. Fourier’s single integral of a locally piecewise smooth function 
f€L' (orf € L) converges to that function as N > œ, the convergence being 
uniform on any closed interval [a’, b'] lying strictly inside an interval (a, b] 
(a < a’ < b' < b) at whose all points the function f is continuous. 

Proof. Let us choose x € (— œ, œ) and let [a, b] be a closed interval con- 
taining x, the function f being continuous on [a, b]. We shall begin with the 
case when b—a < 2x. Let us embed this interval in an open interval (æ, 
a+27) (x < a < b < «+2x) and construct the auxiliary periodic function 
f, with period 2x which is equal to f on [x, æ +27). It is obvious that f, € L” 
is a piecewise smooth periodic function. For its Nth Fourier sum Sy we have 


Sn(x) Ba Í. x). x € [a, b] (5) 
Consequently, by virtue of Lemma 1, for Fourier’s single integral of the 
function f we can write the relation 


Jim Sw(x) = lim SAC) + lim [Sv RON = ASS © 


As is already known from the theory of Fourier’s series, property (5) holds 
uniformly on [a’, b’] c (a, b) provided that f is continuous on [a, b]. There- 
fore, by Lemma 1, property (6) also holds uniformly on [a’, b’]. 

To complete the proof we now consider the case when b— a = 2z. On divid- 
ing [a’, b’] into a finite number of closed intervals whose lengths are less than 
2x we see that the relation Sy(x) ~ f(x) holds uniformly on each of the 
subintervals and hence it holds uniformly on [a’, b']. 

Equality (6) has been proved for the case when N —> œ running over the 
set of natural numbers. In order to extend this result to the case of an arbit- 
rary variable N tending to infinity let us put N = [N]+-« (for positive values 
of N) where [N] is the integral part of N; then the relation 





f SN Axt) dt— f HUE Aw i) dt = 


=2 Í cos (mg) D feto dt+0  (N-+«) 
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holds uniformly with respect to x belonging to any finite interval of con- 
tinuity of f. This follows from § 15.4, Lemma 3 in which we should put 


g(a, i) = CPt = Oca <1) 


§ 16.4. Fourier Transform and Its Inverse. 
Iterated Fourier Integral. 
Fourier Cosine and Sine Transforms 


A real or complex function f(x) defined throughout the real axis is said 
to be locally integrable if f € L'(a, b) (or f € L(a, b)) for any finite closed 
interval [a, b]. 

Iff E€ L’ = L'(— æ, œ) then also f € L’(a,b) but, generally speaking, the 
converse is not true. For instance, a continuous function defined throughout 
the real axis is always locally integrable but it must not necessarily belong to 


L(— œ, œ). 


If f is a locally integrable function, the integrals 
N N 
= E. S —~ixt — l ixt 
MoO = -z J fedt and fM(x) = J f(je* dt (1) 


make sense for any real x and any N > 0. 
The limits 


lim 7™() =f) and im f(x) = f (2) 


(provided they exist) will be called, respectively, Fourier’s transform and 
Fourier’s inverse transform of the function f. We shall write them in the form 


=z f Qmd and fx) = fr edt (3) 


but it should be kept in mind that, in the general case, the integrals in (3) 
és N 
N> 


are understood in the sense of the principal value (m: is f = lim ) 
N. 


For the functions f € L’ (or f € L) their Fourier transforms (3) always 
make sense and moreover integrals (3) are ordinary absolutely convergent 


improper integrals for. which the symbol f can be understood as 
N’ 
lim where N and N’ tend to infinity independently of each other. 


N , N . -> co 
The definitions stated imply the relation (see § 16.1 (9) and (12)) 


S=} f d f AO cosst—x dt = f(x) (4) 
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As was proved in § 16.3, equality (4) is sure to hold for any locally piecewise 
smooth function f € L’. The inner integral (with respect to t) in (4) is abso- 
lutely convergent for such a function while the outer integral (with respect to 
s) is convergent but is not necessarily absolutely convergent. 

The double integral in (4) will be referred to as Fourier’s iterated integral 
of the function f. 

Thus, we see that Fourier’s iterated integral of a locally piecewise smooth 
function f € L’ is equal to that function f. 

As to the rightmost member of (4), it indicates that f can be regarded as 
the result of the two operations, namely, Fourier’s (direct) transformation 
(the operation symbolized by the sign “~ ”) and Fourier’s inverse transfor- 
mation (the operation symbolized by the sign “ ~. ”) performed on f. 

Under the same conditions imposed on f there also holds the equality 
f(x) = f(x) because 

N = 
Jo) = lim z f ets ds | f()e dt = 


1 


N 
= om z |e 3 {0 ett dt = f(x) 


(here we have replaced s by —s). 
The equalities 
f@ =f) =f (5) 


do in fact hold under some considerably more general conditions on /, par- 

ticularly when the operations ~ and^ symbolizing Fourier’s transforma- 

tions are generalized in an appropriate manner (see the following sections). 
We also note that 


f cos stt- SCO dt = cos sx {cos st fe) dt+ sin sx f sin st f(t) dt 


whence it follows that if a locally piecewise smooth function f € L’(— œ, ) 
is even then (see (4)) 


f@) =f cos sx ds f cos st f(s) at © 
0 0 l 
and if it is odd then 
f@==f sin sx ds | sin st f(t) dt (7) 
0 0 


In formulas (6) and (7) we can regard the variable x as ranging within 
the semi-infinite interval [0, <œ) and f(t) as an arbitrary locally piecewise 
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smooth function belonging to L’(0, œ) because these formulas only involve 
the values of f assumed on the positive x-axis. Let us discuss this question 
in more detail. 

Suppose we are given a locally piecewise smooth function f € L’'(0, <) 
such that £(0) = f(0+0). On extending it to the whole real axis as an 
even function we obtain an even locally piecewise smooth function f € L’ 
(— ©, œ) to which formula (6) applies; in particular, it holds for x = 0. 

Let us assume now that the given locally piecewise smooth function f € L’ 
(0, o>) satisfies the condition f(0) = 0 _—. speaking, /(0+0) = f(0)). 
On extending f in an odd fashion to (— œ, œ) we obtain an odd locally 
piecewise smooth function f € L’(— œ, ©) for which formula (7) holds; 
in particular, it holds for x = 0. 

It should be stressed that in formula (7) we have f(0) = 0 while in formula 
(6) the value f(0) = £(0+-0) can be quite arbitrary. 

The integrals 


e in 
y2 f f(t) cos st dt and y2 f S(t) sin st dt 
0 ~ 0 


are called, respectively, Fourier’s cosine transform and Fourier’s sine trans- 
form of the function f. It follows immediately from formulas (6) and (7) 
that if Fourier’s cosine or sine transformation (i.e. the operation of forming 
the first or the second integral written above) 1s performed twice in a con- 
secutive order on a given function f, the result is again the original function f. 
a sense Fourier’s sine and cosine transformations are inverse to them- 
selves. 

Exercises. Prove the following formulas for the locally piecewise smooth 
functions f € L'(— œ, œ): 


1. f(-9 = fO. 2. FC» =f. 3-700 = I ()- 
4. flat) = 1 f(2) @ = 0. 5. daf = emf = f(x+ p) (pis real). 
Peds instanoe; Fourier’s transform of ef (see Exercise 5) is obtained as 
gim? = = f elit gist dt f f(a) e" du = 
= ya | etre dt | fw er du = feta) = fiuta) 


§ 16.5. Differentiation and Fourier 
Transformation 


Theorem. Let f be continuous locally piecewise smooth function and let f 
and tfit) belong to L' = L'(— œ, œ) (or to L). Then f possesses the con- 
tinuous derivative f'(x) (i.e. f is in fact a smooth function) expressed by the 
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formula 
F'O = if) (1) 


(in the abbreviated form f' = iff). 

Proof. Since f € L’, the function f is everywhere continuous. Further, the 
inclusion relation tf € L’ implies that f € L’ (|t| = 1), and therefore f € L’ = 
= L'(— 0, 2), | 


f= 7 | fwem du (2) 


and 
TE, eo iy 
SO = aa | ee du 6) 
The differentiation under the integral sign is legitimate here because, by 
virtue of the inequality, 


| iuf (u) e] < |uf(u)| € L’ 


‘integral (3) is uniformly convergent with respect to x and the integrand in (3) 
is continuous in x, u. The theorem has been proved. 


§ 16.6. Space S 


Let us state the following definition. 

By (L. Schwartz") space S is meant the totality of all complex-valued 
functions y = 9(x) (i.e. p = gitive where pı and pz are real; it may of 
course happen that pı = 0 or pz = 0 og both) defined and infinitely differen- 
tiable throughout the real axis and satisfying the condition 


sup (1+] x1) 19 (x)| = xl, k, p) < © (1) 


for any pair of nonnegative numbers l and k (where k is an integer). 
It follows from this definition that for any k the derivative p(x) is boun- 
ded, tends'to zero as x — œ and belongs to L, (1 = p< œ) because | p™(x)| = 


e = 2 . We also note that every finite infinitely differentiable function 


obviously belongs to S. 
If p and Ym (m = 1,2, ...) are functions belonging to S and the condition 


(1, k, Pm—p) +O (m+) 





a 


_ holds for any of the indicated pairs (/, k) we shall write 9, > ọ (S) and say 
that @m tends to 9 in the sense of S (or that pm converges to y with respect to 
the topology of the space S or, simply, that the sequence {Pm} is (S)-conver- 
gent to ¢). 


* L. Schwartz, a modern French mathematician. 
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It is obvious that S is a linear space. 

We shall have to deal with operators A on the space S: Ap = y (p, yp € S). 
Such an operator A assigns to each function p € S a function y € S. 

An operator A is called linear if 


A(api + Bo2) = «Agit+PApe 


for any complex numbers « and $ and any functions p1, p2 € S. 
An operator A is said to be continuous if, given any sequence of functions 
pk € S convergent to a function p € S with respect to the topology of S, 
tee holds the condition 


Apk > Ap (S) 


The following assertion provides a sufficient* test for continuity of a 
linear operator: if for any pair (I, k) of nonnegative integers there is a system 
of pairs (lı, kı), ..., (lm, km) dependent on the former such that 


(1, k, Ap) = Cr, x X. (hy, kj 9) 
j=l 


for all € S where Cı, , are constants independent of ọ, then the linear operator 
A is continuous. 

Indeed, if p, — ọ(S) and an operator A satisfies the indicated condition, 
then, for any pair (/, k), we have 


x(I, k, A(p,—9)) = Cur $ uj, kj; P-GP) ~0 (w=) 


The operation of differentiating a function ọ € S an arbitrary number of 
times p which results in the derivative p™ specifies a linear operator from S 
into itself. This operator is continuous because 


x(l, k, p) = x(l, k+ p, p) 


for any pair (/, k). 

A function 4 = A(x) infinitely differentiable on (— oo, <œ) is said to be of 
polynomial growth together with its derivatives if for any ‘nonnegative integer 
k there is a nonnegative number /(k) = l and a constant C such that 


|AM(x)| = C+] x1") 


For instance, the function (ix)* where s is a nonnegative integer is obviously 
an infinitely differentiable function of polynomial growth. 

oo any fixed A(x) of the indicated type the operation Ap = A(x) g(x) 
of multiplication of pọ € S by A specifies a continuous linear operator 
under which S is mapped into S (S39 — Ap € S). The fact that this is an 





* It can be shown that the property indicated in this assertion is in fact not only suffi- 
Sni for the continuity of A but also necessary; here we shall not present the proof of the 
Ccessity. 
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operator from S into S and that it is continuous follows from the inequalities 


(HIDA = A+ p CLAW ge- 


a 








k 
< CEOL Hx) (141219 p% (x)] 
0 


< C1 $ (1+ [x14 | Dy 
which imply 
x(I, k, Ap) = ay x(I+-I(j), k—j, p) 
The linearity of the operation Ap is quite evident. 
Let us show that Fourier’s transformation » — @ specified by the formula 


G(x) == f g(t) e dt (2) 


(were J — f ) determines a continuous linear operator under which S is 


mapped onto S, the mapping being one-to-one. 
Indeed, if p € S then ọ € L’, and therefore Fourier’s transform ¢ is sure 
to be a continuous function. Further, we have 


G(x) = | ple dt 


i l (3) 
v(t) = Pt) (—it}* = Ap 
The function y(t) belongs to S as the product of g € S by a continuously 
differentiable function of polynomial growth. Since » € L’ integral (3) is 
uniformly convergent for any k, and therefore the differentiation of (2) with 
respect to x under the integral sign is legitimate. On integrating by parts we 
obtain 


Gx) = f p(t) e~*" dt = ez Í yde dt =... = E fwo e~ixt dt 
because y@)(t) + 0 (t + æ). 
It follows that 


Ixl PEGA a f LOUTH de 02,1 y) f a = 2y) 
In particular, |¢(x)| = cx(2, 0, y), and therefore 
x(l, k, ğ) = sup (1+|x|') | G(x)| < c(x(2, l, Ap)-+2(2, 0, Ap)) 
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Consequently, ¢ € S and ¢ depends on Ap continuously. Further, Ap 
depends EA on ¢ and thus ¢ also depends continuously on 9 € S. 
The linearity of the operator in question specified by the transformation 
p ~ Ẹ is evident. We have shown that under this operator S is mapped onto 
S. It now remains to prove that S is in fact mapped onto S and that the 
mapping is one-to-one. To this end we first note that if y is an arbitrary 
function belonging to S, it can be regarded as Fourier’s transform of the 
function ¥ € S because y is smooth and belongs to L’. Hence, under the 
transformation g — ¢ the space S is mapped onto itself. Finally, the equality 

= Pe (pı, Po € S) implies Qı— p2 = 0, and hence gı— p2 = 0 = 0, that 
is pı = P2, which shows that the mapping of S onto itself under Fourier’s 
transformation ¢ — @ is one-to-one. 

Now for any two functions g, y € S we introduce the expression 


(P y) = | 9x) oe) dx 


(which involves the function y itself, not the complex conjugate of y!). 
By virtue of Lemma 1, § 16.2, we can write 


(9, D = | 9) A dx = f 9) [ e dt = 
= | pat | oe dx =, =) 


and we thus arrive at the equality (p, #) = (, y) serving as an analogue of 
Parseval’s relation established in the theory of Fourier’s series*. In a similar 
way we can prove the equality (p, 9) = (@, y) which is also an analogue of 
Parseval’s relation. Thus, we have the two equalities 


(p, P) = (#, y) and (9,9) =(%, Y) (4) 
serving as analogues of Parseval’s relation. 
Here we also write the equalities 
D= f POvO a =O -S OOd =-@v) 6) 
(p, y E S) 


which follow from the fact that g(t), y(t) — O as't + + œ. Finally, we have 
the important equalities 


pP == (TiN PES) (6) 


To prove the first of them one should take into account that the inclusion 
relation » € S implies ø € S and, since ix is an infinitely differentiable func- 
tion of polynomial growth, there must be ix? € S. Hence, and ix@ belong 


* If we had put (p, y) = f p(x) y(x) dx then there would be (p, Y) = @, §). 
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to L’, and therefore the theorem proved in § 16.5 applies to this case. The 
second equality (6) is proved analogously. 

The functions ọ € S obviously possess the properties (i)-(v) established 
in Exercises at the end of § 16.4. 

Let K € L’ (or K € L) and 9 € S. The expression 


Keo = = f K(x—1)9(t) dt = = f g(x—1) K(t) dt = p*K 


is called the convolution (also faltung) of the functions K and ọ (or of p and K). 
There hold the important relations 

Rọ =Ro=Kep (KEL, 9S) (7 

The relation ke = Kọ is proved as follows (see the explanations below): 


Re = TF f elxs ds Í K(u) e~™ du f g(v) e7 dv = 


= oui Í ei*s ds f K(u) du Í plv) e~ ut”) dy = 
= apis | e7 ds | KOD du f o(E—u ew dk = 
= cope | et ds f eH dk | Ko) pE) du = 


= = | K(u) p(x—u) du = Ko 
The first member in these equalities makes sense because 9 € S,@ E S€ 
€ L’, K € L’,and Kis a bounded continuous function, and therefore RG EL 
is a continuous function. In the third equality we have replaced v by € = 
= u+ v, and in the fourth equality we have interchanged the integrations 


with respect to u and to å (see Lemma 1, § 16.2 or Fubini’s theorem in Chap- 
ter 19). The fifth equality holds since the integral 


mE) = | K(u) o(E—u) du 
is a function belonging to L’ because 
J EI dE < | dë | IKG) pE) | du = | [pl dt | IK) du < < 
and since the function »(&) possesses the continuous derivative 
x'(E) = | KO) p'(E—u) du 
(the last integral is uniformly convergent). 
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To complete the proof of (7) we must show that Ro = Re: 
RG = RODI) = — | ROD gne at = 


=i] Ru) Gu) e du = Kọ 


Exercises. Prove that the functions below belong to S. 
1. e~**, 


a 
2. y(x) er—1 for |x| < 1, 
for |x|>1 


(see § 5.11 (8)). 


§ 16.7. Space S’ of Generalized Functions 


If to each function p € S there corresponds, according to a certain law, 
a number (F, p) dependent on ọ linearly and continuously (with respect to 
the topology of S), we say that there is a continuous linear functional F de- 
fined on S. A continuous linear functional F is also called a generalized func- 
tion or a distribution. 

A functional F of this kind possesses the following two properties: 

(i) for any pair «æ, 8 of complex numbers and any pair 9, y of functions 
belonging to S there holds the relation 


(F, 2p+ By) = a(F, 9) +A(F, 4) 


expressing the linearity of F, 
(ii) F satisfies the condition 


(F, pw) > (F,9) (when ọn > ¢) (S) 


expressing the continuity of F. 

The collection of all the generalized functions (i.e. continuous linear 
functionals) F is denoted as S”. 

Usually it is not difficult to find whether a given concrete functional (F, ¢) 
defined on S is linear. As to the continuity of F, it can be checked with the 
aid of the following important sufficient* test: 

If there is a constant C anda finite system of pairs (kı, l1), . . ., (Km lm) such 
that the inequality 


ICF, 9) | <cy xe(ly, kj, 9) (1) 


* It can be shown that the condition of this test is in fact not only sufficiént but also 
necessary for a functional to be continuous; here we shall not present the proof of the 
necessity. 
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holds for all the functions p belonging to S, then the functional (F, ¢) is 
continuous. Indeed, (1) implies that if py — ọ (S) then 


| (F, pn)— (F, p)| = |(F,pn—p)| =C Ş x(l, k gn—p)—0 (N=) 
j=1 


Let us consider an example. Let F(x) be a locally integrable complex- 
valued function, defined throughout the real axis, such that there is a number 
i= 0 for which |F(x)| = C(1+|x|) where C is independent of x. The 
integral 


(F, p) = | F(x) p(x) dx (2) 


(where p € S and f = f is a continuous linear functional F on S, that 
is a generalized fanction F € S’. Indeed, we have 
1 
IF, p< f IEP de<c | Ee l2, 0, 9) dx < Crx(l+2,0, 9) 
whence it is seen that functional (2) is defined for all p € S and is continuous. 
Its linearity is quite evident. 
Equality (2) also specifies a functional F € S’ in the case when the func- 


tion F(x) belongs to L, (or to L,), 1 <p <æ. If F(x) € L’, then the con- 
tinuity of (F, p) follows from the inequalities 


I(E, p) = | LF) p21 dx = | IFI 0, 0, p) dx = Cx(0, 0, g) 
and if F(x) € Lp (1 < p < æ) it is implied by the inequalities . 
ICE, DI = | IF) 91 <[ IEI zgr” 0, 9) dx = 


< (f ir dx)” (f ary) a 0, 9) = Cdl, 0, 9) (t7) 


It is important to stress that for two locally integrable (in Riernann’s sense) 
functions F(x) and F(x) to specify equal generalized functions F, = Fe € S' 
with the aid of equalities of type (2) it is necessary and sufficient that the equal- 
ity F,(x) = Fx) should hold for all the points of continuity of F(x) and F(x). 

The sufficiency of the indicated condition is obvious. Its necessity can be 
proved as follows. Suppose that the equality 


f Fi(x) p(x) dx = | Fa(x) p(x) dx forall p €S (3) 


holds and that, simultaneously, there is a point of pi Xo of the func- 
tions F, and F» such that, for instance, 


(xo) = F1(x0)— Fe(xo) > O 
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Then there exists an interval (xo— ô, Xo+ ô) on which 


y(x) > > 0 


Let us take a nonnegative function » € S with the interval [xo— 6, xo+ 6] as 
its support (such a function exists; for instance, we can put p = »((x—xo)/8) 
where y(x) is the function considered in Exercise 2 at the end of § 16.6). For 
such a function 9 we obtain 


Xo+d 


(Fi, 9)—(Fa, 9) = | y) p(x) dx > fox) dx > 0 
Xo—8 

which contradicts (3). 

A more general proposition (proved in § 19.6, Theorem 1) reads: two lo- 
cally Lebesgue integrable functions specify one and the same linear functional. 
with the aid of formula (2) if and only if they are equal to each other on every 
finite closed interval [a, b] except possibly at the points of that interval forming 
a set of Lebesgue measure zero. 

A generalized function specified with the aid of integral (2) by an ordinary 
locally integrable function F(x)* is identified with the latter. For instance, 


sin x, (sin x)/x, e-**, In |x| and y a,x* are ordinary functions belonging to S 


0 
and at the same time they are generalized functions belonging to S”. 

The function e** is an example of a function which cannot be regarded as 
belonging to S’ (that is it does not specify a continuous linear functional on 
S with the aid of formula (2)) because, for instance, integral (2) does not 
exist for this function if we take p(x) = e~** € S. 


Example 1. The functional 5 determined by the relation 
ô = (ô, p) = 0) (PES) (4) 


is a generalized function called the Dirac** delta-function (or, simply, the 
6-function). It is obvious that ô € S’ because 


l0) = sup |x) = x(0, 0, p) 


whence follows the continuity of ô (its linearity is quite evident). 

We shall prove that there is no locally integrable function F(x) which gene- 
rates the -function with the aid of (2). In this sense 6 is a “proper” generalized. 
function distinct from those generalized functions which can be identified 
with ordinary functions. 


* A generalized function specified with: the aid of formula (2) by a locally integrable 
paper is usually called regular while all the other generalized functions are called singu- 
ar.— Tr. 

** P, A. M. Dirac (born 1902), an English physicist. 
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We shall prove this assertion by contradiction. Let us suppose that there is 
a locally integrable function F(x) generating the 6-function with the aid of 
formula (2). Let xo # 0 be its point of continuity such that F(xo) > 0. Then 
there is an interval (xo— 4, Xo+ ô) not containing the point x = 0 on which 
an inequality F(x) > > Qis fulfilled; in this case it is also possible to choose 
a nonnegative function œ € S with support [xo— 4, xo+ ô] to obtain 


Xot+d Xot+6 
(F p) = | FR) 9@)dx>n | x) de= 0 
Xo—ð Xo—9 


But this is impossible because for the functions » with support not contain- 
ing the point x = 0 the functional ô assumes the zero value: (ô, p) = (0) = 
= 0. Thus, the function F(x) cannot take a positive value at its any point of 
continuity distinct from x = 0. 

It can similarly be proved that F(x) cannot assume a negative value at a 
point of continuity xo # 0. Consequently, there must be 


| F@) 9) dx = 0 forall peES 


which contradicts the existence of functions g € S such that ¢(0) # 0. 

It is also possible to prove the more general assertion that functional (4) 
cannot be represented by integral (2) in which F(x) is any function locally inte- 
grable in Lebesgue’s sense. 

However, the functional (ô, p) can be written in the form of the Stieltjes* 
integral 


(5,9) = 0) f o(x) d6(x) = lim | (x) d0(x) 


— co 5b-> +600 G 
where 
a(x) = 0 forx<0 
1 forx>0O. 


is the so-called Heaviside** (unit) function. 
The Stieltjes integral written above is defined by the relation 


Ox) d(x) = im SE) A-a] 
max (xy — %-1)>0 J 


where the closed interval [a, b] is split into parts with the aid of isle of 
division a = xo < Xi <... < Xy = b and gE [x-i xj] (j= =], 


* T. J. Stieltjes (1856-1894), a Dutch mathematician. 
** O. Heaviside (1850-1925), an English physicist. 
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It is obvious that if the point x = 0 belongs to an interval [x;—1, x;] and does 
not coincide with its right end point then 


S pE) LOED- -1 = PEN- C- = PE) > 910) 
1 
(max |xj—xj-1| + 0) 


If the point x = 0 coincides with the right end point of [x;-1, xı] the above 
sum is equal to 9(&;41) > ¢(0), that is we obtain the same result. 


Example 2. The generalized function P. + is defined as the limit 


I 2a- vp f@ae wey © 


(P. 59) = lim 
e>0 


The integral on the right-hand side of (5) is understood in the sense of the 
principal value (“v.p.” means French “valeur principale” principal value). 
If (0) = 0, this integral does not exist in the ordinary Riemann (or Le- 
besgue) sense. On the other hand, limit (5) can be written in the form of 
the improper Riemann integral 


o )-o- = 
im fs Pact fo Po) tx} ti lim pee » dx= 


e>0 


= f eega p (x)— g) de 


(here we have 9(x)—9(—x) = O(x), x + 0). 
Clearly, this functional is linear. Its continuity follows from the inequality 


1 


5 fri g(t) dt 
f p- yel = dx+ f ilakim ain Ð dx} 
X 
0 





1 oo 
a | POPP dey | POD? de < CICO, 1, 9) + (1,0, 9)] 
0 1 


Now we proceed to a number of important operations on generalized 
functions. 

If à = (x) is an infinitely différentiable function of polynomial growth its 
product by a generalized function F € S' is written as AF = 2(x) F(x) and is 
defined by means of the equality 


(AF, p) = (F, 49) (6) 
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This definition is correct because A is continuous with respect to p € S 
and (F, A) is a functional continuous with respect to Ap and, consequently, 
with respect to g as well. The linearity of (F, Ap) with respect to ¢ is apparent. 

This definition also appears natural from the point of view of definition 
(2) because if a functional F € S’ is generated by a locally integrable function 
F(x), the function A(x)F(x) in its turn generates the functional 2F € S’ with 
the aid of formula (2), and 


(AF, p) = | (x) F(x) p(x) dx = | F(x) Az) p(x) dx = (F, Ap) 


The derivative of a generalized function F € S’ is defined as the generalized 
function F’ determined by the relation 


(F, p) =-—(F,p') (eS) (7) 


Since the derivative y’ belongs to S and the operation of differentiation is 
continuous with respect to pọ and, besides, (F, g’) is a continuous functional 
with respect to p’, we see that (F’, g) is a linear functional continuous with 
respect to g. Its linearity is obvious. 

Definition (7) is quite natural because if, for instance, the function F(x) 
is continuous together with its derivative F’(x) and F, F’ € L’ then 


(Fp) = | F°@) dx = FQ) 9)|"_- f FO) 9'@ dx =-9) 
Indeed, we have g(x) + 0(x — ~) and also F(x) > 0 (x — œ); the latter 
can be, for instance, shown by means of the relation 


x 
F(x’)—F(x) = f F'(ġdt 0 (x, x! =æ) 


because the limit lim F(x) exists and cannot be different from zero since 
FEL. 

It is obvious that any generalized function F € S’ possesses the (general- 
ized) derivative F“ of an arbitrary order k defined by induction with the aid 
of the relation F = (F—)’. We thus have 


(F®, p) = (— 1} (F, g”) 
For example, 
(5, p) = (— 1} (ô, p®) = (1) 0)  (k=1,2,...) 
and 


(6,9) = — (0, 9) =- | p'O dt = g0 


that is 0’ = ô. 
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We say that a sequence of generalized functions Fy € S' (N = 1,2, ...) 
converges to a generalized function F € S' (and write Fy > F (S’)) if* 


im (Fn, p) = (F, p) forall ges (8) 


It follows automatically that the sequence of the derivatives Fy is conver- 
gent to the derivative F’ because 


(Fu, p) =—(Fy, p’) > —(F, g) = (F', p), N => œ 
We can also consider a series 
F = ut uz+ u+ ... (9) 
of generalized functions ux € S’ whose sum F € S' is a generalized function 
understood in the sense that 
Fur -> F(S’), N — co 
1 


It obviously follows that series (9) can be differentiated termwise: 
F = ytu tt ... 
Example 3. Let us consider the ordinary function 


fio = 1 for O<x<e 
O for x€(Q0, 6) 


dependent on the parameter € > 0. It can obviously be identified with the 
generalized function f, determined by formula (2). 
Evidently, 


(9) == fde +9), e0 (forales) 
0 


whence it follows that 
lim f = ô (S’) 
ae-r 0 


Fourier’s transform and Fourier’s inverse transform of a generalized func- 
tion F € S’ are defined as the generalized functions F and F determined, 
respectively, by the equalities 


(F, p) = (9) and (F, p)=(F,ĝ) (ES) (10) 


This definition is correct: ¢ € S and depends continuously on 9 while 
(F, ¢) depends continuously on ¢, and therefore (F, ¢) is also continuous 


* It can be proved that if a sequence of generalized functions Fy € S is such that the 
sequence of the numbers (Fy, p) satisfies the condition of Cauchy’s criterion for any o € S, 
on ng exists a (uniquely determined) generalized function F € S for which relation 

olds. 
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with respect to g; the linearity of (F, ¢) with respect to is evident. This 
definition is natural because, for instance, it is coherent with the equality 
(¢, y) = (p, %) holding for p, y € S. Further, we have F = F because 
(F, p) = (Ë 9) = (F, Ẹ) = (F, p). 

The transforms F and F depend continuously on F € S’. This assertion 
means that if a sequence of generalized functions Fy € S” is convergent to 
F € S' (Fy > F(S’)) then Fy is convergent to F (Fy > F(S’)). Indeed, 

(Fy, p) = (Fn, P) — (F, %) = (F, 9), N +o 

It should also be noted that Fourier’s transformation F — F of generalized 
functions F € S' specifies a one-to-one mapping of S’ onto S’. Fourier’s in- 
verse transformation F -> F (F € S") possesses the same property. Let us, for 
instance, prove this assertion for F. We already know that F determines a 
mapping of S’ onto S’; if ® € S’ is an arbitrary generalized funtion it can 
be represented in the form® = ®, which shows that Fourier’s transformation 
does in fact specify a mapping of S” onto itself. Finally, if F,, Fz € S’ and 
F, = F, then FiF, = 0, Fı—F: = Î= 0 and hence F, = Fo, which 
shows that the mapping in question is one-to-one. 

It follows from (10) that 


F = KÊ =—ixk (11) 
because, for instance, we can write (see § 16.6 (6)) 
aa 
(CRÉ, p) z (—ixF, 9) = (F, — Ix) = (F, ix) = —(F, p) = (F’, p) 
As readily follows by induction from (11), there holds the following 
general formula for the derivative of the kth order: 
—_——— e 
F® = (EFÈ = (—ixkF (k=0,1,2,...) (12) 


If K € S’ is a generalized function whose Fourier transform X is an ordi- 
nary infinitely differentiable function of polynomial growth, it is possible to 
state a correct definition of the convolution of K with an arbitrary generalized 
function F € S’ by putting 


KeF = RF = RF (13) 


This definition is obviously coherent with the definition of the convolution 
of K € L’ (or K € L) with ọ € S stated in the foregoing section in the sense 
that these definitions provide the same result when the conditions of both are 
fulfilled simultaneously. 


Example 4. We have §=§=+4 because, for instance, 
V2x 


6, 9) = 0,9) =| oO at 
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i ae 
6) = (iy = | (ii = LC 66 =0,1,2,...) 
~ Von 2x 
and thus 


| FO = (-if = V2x DF = V27 (8  F) 
Example 5. We have (see the explanations below) 


(sen x, p) = (sgn x, $) = = Í sgn u du Í el'o(t) dt = 


= = | du | WO (e — e7") dt = 


= ži tim foo d f sin ut du = 
=i im foo 5 a = 


2 1—cos N 
= Ži tim J -p0 =22™ at = 


y2if )—A—-2) yZ: r ot 

= Zif A a= —i vp. [ Prat (14) 
0 —eo 

which results in the formula 


Sen x = yzi v.p. + (15) 


The function sgn x is locally integrable and bounded; consequently it 
belongs to S, and therefore the first member in (14) makes sense and, 
together with it, the second and the third members as well. In the passage to 
the fifth member we have changed the order of integration (for finite N; see 
§ 13:15). In the passage to the sixth member we take into account that 


lim f 0-09 pC D a Nei 0 





N->oo 


because the smooth function (y(1)—9(—1))/t belongs to L’(0, <). The last 

member is written as a singular integral in the sense of the principal value. 
We also note that if F(x) € S’ and a = 0 is a real number, the gen 

functions F(a— x) and F(ax) are defined with the aid of the equalities 


(F(a—x), 9(x)) = (F(x), 9(a—x)) 
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and 
(F(ax), p(x) = lal! (Fœ), oxla) 


The correctness of these definitions follows from the fact that the operation 
of passing from g(x) € S to p(x—a) or to p(x/a)is continuous in the sense (S). 
On applying the definitions stated to an ordinary locally integrable function 
F(x) which simultaneously is a generalized function we readily see that these 
definitions look natural from the point of view of the theory of ordinary 
functions. 


Exercises. Prove the following relations. 


1, + EN = o) (S). 
2. TF e-*/t + 8(x) (S). 


Hint: the integral a f e—**le*(x) dx can be represented as the sum 
n 


I, +-J2 of the integrals J, and I taken, respectively, over the domains |x| < 1 
and |x| > 1. In the first of these integrals one should put g(x) = 9(0)+(x) 
and take into account that |»(x)| = c |x|; in the second integral it should be 
taken oe account that the aes, g(x) is bounded (| (x)| = M). 


3. — > Fin8(x)+P-— .— € —0 (S). 


Ek 
Hint: (P= p(x)) = V.p. fs (see (5)). 


Below it is supposed that F € S’. 


4. F(—x) = F(x). 
5. F(—x) = F(x). 


One” 1 
6. F(ax) = rž). 
ti) 1 
7. F(ax) = mA) (a = 0). 
8. du = e- 'uP = F(x+ u) (where p is real; take into account that e'“ is 


an infinitely differentiable function*of polynomial growth). 
9. Prove that the generalized function P(x) f(x) belongs to S” when P(x) = 


= y a,x* is an arbitrary polynomial of degree n and f(x) € L, (or f € Ly), 
0 
] =p < œ, or if f(x) is a bounded locally integrable function. 
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§ 16.8. Many-dimensional Fourier Integrals 
and Generalized Functions 


Let R, = R be the n-dimensional space of the points x = (x1, ..., Xn) and 
let Ay = AP = {|x| = N; j = 1, ...,n} (N = 0) be a cube belonging to R. 

Let us consider a locally integrable function f(x) defined in R, that is 
fE L'(An) or f € Lân) for any N (in the general case f(x) can be complex- 
valued). For such a function make sense the integrals 


JNE) = cape [fe du 


(1) 
FE = Gaps [Feet du (xu =F xm} 


which are continuous functions of x (see the lemma in § 16.2 and the remark 
n 

to that lemma) tending to zero when |x]? = Ÿ x} — œ (see Theorem 1 be- 
1 


low). 
By Fourier’s transform of f and by Fourier’s inverse transform of f we shall 
mean, respectively, the functions 


F(z) = Yim fM) and f(x) = lim fG) D 


These limits are sometimes understood in the sense of the convergence in 
the mean square (i.e. || f—f” Il > 0, N + œ). 


Theorem 1. Zf f € L’ = L'(R) (or f € L = L(R)), then limits (2) exist in the 
ordinary sense and determine f(x) and f(x) as bounded continuous functions 
possessing the property 

ni f(x) = ae f(x) =0 
Proof. The continuity and the boundedness of f and f follow from the 


lemma proved in § 16.2 and from Remark 1 after that lemma. Further, if e, 
is the unit vector of the x,-axis, then (see § 14.4, Theorem 6) 


(OFA = >| f Peer dat | f(ut Zt) eat du) < 
<> f+) G+) 
If |x|? = Fa + co then max |x| — œ and f(x) — 0, and therefore f (x) = 
=f(—x) +0. 
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The expression 


Sn(x) =f% = EF J el do Í f(e- du = 


= oF fs wa fe Hi le 
E te SN fa) de = 


wick sin Nu, 
=; -ST I — S (©+u) du (3) 


where the function f (x) belongs to L’ (or to L), is a multi-dimensional ana- 
logue of Fourier’s single integral studied for functions of one variable in the 
foregoing sections. 

The legitimacy of the change of the order of integration in (3) follows 
from the lemma in § 16.2 and from Remark 1 to that lemma. 

Under some rather general conditions (e.g. see §§ 16.9 and 16.10) imposed 
on the function f it can be shown j 


f(x) = lim Sy(x) = oe J eio do f f(u)e7™ du = 


= a -f eixe do y fpe du (4) 


where the outer integral i is understood in the singular sense (that is the exis- 
tence of the limits in (3) as N —> œ is guaranteed for the domains Ay of 
that very type indicated above and not for arbitrary 4y’s). Formula (4) is 
a multi-dimensional generalization of Fourier’s ordinary integral formula. 

Thus, if the function / satisfies certain conditions there hold the equalities 


fœ) = F(x) =f) (5) 

In our further discussion we shall be mainly concerned with the two-dimen- 

sional case although all the results obtained can readily be extended to the 
general case of an arbitrary dimension n. 

Let f (x) and ¢(y) be two Oy fo integrable functions of one variable, that is 
belonging to L’(AP) (L(Ap)) for any N(4Ẹ = (—N, N)). Then obviously 
F(x) p) € L'(Gk) 

A = {Ix|, |yl < N} = 4 XAR 


Fon (x, y) = 5 f f f(u) (v) e+ du dv = 


= = O e ixu du = [ e iyo av = 
af? ay 
= f(x) Pr) (6) 


and 
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Therefore, if 
FN(x) + f(x) and Gy) >+Hy) (N>) (7) 


FOPO) = fos y) (8) 
If relations (7) hold in the sense of the metric of L», relation (8) also holds 
in the same sense: 


IFO P-A lea = NF) 60) 7") POl < 
= F G)-#*0) lacey tI FO—F9() MO) Ilan = 
= Flle P-E [zr + NAF hearg lEI Ry > 0 (N + œ) 
It follows that if the functions f (x) and ọ(y) are such that 
S@) =/@) =f) and p0) = $0) = $0) 


in the sense of the ordinary convergence or convergence in the mean then, 
in the same sense, there hold the relations 


Sox, y) = F(x) Hy) = F(x) PY) = fo y) 
Let us come back to the general n-dimensional case. We shall say that 
a function g(x) belongs to the class (space) S if it is complex-valued, infi- 
nitely differentiable on R = R,, and satisfies the condition that for any pair 
formed by an integer / = 0 and an integral vector k = (ki, ..., Kn) >0 
(with nonnegative integral components k; => 0) there holds the condition 


“UP. (1+[x|)|p(x)| = xl, k, p) < © (iz ~ (Èx) ) 


Since for any such k we have 


then 


x(n+1, k, p) 
\P(x)| < iam 


it obviously follows that the partial derivative p™ is a bounded function 
belonging to L,(R) (1 =p < œ). 

If functions g and 9», (m = 1,2, ...) belong to S, and for any pair (/, k) of 
the indicated type the limiting relation 


(1, k; Pm—p)—0 (mM +o) 


holds, we shall write pm > ọ (S) and say that Pm tends to ọ with respect to the 
topology of S (in the sense of S). 

An operator A (p, Ap € S) under which S is mapped into itself is said to 
be linear if A(xp + By) = «Ap+BAy where p, y € Sanda and $ are arbitrary 
complex numbers; it is said to be continuous if py — p (S) implies Apy > 
~> Ap (S). 


For a linear operator A to be continuous it is sufficient* that for any pair 


* This condition is in fact not only sufficient but necessary too. 


268 A COURSE OF MATHEMATICAL ANALYSIS 


(l, k) there should exist a constant C;,% and a system of pairs (l, k) (j= 1, ... 
«++, M) dependent on (l, k) such that 


x(l, k, Ap) = Cin} (lj, k’, o) (for all m € S) 
i=l 


because p, — o (S) implies l 
x(l, k, A(p,—9)) = Cı k F x(lj, k’, p—p)— 0 (v> œ) 
j=1 


( Below are examples of some important continuous linear operators A on.S 
p, Ap € S). 
(1) The operator corresponding to the differentiation of p: 


a alely | 3; 
P= 9 = oa ade u =o 


The linearity is quite obvious and the continuity of this operator follows 


from the relation 
x(l, k, p™) = x(l, k+ u, p) 
(ii) The operator corresponding to the multiplication of » by an infinitely 
differentiable function A(x) of polynomial growth (Ap = A(x) 9(x)), that is 
such that for any nonnegative integral vector k there is a number /(k) for 
which 
| AM(x)| = CA +x) 
where C is independent of x. The linearity of this operator is obvious and 
its continuity is implied by the inequalities 
IAD AA] = A+] Z 24- 


Onsak 


<C Y, (1+ +121 jg- < 


O«nsak 


«Cy X x(/+1(s), k-s, p) 


O<sak 


<= 








where . 
kl (k-s)! _ kı! ... k'(Ki—sp! ... (Ka— Sa)! 
s! E Sy! ... Sal 
(iii) The operators generated by Fourier’s transformation g — ¢ and 
Fourier’s inverse transformation p > 9. 
The linearity of these operators is quite clear because for any ọ € S we 
have 


r 1 _ 1 aoe 
P = ape | Pue i du = aos | € x duj... 


woe | enpu) dun = 2G (9) 
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where » € S and j ~ is the sign of the operation of forming Fourier’s trans- 
form only with respect to the variable x; (in the analogous sense we shall use 
the symbols x ~, j~, x ~ and the like). This reduces the investigation of the 
continuity of the operation ~ to that of the operation j ~ (j = 1,..., n). 

Let us show that the transformation » > /@ generates a continuous and 
one-to-one mapping of S onto itself. 

We shall confine ourselves to the two-dimensional case. For (x, y) € S we 
have 


a 1 —ix 
vor y) = | ot ver at 
On putting (see the T below) 
g(t, y) = TaT 7g (i So Oy (t, y) 
we obtain po the aid of the integration by parts) the equalities 


. 17a 7 
BEER = | tt ye dt = = | SE yer dt = 


1 3! = 
=.= GF aa (t, ye ixt dt (10) 


Since ¢: is an infinitely differentiable function of polynomial growth 
(kı = 0 is an integer), the function g(t, y) belongs to S and is continuous (in 
the sense (S)) with respect to p. Therefore, in particular, g(t, y) + 0 (t + + œ) 
whence follow equalities (10). 

From (10) it follows that 


Oh +: 
«|x apa [E x(2; 1, 0; g) = Cx(2; 1, 0; g) 


and therefore, on applying (10) once again, for / = 0, we obtain 
dH a| < C142; 0, 0; g)-+2(25 1 0; 8)) 


Consequently, y depends continuously (relative to the topology of S) on g, 
and hence, together with g, on 9 as well. 

If p(x, y) € S is an arbitrary function, then * € S and y = *~(*Ẹ), whence 
we see that the mapping of S onto S corresponding to the transformation 
pọ — *@ is in fact a mapping of S onto itself. 


=e" 
Finally, the equality *9, = *ĝ2 implies *(pı— p2) = 0 whence pı— p2 = 
= *() = 0, which proves that the mapping generated by the transformation 
pg — * is one-to-one. 
It now follows from (9) that the mapping of S onto S generated by Fourier’s 
transformation p > @ is one-to-one and continuous. 
Any two.of the operations 


I~, Nn LA, ese nN 


270 A COURSE OF MATHEMATICAL ANALYSIS 


commute with each other. Consequently, for any function p € S the equalities 
P= 9=$ (11) 


hold at every point x € R. For example, in the two-dimensional case we have 
for g(x, y) the relations 


ĝ = XNYNI NX = xox = p 
Confining ourselves to the case of a function g(x, y) of two variables we 
also note the following fact: 

A(x) P(x, y) = *A(x)*G(x, y) (12) 
where A(x) is any infinitely differentiable function of polynomial growth. 
Indeed, we have 

ANP = AxP~*P = 7~(A(XYP) = AFP 
because ~p~ = LAYAN N = XN. 
For functions p, y € S we also have the relations* 


Gv) = (p, P, (P P) = | PO vO at (13) 
R 


(p™, y) = (—1)i4l (p, y™) (14) 
g(x) = YP = (aG (F = lilt xka... xk) (15) 


and 
raa Dnr 1 r 
Kö = R =K xp = Gaps | K(u) p(x—x) du (KEL or K € ZL) (16) 


They generalize, respectively, formulas (4), (5), (6) and (7) in § 16.6 and 
are proved analogously. 

By analogy with the one-dimensional case, for the space S of the functions 
p(x) (x = (x1, ..., Xa)) we consider the space S” of all generalized functions 
(distributions) F which are the continuous linear functionals (F, p) (p € S) 
on S. 

For a linear functional (F, p) to be continuous it is sufficient that there exist a 
system of pairs (h, k*), .. +.» (lm, k™) dependent on it and a constant C such 
that (see § 16.7 (1)) 


IF, —I<CS xl, kho) (for allp € S) 
j=l 


A function F (x) € L, (or F(x) € Lp), 1 =p < œ, or a locally integrable 


function F(x) of polynomial growth (i.e. | F(x)| = C(1+|x|‘) for some /) 


_ *® Note that the integral in (13) involves the function y itself and not its complex con- 
jJugate. 
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generates the generalized function 
(F, p) = | F(x) p(x) dx 


where p € Sand Í = f: 


Ra 
Any two such functions differing at least at one of their points of con- 
tinuity (or, in the case of the Lebesgue integrability, differing on a set of 
positive Lebesgue’s measure) generate different (regular) generalized func- 
tions, which is pfoved like in the case of one variable using the function 
y(|(x—x°)/5|) dependent on n variables (see Exercise 1 below). 

The functional (6, p) = ¢(0) is the n-dimensional delta-function dependent 
on x = (X, ..., Xn); this is a generalized function which cannot be generated 
as a regular generalized function by any locally integrable function. The 
operations AF (where 2 is an infinitely differentiable function of polynomial 
growth together with its derivatives), F, F, F, JF and /F are defined with the 
aid of the equalities 


(AF, p) = (F, àp), (F™, p) = (—1)!*! (F, @®™), 
(E, p) = (F, 9), (F, p) = (F, P), CE, p) = F, Jĝ and (CE, p) = (F, 19) 
whence, in particular, follows 


~ Nr 
FO = (ix) = (—ix)®F 


The convergence Fy > F(S’) is understood in the sense that (Fy, p) > 
+ (F,9)(N > œ) for all » € S. Finally, by analogy with the one-dimen- 
sional case, the convolution is defined by the formula 


KxF=RE=RP (Fes) 


where K € S’ is such that K is an infinitely differentiable function of poly- 
nomial growth (see also § 18.3). 

In the two-dimensional case, for a function f(x, y) € L’ = L'(Re) (or 
f(x,y) € L(R2)) and any n > 0 we can write 


Sw(x, y) = A ff SAM EN ftu yo) dudoto(l) (N>) (17) 
K, 








u 
n 


where K, is the cross-shaped region whose points (u, v) satisfy one of the 
inequalities 
luj <n and |vj<7 
This follows from the relation 


ff mis SONY Axtu, y+v)dudv > 0 (N > <0) 


nn 


272 A COURSE OF MATHEMATICAL ANALYSIS 


which is a simple generalization of Lemma 1, § 15.4 to the two-dimensional 
case and from similar relations for the integrals taken over the domains sym- 
metric to {7 = x, y} with respect to the coordinate axes and with respect to 
the origin. 

It should be stressed that the cross-shaped region K,, in (17) cannot be 
replaced by the square 

A, = {lul, [v| = n} 

Here lies an essential distinction between the many- and one-dimensional 
cases. In the one-dimensional case the convergence of Fourier’s single inte- 
gral of a function f € L’ (or f € Lı) at a point x or the convergence of Fou- 
rier’s partial sum of a periodic function f € L’* (f € L*) depends solely on 
the behaviour of f in an arbitrarily small neighbourhood of x. In the two- 
dimensional (many-dimensional) case this is no longer so: a function f € L’ 
(L’*) equal to zero ina neighbourhood of a point (x, y) may have Fourier’s 
role sum (or the expression of the type Sy(x)) which is not convergent to 

x, y)as N + œ. 

To elucidate what has been said let us consider the set Co(4’) of all con- 
tinuous finite functions f(u, v) with supports belonging to the rectangle 


A’ = {0 < u < n, n < v < 2N; n > 0} 
equipped with the norm 
Flees) = max | f(u, v)| 
To each function f € Co(4’) on —_ the value 
Swf) = SnU, 0, 0) = se ff RA AM peu, 0) du do 
a 

of Sy at the point (0, 0). 

The supremum of this integral extended over all the functions f = CAA’) 
with || fI] = 1 is equal to 


Ay = sup Sw(f, 0, 0) = =e ff 
a” 





du dv = 














2nN 
| du | |F ldo 
nN 











It can readily be proved that 
An -> oO, N = œ 


(to this end one should use the argument of Theorem 3 in § 9.15). 

From the point of view of functional analysis, Ani is the norm of the func- 
tional Sy(/,0, 0) defined in the space Co(4’). As is proved in functional an- 
alysis, the fact that Ay + -implies the existence of a function f € Co(A’) such 
that the functional Sy(/, 0,.0) is unbounded for it (on the set N = 1, 2, ...). 
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Exercises 


1. Prove that e~ |x|? € Sandy (|=> 





=|) € S (ixi? = — $). Here ô > 


=> 0; see Exercise 2 in § 16.6. 
2. Show that 


f@+H) = emf = aA (u = (Hr, -<-s Mn), t = (th, -.-, tn), HE = Yat) 


3. Show that the supremum of the Fourier sums S,(/, 0) at the point 
x = 0 extended over all the functions f € C, of one variable with norm 
[|Z llc, = 1 is expressed as 


2 n 
sup ISa, OI = = f IDDI dt Se. 8 es 
WF I| Cased ò 


where D,(#) is Dirichlet’s kernel. It follows, by virtue of the theorem of func- 
tional analysis mentioned above, that there is a function f € C, whose Fou- 
= series is divergent at the point x = 0. 


§ 16.9. Finite Step Functions. 
Approximation in the Mean Square 
Let us begin with the simplest finite step function 
1 for x € (a—6, a+ ô) 


Pa, AX) = 0 for x ¢ [a— ô, a+ ô] (1) 
> for x = a— ô, a+ ô 


dependent on one variable x (6 > 0). 
Its Fourier’s transform is 
a+é 


ad) = e-i dt = Ve <4, ee = sa ye —ixa SİN X -= 


and therefore, res into account that 9,5 € L’ is a locally piecewise smooth 
function, we obtain 
ones 


~ 
pa,o(x) = | Zen tre St (3) 


The function pa, s obviously belongs to Lz. Formula (2) also indicates that 
Fa, a does not belong to L’ but belongs to L2 (generally, to Lp, 1 < p < æ), 
and the relations 


[lQa, al lZ, = 26 
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and 7 
IIo, ollz. = Ia, old, == J (>27 dx = 26 


hold (see § 15.9 (9)). Thus, we have the equalities 
1a, olla = lla, allta = Ila allz, (4) 


We shall show that they make sense for all the functions p € Le. 

According to the definitions of the operations ~, ~, ~N and ~N (see 
§ 16.4) and by virtue of the fact that pa, € L’ isa locally piecewise smooth 
function, we have the relations 


Pa, a(x) m Pa, a(x), | en 
Pa A(X) — Pa, aX) i ! s 
which hold for any real x. 


It is important to note that here we have not only the pointwise conver- 
gence but the convergence with respect to the metric of Lz = La(— œ, œ) as 


well, that is l 
Ge o—pa oll L2 0 (N >=) (6) 


Gx a— Pa oll L2 —0 (N+) (7) 


Relation (6) is trivial because the interval [a— ô, a+ 6] belongs to [—N, N] 
for sufficiently large N, whence 


and 


N 
Parl) = = | Pa, (O) em dt = GR x) 
-N 


The proof of (T) is more complicated. We have 








i até NC ) 1 N(a+d—x) . 
2 _ sin N(t— x Sin z = 
Hoya t [ SMD yet PM den 
a—é Meese tes 
oo p i N(a—8-—x) . 
ea ee J ME ps Í mz 
T Z n 2 
N(a+6—x) —co 





+ [ See 


Therefore, taking into account (1), we arrive at 


/ | 10a (D-E) dx a ht+btlsth (8) 
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where 
até 2 1/2 
EELE 
ô N(a+6—x) 
N(a—6—x) | 2 1/2 
-EET =a 
a—ô ae ; 2 1/2 
(EET a 
oo a 
and 





co i N(a+6—x) F 2 1/2 
sın Z 
n=] (2 f : | i 
+6 N(a—ô8-— x) 


Now, putting u = N(a+6—x), we receive 


28N æ 2 
(ah? == f ki mr z) KO) 
But l 


f SA dz = — 252" 


Z 














u u 
and, consequently, 


f 2 as 





11 2 
Sutru 








We shall 'use this estimate for u > 1. For u < litis sufficient to take into 
account that 


[i dz 


< K 











where K is a constant independent of u. It thus follows from (9) that 
(nh) < — s(fea] 4) <5 +0 (N+) 


By analogy it is proved that 
l0 (N+) 
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Next, making the substitutions u = N(x—a— ô) and z =—z’, we obtain 


omaja Da) afa] a) 


—u—2N6 








Consequently, ; 
cnt = (ORY a+ | 4 d) -< a (N ~ œ) 
1 
The relation 


is proved similarly, which completes the proof of relation (7). 

It is quite evident that in (5), (6) and (7) it is allowable to interchange the 
symbols ~ and A^. 

It should be noted that if the intervals (a— 6, a+ ô) and (b—o, b+0) do not 
intersect then, together with the obvious equality 


J Pa A5) po, o(x) dx = 0 
there hold the following important relations: 


f Pa.) Foro) dx = | Ga,0Fs,0dx = 0 
Indeed, Ga, 5, b,a E€ Le, and therefore the integral 


N 
| Go, 0%», 0dx = Jie inet = 


+j e~ 4, (u) du Í ex, (0) dv dx = 


am 


lim f 2,004) (= f Poro (0) A do) du = 


tim f Pa, o (U) Ê o (u) du = ll Pa, 8 Pb, o du 


exists and is absolutely convergent. 

All the three integrals in the third member have finite limits of integration 
and therefore the change of order of integration is legitimate, which leads, 
after the integration with respect to x is performed, to the fourth member. 
The passage from the fifth member to the sixth one is justified by the fact 
that $N, — P,a in the sense of Le. 

An arbitrary finite step function of one variable can be. written in the form 


S (x) = $ Chay, dX) 
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where cx are constant coefficients (complex, in the general case) and the inter- 
vals (ak— Ôk, 4+ Ôx) and (a;— 6), a;-+ ĉi) do not intersect for k + I. 

In the further presentation we limit ourselves to the two-dimensional case 
although all the statements and proofs can readily be extended to the n-di- 
mensional case. 

In the case of dimension 2 the simplest finite step function is of the form 

1 for (,yJE4 
X, = = 
PAN) $ for (x,y) EA 
where 
A = {a-5<«x<at+é, b-o<y<b+o} 
is a rectangle. At all the points of continuity of this function we have 


Pax; y) = Pa, a(x) Pb, o(y) (10) 
An arbitrary finite step function f of the two variables (x, y) can be written 
as a finite sum of the form 
f(x, y) aa > ckp (x, y) = > CKPa,, a(x) Poy, a0) (1 1) 
1 1 


where cx are, generally speaking, some complex constants and the rectangles 
Al, ..., AM (12) 
are pairwise disjoint. 
It follows that 


FN(x, y) — F(, y) = Yeon (2) Por o0) (N — oo ) 
(13) 
fn = $ cxBN a Fo) > È pon Apa) =f(x%,y) (N>) 


where the convergence is understood in the pointwise sense (in the second 
relation at the points of continuity of the functions Pa, (X) Pbs, o,(y)) and 
also in the sense of the mean square. 

The set of all step functions will be denoted Mt. 

For any two step functions f, y € Dt we can write 


(x, y) = È cipa (x, y) (14) 


where the system of rectangles A* is the same as in (12) because the-union of 
the two systems of rectangles specifying, respectively, f and y can obviously 
be represented as a sum of a finite number of rectangles which are only al- 
lowed to intersect along some parts of their boundaries. 
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It is important to note that 


C 9) | | S DPE) dx dy = 


Chk | | au,04(%) Pon, O) Pox 050%) Pon rO) dx dy = 


cube | |Pan,o,(2)]? dx Í lpm, a 0)1? dy = 


I 
nma -Ma -M3 
N 


eke | Poel? dx f Pan a0) dy = F 9) (15) 


because the functions pa(x, y) and pa(x, y) are obviously orthogonal for 
k = l in the two-dimensional sense, and in the one-dimensional case there 
hold equalities (4).* 

The last equality in (15) is proved like the equality of the first and fourth 
members by replacing in the latter fand p by f and ¢ respectively and taking 
into account the orthogonality of a, 3, and Paa, for k = i. In particular, 
from (15) it follows that 


GA=CASf) forall FEM 


§ 16.10. Plancherel’s Theorem. 
Estimating Speed of Convergence of Fourier’s Integral 


The complete statement of Plancherel’s theorem involves the space Lz 
whose definition is based on the notion of the Lebesgue integral; the advant- 
age of the space Le over La is that the former is complete (see property 20, 
§ 19.3). Here we shall state this theorem and present its proof based on the 
ih (see property 18 in § 19.3) that the set of all finite step functions is dense in 


Theorem 1 (M. Plancherel). For every function f € Le = La(Rn) there 
exist its Fourier transforms f, f € Le: 


F(x)'= lim fM) = lim Gwe | Swen du (1) 
4y 
and 
f(x) = Jm Fx) = lim aoe [ f@e™ du (1’) 


where u = (uy, ..., Un), X = (Xi, c., Xn), UX = UjXj 
j=1 


* In this argument we consider the scalar product of f and ọ (involving the complex 
Crna ies n in order to use formula (15) in the next section (see the footnote concerning 
) in § 16.6). 
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and | An = {|xy] «N37 =1,...,n} 


and the convergence is understood in the sense of the space Lz. 
Fourier’s transformations f — f and f — f possess the following properties: 
(i) they are linear; 
(ii) they produce one-to-one mappings of Lz onto Lz; 
(iii) they are mutually inverse, that is f = f = J, f € Le; 
(iv) under these mappings the scalar product 


Hos [rea (f= f) 


is preserved (C p) = (f) = AD SpE L2), and thus the mappings are 
isometric (|| f || = fll = IfI). 

Proof. In the foregoing section we proved that the finite step functions 
SU € W) not only belong to Lz but also are mapped under Fourier’s trans- 
formations f + fand f + finto Lz and that property (iv) holds for them. 

Now let us consider an arbitrary function f € Lz and suppose, at present, 
that it is finite. Then, for sufficiently large N, its support belongs to Ay and 


Fe) = PM) apr [fe du (2) 


In the case under consideration f € L, and therefore (see § 16.2) fis a contin- 
uous function on R = Rn. Let us show that it belongs to Lz and that 


HJI = ISI (3) 

(here || || = || ilz). Indeed, there is a sequence of finite step functions 
fe (fe € W) with supports belonging to Ay such that ! 

If-i > 0 (w=) (4) 


It follows that 
IFO- = Goer 





f LO-A- at| < 


<E llS-A Ny 0 (v>) 


Consequently, f(x) uniformly converges to f(x) on Rn. By virtue of (4) 
and property (iv) (the latter has already been checked for the functions 
Je € W), we can write, for an arbitrary e > 0 and sufficiently large s, the in- 
equalities 

e>llfp—fall = lh-hl > WW fp—Salluca Pa>s O 
where A > 0 is an arbitrary number. Now, since f, converges uniformly to 
fand the rectangle A, has finite dimensions, we can pass to the limit as q > © 
under the sign of the norm (i.e. under the integral sign), which yields 


e=|lfr—S llncuy P>) 
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On fixing p and making 2 increase indefinitely we arrive at the limiting rela- 
tion 

e>- (p>) 
Since we also have 


IAF Mii- =s 
(ll = tim Ifl = tim Ifl = I1 


which proves that f € La and that equality (3) holds. 

The validity of relation (1) for the function f € Lz (with compact support) 
readily follows from equality (2) for sufficiently large N. 

Now let us take an arbitrary function f € Lz (not necessarily finite). In 
this case for positive N and N’ (N < N’) we have (see the explanations below) 


it follows that 











; 1 E 
PP" = l f f (uje du || = 
| Ayr Ay 
= ||fllacay-—4y) > 9, N,N’ +o (6) 


and, by the completeness of Le, there is a function belonging to Lz which we 
denote by f such that 


IF-F 0 (N+) (7) 


that is relation (1) holds. 

The function /*’—f/% can be regarded as Fourier’s transform of a func- 
tion with compact support which is equal to f(x) on Ay: —Ay and equal to 
zero at the other points. For a function of this type we have already proved 
= its norm is preserved under Fourier’s transformation, which ‘accounts 
or (6). 

From (7) it follows that 


IÑI = tim If” = tim [If lean = ISI 
N-> oo N -> œ 


The linearity of the operation ~ is obvious. Its çontinuity can also be 
readily shown: 


Fell = lff = lff (k) 


Since f(—x) = f(x), the results obtained apply to the operation ~ as well. 
Now we can easily prove the equalities 


f=f=f, fEl: (8) 
Indeed, these equalities hold for the functions f € W, and, since for f € Le 
there is a sequence of functions f, € ‘Mt such that || 4—/]|| — 0, the continuity 
of the operations ~ and ~ allows us to obtain equality (8) by passing to the 
limit as v -> oo in the equalities 


f=h=h 
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Ify € La then  € Le and Ẹ = y. This shows that under the operation ~ 
the space Lz is mapped onto itself, the mapping being one-to-one since #, = 


—— 
= $2 implies yi—y2 = Yi—Ya = 0 = 0. 
In these considerations the symbols ~ and ~ can be interchanged. We 
have thus proved property (ii). 
if 


Finally, 
Ilf—All, Ilp—gl] + 0 (v +, fr, Ge E M) 
then on passing to the limit in the equalities 


. (f Pr) = (o Pr) 
we arrive at 


D=) 
Indeed, we have 


s l-A lp tHIAI lp —pl -0 (v — æ) 
The theorem has been proved. 


Theorem 2 (Analogue of Theorem 6, § 15.11). Let A = (A, ..., A) be a vector 
whose all components are equal to a natural number A and let, for any nonneg- 
ative integral vector k « A, the partial derivative {“ (in particular, the func- 
tion f itself) be continuous. Also let the inequality 


TEF S IOCP de = M? 


hold for any vector l= (h, ..., ln) with components l; equal to 0 or to A. 
Then the deviation of the integral Sn(x) corresponding to the function f(x) 
from that function satisfies the inequality 


| f(x) Sux) < r (9) 


where C depends on A but does not depend on M and N. 
Proof. Let us estimate the expression 


en(a) = aoe |J= du 
where = 
Án = Rn—Ay 


The set Ay can be described as the collection-of the points u = (ui, ..., Un) 
such that max | u;| > N. 


j 
Since f € Lə, Plancherel’s theorem implies that f € Le, and hence on(x) 
can be regarded as the limit Ni the — of the form 


ON (x) = = l f f (u)e™ du 


Oy, —Ay 
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Now, taking an arbitrary integer m satisfying the inequalities 0 = m < n, 
we define the set Qm of the points u = (u1, ..., Un) such that 


|u| <= 1 (j=1,...,m if m>0) } ao 
| tm+1| >N, |u| > 1 (j= m+2,....n if n>m-+1) 


The symbol Qm will also denote any set reducible to the one defined above 
by means of the corresponding renumbering of the coordinates. 


We obviously have 
n-1 
An = F $ Êm 


m=0 
where the inner sum extends over all the possible 2,,’s corresponding to m. 
On arranging the summands entering into this sum into a sequence and 
renumbering them as (Aj, 42, ..., Ap), we put 
p-1 
E, = nọ, Ez = A,—E), ..., Ep = 4p— Y Ek 
1 
and obtain 


Bp 
An =} Ek, ExEs=90 (kK #5) 
I 


Every set Ex thus constructed belongs to some Qm. 
Now we can write (at present, purely formally; see the explanations below) 


ome) = gape SJ Feet du (11) 


Let us estimate one of the integrals f (k= 1, ..., p). For definiteness, let 
E 


k 
Ep C Qm where Qm is that very set which was defined by inequalities (10). 
By virtue of the equality 


gam) io 
T Ea a (12) 


which can be rewritten as 


a S aC 
IO) = pom a Oo 
we obtain 
on-a 
a a 
Doaa fa "ERT kaa 








«(fata (a 


2 u a CM 
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It follows that 
CM 
lon(*)| = sma (14) 


where C, as well as C’, is independent of M and N. 

Estimates (13) show that integrals (11) are in fact convergent for any x, 
the convergence being absolute. Moreover, for N — œ, these integrals, and, 
together with them, oy(x) converge uniformly to zero. Thus, the sequence of 
the functions 


Sue) = apr [ Fe du 


converges uniformly for N —> oo. At the same time, since f € Le, Plancherel’s 
theorem shows that S,(x) tends to f(x) as N — œ in the sense of the mean 
square. Therefore (see Lemma 1, § 15.11) Sy(x) converges uniformly to that 
very function f(x), and consequently 


on(x) = f(x)—Sy(x) (15) 
Relation (9) follows from (14) and (15). 


§ 16.11. Generalized Periodic Functions 


Let S* be the set of all infinitely differentiable periodic functions ¢ with 
period 2% dependent on one variable x. 

Every function ọ € S* can be written as the sum of its Fourier series uni- 
formly convergent to that function (see Theorem 2, § 16.10): 


we) = Sere, ce = zy f ole at (1) 


(k = 0, +1, +2, ...) 


The series can be differentiated termwise any number of times (see § 15.7), 
that is 


PA= F (keet “(8 = 1,2, ...) (2) 


and the series on the right-hand side of (2) is uniformly convergent to p(x) 
for any natural s. 
If Pn, 9 E€ S* (n = 1,2, ...) and g(x) uniformly converges to g(x) as 
n > œ for afiy integer s = 0, we shall write 
Pa — P (S°) 
In particular, it is evident that if a function g belongs to S* and Sy(x) = 
N 
= 9 ce~ is its Nth Fourier sum then Sy > ọ (S°). 
-N 
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Let us denote by S’* the totality of all continuous linear functionals f 
(generalized functions) on S°. 

An ordinary function f € L’ (or f € L*) determines with the aid of the 
equality 


2x 
C.p) = J SOD (ES) (3) 


a (regular) generalized function belonging to S’* which is denoted by the same 
letter f. Here we shall not repeat the argument of § 16.7 concerning the case 
of the space S; it can obviously be applied to the space S* as well to show 
that two functionals (3) determined by two functions fi, f2 € L’* coincide 
identically on S* if and only if S) = f(x) at the points of continuity of fı 
oe a the case of the space L*, if and only if /4(x) = f2(x) almost every- 
where). 

Since the functions e!** (k = 0, +1, +2) belong to S*, to any functional 
f € S" there correspond the numbers 


ck = (fei) (k= 0, +1, +2, ...) 


called the Fourier coefficients of f. 
We shall prove the equality 


=U p) = lim = (5 cyelk, P) = Ş CKC k, 2c = (e, p) (4). 


showing that the series 
f@) = F cel (5) 


called the Fourier series of the generalized function f is convergent to f in the 
sense of the space S’*. 


Indeed, we have 
N N ix 
(> c,erk*, )- = X = cele”, p) = on » (f, e tk) (e™, p) = 


ze (f. (et, ge) = (7 zy (elke, per) 2 


= (f, Sul) ~ CA (No) 


because Sy({x) > p(x) (S®^). : , , 
It should be noted that, by virtue of the orthogonality of the functions 
e'kx, there hold the relations 


(f, e*) = Jim È cket, e1) = 2nc_, 
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It follows that the representation of a generalized function f € S’* in the 
form of the sum of a convergent (in the sense of S’*) series (5) with constant 
coefficients is unique. 

Let us show that for every function f € S’* there is a natural number A 
dependent on f (but independent of k) and a constant A such that 


lc,| = Alk}? (katl E2 ee) (6) 
Indeed, let us suppose the contrary. Then for each 4 = 1,2, ... there must 
exist kK, such that 
Ick] = lka? and [kil< lka] <... 
Let us put 
e- Az 4 
aa) =p GA=12,...) 
It is obvious that p, € S* and that the limiting relation 
(— tky)te~ *A* 


pi’ (x) = ika 0 (A - œ) 
holds uniformly for any nonnegative integer s; therefore 
ga>O (6^ 


and 


On the other hand, by virtue of (4) and by the orthogonality of the functions 
e!kx, we have 


| F 1 
z Cf; Pa)| = [cke — ka] = kalt ae =1 (A = 1,2, ...) 


which leads to a contradiction. 
Now let us show that, conversely, if numbers cx (k = +1, +2, ...) 
satisfy inequality (6) for some A and A > 0 for all k, then the functional 


FeO = È ccla Daca (p, eH) 1) 


is a generalized function f € S’*. Indeed, for k = 0 we have 
aes 
Ck = 2nliky J eW iktor) dt 





whence 
’ MIC 
eia AO and glc = max |p (| 


and for s = A+2 we obtain 


' A ee ae, 
ae È eae =e FARA Mlle = i E KAM 
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(the prime in the symbol }’’ indicates that the corresponding sum does not 
include the term with k = 6 On the other hand, 


= lcc] < FLli 
Thus, 
IA PDI = BUG lle+ll elle) 
where B is a constant independent of p; consequently, if pa > p (S*) then 
ICAP)— Sp) = f p— pn) = BI PP—PPlle+llp—gallc)+O (n>) 


whence it follows that f € S’*. 
As was already mentioned, functional (7) can also be written in form (5). 
It follows that the space S"* can be defined as the totality of the formal 
series 
f= Y ce~ 


with coefficients satisfying inequalities (6) where A, A > 0 are some cons- 
tants dependent on the series in question, the values of f on ọ € S* being 
defined with the aid of equality (4). The delta-function 6(x) belonging to s* 
is determined by the series 


(x) = > È eikx = ~ (5-+c0s x+cos 2x+ .. .) 
For each function 9 € S* we have 
[1 l 
(8, 9) = tim + f (7+Ye08 kt) gdt = tim Su(p, 0) = p0) 
N->co ase 1 , N> co 


where Sy(¢, 0) is the value of the Nth partial Fourier sum of the function » 
assumed at the point x = 0. 

By analogy with S’ (see § 16.7(7)), the derivative F’ of a functional F € S’* 
will be understood as the functional determined by the formula 


. (F’, p) = —(F, 9) 
Let us show that if: 


F(x) = x Cp ex 


then 
F(x) = 2 (ik) cke” (8) 


Note fae by virtue of the inequalities | c,| < Ajk} (k =+1, £2; as) 
holding for some A, 4 > 0, there also holds the inequality 


like, | = A|k|?** 
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which, as we know, implies that series (8) is convergent in the sense of S’* 
to a generalized function ® € S’*. Equality ® = F’ follows from the follow- 
ing calculations: 


* N 
(®, p) = lim Í y, (ik) cxe**¢(x) dx = 
N +o t N 


wt N , 
= — lim Í »y cke *p' (x) dx = —(F, 7’) 
cn -N 


N--» oo 


here one should take into account that f g'(x) dx = o). 


The result we have established is a generalization of Theorem 1, § 15.7 on 
the termwise differentiation of the ordinary Fourier series. 

If a function f belongs to L’* (or f € L*) it also belongs to S” and its 
Fourier coefficients understood in the ordinary sense and in the sense of 
S’* coincide. The Fourier series of a function f € L* is not necessarily con- 
vergent to it; there is an example of a function f € L* whose Fourier series is 
divergent everywhere on the real line (this is Kolmogorov’s example, see 
§ 15.5). On the other hand, what has been established above in the present 
section shows that the Fourier series of a function f € L’* (f € L*) is always 
convergent to f in the sense of S’*. 

Here we shall also dwell on the representation of the convolution Øf of 
two functions ®, f € L* in terms of their Fourier coefficients. Let 
P(x) = F Ae and f(x) = § ce 


Then (see § 18.3) 
(x) = Daf = [DE-A d (EL 


The Fourier coefficients of the function y can be transformed with the aid of 
Fubini’s theorem as follows: 


i n 
by = zy | v(x) e dx = 


22 27 
= 5 f li f D(x— t) e~*—Of (1) e7"! al dx = 


27 27 
= zÍ fÒ ew it at | Ø(x—t) eTit a:l = Cyd, 
0 0 
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Consequently, 

Daf = F ce (9) 

It appears natural to define the convolution of two arbitrary generalized 


functions Ø, f € S’* by means of equality (9) because, together with the 
coefficients c and Àp, the products c,d, also satisfy inequalities of type (6). 


CHAPTER 17 


Differentiable Manifolds 
and Differential Forms 


§ 17.1. Differentiable Manifolds 


By a k-dimensional (0 < k < n) differentiable manifold in the n-dimen- 
sional space R = R, is meant a set S c R for whose any point x° there are a 
permutation jı, ..., jn of the natural numbers 1, ..., n and a rectangle 


A = {|x,—xf,| < 6; s=1,...,k; |x, —-xf] <0; l= k+1,...,n)} 
which cuts from S a part SA c S described by equations 
Xp, = Xh <-s G) L= ktl, .. 2, N; (s -o -s Xa) E A’ 
A’ = {lx x] < s= l, ..., k} (1) 
where f; are continuously differentiable functions on 4’. 
An n-dimensional (differentiable) manifold in R = R, is an arbitrary open 
ae ô => 0 mentioned in the above definition has. been found it 


can obviously be arbitrarily decreased with the retention of the property 
stated. For instance, we can take as A a rectangle 


A= {|x,- jel = 6,s=1,...,k, |x, — <o,/=k+l1,..., n} 


where 6, = 6. We can also set an arbitrary number oo < o and, using the 
continuity of fı, choose ĝo = 6 so that the functions fı differ, respectively, 
from x} by less than oo for | x;,—xj,| < ĉo, s = 1, ..., k; then, obviously, 
the rectangle 


A = {lx — x, < do, S = 1, eves k, | x,—2 | < 00, [= k+1, ...9 n} 


will also satisfy the requirements of the definition. 

Thus, the expression “there is a rectangle 4” entering into this definition 
can be replaced by “for any e > 0 there is a rectangle A with diameter less 
than e”, the new definition being equivalent to the former. 

System of equations (1) is a special case of a system 


xı = F(u) = Fu, ..., ux), u € @;i=1,...,0 (2) 


where w is a domain in the k-dimensional space of the points u = (u, ... 
. «+, Uk) and the functions F; are continuously differentiable on œw, the matrix 


289 
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eat one Z=] having rank k. When the point u runs over w the point x describes 
a a S C R which can naturally ve called a k-dimensional surface. The cor- 
respondence between the points u and x established by (2) is supposed to be 
one-to-one: w > u = x € S (in the contracted notation we shall also write 
u = x or w = S). 

For the sake of brevity we shall simply speak of a surface S represented 
(described) by functions (or equations) (2) without enumerating all the indi- 
cated properties. 

Let u = (u1, ..., Ux) be connected with u’ = (ui, .. ., ug) with the aid of a 
continuously differentiable one-to-one mapping 


= 91, ..., Uk), u E€ w =w >’ (3) 


whose Jacobian is different from zero on œw. In such a case we shall say that 
mapping (3) is continuously differentiable in both directions meaning that the 
mappińg is continuously differentiable and one-to-one and that its Jacobian 
is different from zero (note that the condition that the mapping in question 
is one-to-one implies that the Jacobian of the transformation from u to u 
which is equal to 1 is expressible as the product of the Jacobians of the trans- 
formations from u to u’ and from w’ to u, and hence both Jacobians are dif- 
ferent from zero). 
The solution of equations (3) with respect to u; yields 


uj = p(ui, e.e uk), u E w’ 
On substituting u; in (2) we obtain a new (parametric) representation of S: 


xı = Ou’) = O(u, ..., uk) = Fy, -s Ya u €o',i=1,...,7n 


where the functions ®; possess the same properties as F;. 

A surface S determined by equations of type (2) is not necessarily a k-di- 
mensional manifold in the sense of the above definition (e.g. see Fig. 6.1 in 
§ 6.5). In this connection the lemma below provides a simple sufficient test for 
a surface S described by equations (2) to be a k-dimensional differentiable 
manifold. 


Lemma 1.°Let S be a surface representable by equations (2) with functions 
F; possessing the above-indicated properties. Let œw in (2) be a bounded domain 
and let the functions F, be defined not only on w but also on @ and specify a 
homeomorphism © = Š, that is a one-to-one mapping of © onto Š continuous 
in both directions. 

Then S is a k-dimensional differentiable manifold. 

Proof. Let x° € S be'the point corresponding to a value u = u? of the 
vector parameter u; then œw contains a sufficiently small open cube 4 with 


centre at u? such that one of the minors of the kth order of the. matrix IES ei ‘ll, 


say Tes , is different from zero in that cube, and the first k equa- 
1 
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tions of system (2) can be resolved with respect to u1, ..., Ux: 
uj = y(x, TEA (x1, eees Xx) € pd (j= l, ssy K) 


Consequently, a certain part S’ of S(S’ c S)is described by the continuously 
differentiable functions 


xı = xi, ..., Xk) (Xis... Xk) E€ p, i=kK+1,...,0n (4) 


resulting from the substitution of u; = y; (j = 1, ..., k) into the last n—k 
equations (2). 

The image of the compact ®—A (by a compact in R, is meant a bounded 
and closed set) under the mapping S = @ is a compact F not containing the 
point x° and therefore not containing some rectangle A with centre at x° and 
edges parallel to the coordinate axes. By the continuity of the functions ®,, 
the dimensions of the projection A’ of the rectangle A into the coordinate 
subspace xı, ..., X can be diminished (we retain the notation A for the new 
rectangle) so that the points (x1, ..., Xx, Px+1, «.+, Pn) belong to A for all 
(Xis «+ Xx) € A’ C pu. Then the part SA is described by the equations 


xı = Ox, ..., Xk) (Xi -X ECA, i=k+1,...n 
Indeed, the points x described by these equations belong to SA and there are 


no other points of S belonging to 4 because these are either points of form 
(4) where (x1, ..., xx) € »—A’ or points belonging to F. 


Lemma 2. Let a surface S be represented by equations (2) where the func- 
tions F; possess all the indicated properties and let S contain a surface o 
described by functions 


xı = Ov), o0=(01,...,%)€G, i=I1,....7 (5) 
where G is a domain and ®; possess the same properties as F,. 
Then the obvious one-to-one correspondence 
GƏvz=zucw co (6) 
determined by systems (2) and (5) is continuously differentiable in both direc- 
tions and hence ø is described by functions (2): 
x; = F(u), me w, i=1,...,.7 


where œw is a domain. 
Besides, if S is a k-dimensional differentiable manifold then so is ø. 
In particular, if ø is described by functions (2) in which u € G C œ then both 
g and S are k-dimensional differentiable manifolds. 
The proof of the lemma is based on the following proposition (see § 7.18). 
Suppose we are given two continuously differentiable functions 


vo=a(u), ucgc Rk and w= p0), veg’ ER, 


which specify, respectively, some mappings of the domains g and g’ belong- 
ing to R, into Rx. Let u? € g and d? = aæ(u?) € g’. Then the composite func- 
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tion (mapping) w = B(a(u)) exists in a sufficiently small neighbourhood 
w C g of the point u? and is continuously differentiable in w, its Jacobian (i.e. 
the Jacobian of the transformation from u to w) being equal to the product 
of the Jacobians of the transformations æ and $£. 

In particular, if the Jacobian of the transformation from u to w is different 
from zero on w, so is the Jacobian ofthe transformation from u to v, and 
the image of the domain w under the mapping specified by æ is also a domain. 

Relations (5) assign to an arbitrary point p € G a definite point x = 
= (Xi, ..., Xn) € © C S, to which, by virtue of (2), there corresponds a uni- 
quely determined point u € w’. At the latter point the rank of the matrix 

OF; || - oi eon 
En is equal to k, and consequently, for some pairwise distinct values 
i=, ..., ix of the index i, equations (2) can be resolved with respect to 
Uy, ..., Uz. This results in the two consecutive continuously differentiable 
mappings 
G 3 v — (Xis TTE el) — u E w 


making sense not only at the original point v but in some neighbourhood of 
v as well. 

A similar argument shows that to the point u € w’ thus obtained there cor- 
responds, under two consecutive continuously differentiable mappings, the 
original point v € G. 

We have proved that correspondence (6) is continuously differentiable in 
both directions, and, since by the hypothesis G is a domain, so is w’. 

Now let S be a k-dimensional differentiable manifold, and x? € ø. Accord- 
ing to the definition of S, it is possible to renumber the coordinates and to 
find an open rectangle A with centre at x° so that SA is described by some con- 
tinuously differentiable functions 


xi = f(X ...> Xk) i= k+1,...,n, (Xi ..., Xk) € A’ (7) 


where 4’ is the projection of A into the coordinate subspace (x), ...., Xx): 
By what has already been proved, there is a correspondence 


A’ > (Xi, ..., Xk) = U E W” Co 


continuously differentiable in both directions, w’’ being a domain. The inter- 
section w'w” of w’ and œw” is an open set containing the point u? correspond- 
ing, under (2), to the point x°. Consequently, the cube 4’ can obviously be 
replaced by a smaller cube with faces parallel to those of the former and 
centre at the same point (for the diminished cube we retain the notation 4’) 
so that the new domain w” belongs to w’. We see that under these assump- 
tions functions (7) now describe c4 = SA, which shows that ø is a manifold. 


Lemma 3. The intersection of two k-dimensional (differentiable) manifolds 
={x:x,=9(u), i=1,...,n, ue U} 


and 
oz = {x: x: = (0), i=1,...,9, 0 € V} 
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belonging to a k-dimensional manifold 
S = {x: x = fiw), i=1,....n, we W} 
is a k-dimensional manifold representable as 
0102 = {x: xı = fw), i=1,.... n wEW.} WCW 


where generally speaking, W, is an open set (and not necessarily a domain 
even when U, V and W are domains). 
Proof. Since 61, ¢2 C S, Lemma 2 implies that 


o, = {x:x,=f{w), i=1,...,nm wé W3}, WicwWw 


and 
o = {x: x; = fw), i=1,...,n, w € Wo}, Wc W 


where W, and W2 are domains together with U, V and W. It follows that 
the assertion of the lemma holds with W, = WıW2. 

Now let us show that the following definition of a k-dimensional differenti- 
able manifold S is equivalent to the one stated at the beginning of the sec- 
tion: a k-dimensional differentiable manifold is.a set S c Rn for whose any 
point x° and any e > 0 there is an n-dimensional neighbourhood Q of that 
point with diameter d(Q) < e such that SQ is representable by relations (2) 
(with functions possessing the properties indicated for (2)) where S should be 
replaced by SQ. | 

Indeed, if we put 4 = Q, A’ = w 


Xj, = Us = Fur, ..-, Ux) s=1,2,...,k 
and , 
xj, = fui -.-, Uk) = B (ui ..., Uk) s=k+l1,....7 


in the former definition where, as we know, it is allowable to assume that 
d(A) < efor any € > 0, this will result in a system of functions F; satisfying 
the requirements of the latter definition. 

Now, let S satisfy the conditions of the latter definition and let x° be a 
point belonging to S. Then there is a neighbourhood Q of that point with 
diameter d(2) < 1 such that SQ is described by functions (2) (possessing, the 
properties indicated for (2)). Let us suppose that the point x° corresponds 
to a point u? € w and let us take 6 => 0 so small that the ball |u—u°| = ô 
belongs to œ. The spherical surface |u—w°| = 6 is mapped, under the trans- 
formation specified by functions (2), onto a set T' c S which is bounded and 
Closed. Since it does not contain the point x°, we have 

min |x—x°| =m>0 
xer 

Now, proceeding from the latter definition, let us find a second neigh- 
bourhood Q, of the point x° with diameter d(Q1) < m/2 such that SQ, is 
described by functions | 


x; = (0) o0E€G, i=1,...,k 
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where G is a domain. By Lemma 2, the set S2, can also be described by the 
equations 


xj = F(u) “EW cw (8) 


where w’ is a domain. 
It is important to note that we have in fact 


w Co’ Co (9) 


because w’ belongs to the closed ball |u—u?| = 6 which belongs to w ac- 
cording to the definition. It follows that equalities (8) not only set up a 
One-to-one correspondence SQ, = w but also SQ, = 0’, which indicates, by 
virtue of Lemma 1, that SQ; is a k-dimensional! differentiable manifold (in 
the sense of the former definition). Hence, there is a rectangle 4 c 2, with 
centre at x° for which there hold the properties indicated in the former defi- 
nition for SQ; consequently they hold for S as well since SA = SQA. 

It should be noted that the second definition of a k-dimensional differenti- 
able manifold (in contrast to the first one) cannot be restated as “for any 
point x° € S there is its n-dimensional neighbourhood 2 such that...” 
without indicating that there should exist a neighbourhood of this kind with 
arbitrarily small diameter. For if, for instance, the functions F,(u) specifying 
the surface S by means of (2) are bounded on w, the set S can be embedded 
in a cube A, and then SA = S while S must not necessarily be a k-dimen- 
sional differentiable manifold. 

Finally, we note that the equivalence of the two definitions implies that if 
a set S satisfies the conditions of the first definition relative to one coordinate 
system it satisfies them relative to any other system as well. 


Lemma 4.* If the intersection 6,02 of two k-dimensional (differentiable) 
manifolds 
o, = {x: x; = 9(u), u C w} 
and 
oz = {x: x; = piv), 0 € g} 
(i = 1, ..., n) belonging to a k-dimensional manifold S (of arbitrary nature) 
is nonempty, this intersection is a k-dimensional manifold. Between the para- 


meters u and v with the aid of which o102 is representable there is a one-to-one 
correspondence 


U? Ju =ve Vy? (10) 
where U® and V° are open sets. 


Proof. Let x° € 0102. Then x? = 9(u°) = y;(0°) (i = 1, ..., n). There 
exists an n-dimensional neighbourhood 4 of the point x° such that 


SA = {x: x; = fw), w E W} (11) 


* Lemma 4 generalizes Lemma 3 while Lemma 5, in its turn, generalizes Lemma 4. 
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There also exist two n-dimensional rectangles 21, 22. c A with centres at 
x° of sufficiently small diameters such that 


oQ = {x: x; = pu), u C U1 C wo} (12) 
and 
OQ = {x: xı = piv), 0 € V1 C 2} (13) 


It follows that ¢;92;, 02.22 C SA, and consequently, by Lerma 2, there are 
one-to-one correspondences U, = Li c W and Vi = Vic W contin- 
uously differentiable in both directions. 

Let W’ = UiV; (it is an open set). The indicated correspondences induce 
the correspondences 


Ui; D U,=W = V,CVı (14) 


where U, and V, are open sets. 
Note that the equations 


xı = pfu), u € U, 
as well as the equations 
xı = yo) o E V, 


describe the part o1022:Q2 of 0102, whence, by the arbitrariness of the point 
x° € 0102, it follows that o,02 is a k-dimensional manifold. We have also 
shown that for any point x° € 0102 (x? = gu?) = po); i= 1, ..., n) 
there are open sets U, 5 u? and V, > o? between whose points u and v there 
is a one-to-one correspondence continuously differentiable in both direc- 
tions. Therefore it becomes evident that all the values of the parameters u 
and v to which the points of 0,02 correspond and between which there is 
therefore a trivial one-to-one correspondence are in fact in a correspondence 
continuously differentiable in both directions and, besides, the sets over 
which these parameters u and v range are open. 


Lemma 5. 7/ 01, 02 and S are arbitrary k-dimensional manifolds and 01,02 C 
C S then the intersection 0102, provided it is nonempty, is also a k-dimensional 
manifold. 

Proof. Let x? € o102. Arguing as in the proof of the foregoing lemma we 
can construct two manifolds of the type of 0:22, and o.222 telonging to S4 
(see (11), (12) and (13)) and then, as is explained in that proof, it turns out 
that 03022,Q, is a k-dimensional manifold, and, together with it, so is 0102. 

If a k-dimensional manifold o is descrited by equations 


xı = fu) = f(t, ..., Uk), BE w G=1,...,n) (15) 


we say that it is represented parametrically (with the aid of the parameter u). 
By definition, we say in this case that the manifold o is oriented. 
The replacement of u by u’ with the aid of a mapping 


uj = ~p(u,....u) (W €o',j=1,...,k) 
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continuously differentiable in both directions on the domain w’ leads to 
another parametric representation 


= F(u) = fpr, .--5 Yr), u E W 
ofo. 


By definition, we say that the latter parametric representation specifies 
the same orientation of o as that specified by (15) or the reverse (opposite) 
orientation depending on whether the Jacobian of the transformation from 
u to u’ is positive or negative. 

A k-dimensional manifold S is said to be orientable if all the possible de- 
scriptions of S (the parametric representations of its submanifolds) can be 
divided into two classes R, and t_ so that if two representations with para- 
meters u and u’ belong to one class and the manifolds 0, and 02 which are 
described by them intersect, the Jacobian of the transformation from u to u' is 
positive on 0302. 

The parametric representations belonging to It, specify one orientation of S 
and those belonging to M_ specify another orientation reverse with respect to 
the former. However, it should be taken into account that there exist non- 
orientable k-dimensional (differentiable) manifolds, that is such that their 
descriptions (parametric representations) cannot be split into two classes 
M, and Mt_ with the indicated properties (for the casen = 3, k = 2 an ex- 
ample of such a nonorientable manifold is the Möbius strip). 

A given representation (with the aid of a vector parameter u = (u1, ... 

-» Ux)) belonging to one of the classes M, and Mt_ can be transformed to the 
other class, that is to the reverse orientation, by changing the sign of 2, that 
is by the substitution Uj = — u, U2 = Uo, ..., Uk = Uke 

It should be noted that an oriented k-dimensional differentiable manifold 
L, is obviously a smooth oriented curve (see § 6.5)* in the case k = 1 and 
that in the case k = 2, n = 3 the definition of Lẹ is completely coherent with 
the definition of an oriented smooth surface. Indeed, in the latter case all the 
parametric representations r(u, v) = pi+yj+xk of a smooth surface S 
(which is a two-dimensional differentiable manifold) belonging to one and the 
same class Jt, are such that if the unit normal vector 


r XP, 

n(x) = |PaX r,l 
at a point x = r(u, v) is computed in terms of a parametric representation, 
with the aid of parameters (u, v), belonging to Nt, the result is independent of 
whether we compute # in terms of (u, v) or in terms of another parametric 
representation, with the aid of some other parameters (w’, v), belonging to 
the same class M. connected with the parameters (u, v) by a transformation 
continuously differentiable in both directions. This follows from the fact 


that the Jacobian ne 2 is positive and, consequently, the unit normal 








* On the contrary, a smooth curve is not necessarily a differentiablo manifold of the 
type of L, (see the considerations concerning Fig. 6.1). 
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n(x) depends continuously on x, and the surface S is oriented in the sense of 
the definition stated in § 7.20. On applying the same argument to the repre- 
sentations forming the class W- we arrive at the opposite orientation of S in 
the sense of § 7.20. 
Let G be a domain in the space R, of the points x = (x, ..., Xn). The 
equations 
Xı= u, i=1,..., n, u= (ú ..., Un) EG 


in which xps simultaneously en the role of the coordinates x = (xı, ..., Xn) 
and that of the parameters u = (u1, ..., Un), describe a definitely oriented 
n-dimensional manifold S. If equations of the form 


Xi = fi, .. +> Wn), w = (Wi, .. W) E0 =G 


specify a one-to-one correspondence x = w continuously differentiable in 
both directions, then they determine the same manifold S with the same or 
reverse orientation depending on whether the J acobian of the transformation 
from x to w is positive or negative. 

The following lemma is sometimes of use. 


Lemma 6. Let a k-dimensional manifold S possess a class W of its represen- 
tations 


xı = f(u), uew, i=1,...,n (16) 


satisfying the following conditions. 

(i) The manifolds o c S determined by the representations belonging to the 
class W cover S. 

(i) Any two representations belonging to It and specifying some submani- 
folds o, œ c S whose intersection oo’ is nonempty are such that the corres- 
ponding parameters u and u’ are connected by a transformation with positive 
Jacobian on co’ (see Lemma 4). 

Then the manifold S is orientable and the classes R4 and W- into which split 
all the representations of S can be chosen so that W c WR. In this way W 
specifies a definite orientation of S. 

Proof. Let us consider a representation of type (16) (with a parameter u) 
of a manifold o c S, and let x° be a point belonging to o. By property (i) of 
the class W, there is a representation of a manifold o’ c S, with the aid of 
some parameter v, belonging to M, which covers the point x°. Let us attri- 
bute the orientation of o to the class I, or M depending on whether the 
Jacobian of the transformation from u to v is positive or negative on go’ in 
a small neighbourhood of x°. This rule requires a justification, that is we have 
to show that it is consistent in the sense that it does not in fact depend on the 
P x° € o and on the representation of the submanifold o’ € M covering 


For definiteness, let the Jacobian of the transformation from u to v be 
positive in a sufficiently small neighbourhood of the point x°, that is let, in 
accordance with the rule stated, the representation of o belong to W4. The 
point x° can also be covered by another submanifold o!’ with a representa- 
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tion belonging to M described with the aid of some other parameter, say w. 
Since the transformation from v to w has a positive Jacobian on o'o”, the 
Jacobian of the transformation from u to w (which is equal to the product of 
the Jacobians corresponding to the transformations from u to v and from 
o to w) is positive, and hence the rule stated above leads to the same result, 
that is the representation of ø belongs to M4. 

We shall denote as o, a manifold covering a point x whose representation 
belongs to M, the symbol vx designating the corresponding vector parameter. 
Let y? € o and y? =Æ x°. Suppose that our rule is inconsistent, i.e. the Jaco- 
bian of the transformation from u to vy is negative in a small neighbourhood 
of y°. Let us join x° and y° with a continuous curve I c o (x = x(t), 0 = 
æ f = 1, x(0) = x°, x(1) = y°). There must exist a value to (0 < to < 1) of 
the parameter ¢ such that in its any neighbourhood, however small, there are 
some values ¢’ and £” such that the Jacobians of the transformations from 
u tO Dye) and from u to 0x) are of opposite signs in sufficiently small 
neighbourhoods of the points x(t’) and x(t’). This conclusion contradicts the 
fact that there is a neighbourhood of the points x(to) within which the Jaco- 
bian retains sign. The correctness of the rule has thus been proved. 

Now we see that the transformation u’ > u” also has a positive Jacobian. 
The same argument applies to M_. It is also evident that M c M, and that 
vey local representation of S belongs to only one of the classes Pts. and 


We note that an orientable manifold can obviously be also defined as a 
manifold S for which there exists a class It of its representations satisfying 
conditions (i) and (ii) of Lemma 6. 


Remark. Any bounded and closed differentiable manifold S (e.g. the cir- 
cumference of a circle, the spherical surface bounding a ball or the boundary 
of an ellipsoid and the like) cannot be represented as a whole with the aid of 
equations (2), that is in such a way that the correspondence S = w is one-to- 
one. Indeed, suppose that S is described by equations of form (2). Consider 
a sequence of points {u°} C w convergent to a point u? belonging to the 
boundary Y of œ or, if the set Y is empty (i.e. @ = Rx), receding to infinity 
(i.e. |u| +o). Since S is bounded and closed, this sequence contains a 
subsequence (let it be again denoted as {u”}) such that for the points x’ € S 
corresponding to x” under the mapping specified by (2) there holds the rela- 
tion x” > x° where x° is a point belonging to S and thus corresponding to a 
definite point u’ € œw under (2). Let V € œ be a closed ball with centre at w’. 
Under (2) this ball is mapped continuously onto a closed set ø c S and, 
consequently, the mapping is also continuous in the other direction (see 
§ 12.20, Theorem 1), and x” -> x° implies u” -> wu’, that is w’ = u?. But this is 
impossible because u? is a boundary point of œ or a point at infinity while w’ 
is a (finite) interior point of œ. 
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§ 17.2. Boundary of a Differentiable Manifold 
and Its Orientation 


Let us denote by E™ the projection of a set E belonging to the space R» 
into the coordinate subspace (x1, ..., Xx). 


Theorem 1. Let I’ c S where I and S are k-dimensional and (k+ 1)-dimen- 
sional differentiable manifolds respectively and let x? € I’. Then it is possible 
to renumber the coordinates and to find a rectangle 


A= {|x;—x? | <6, i=1,...,k; [Xk+1—xXk+1l < 62; 
lx—x| <0, j= k+2, ..., n} (D 
so that SA is described by continuously differentiable functions 
Xj = fÁ% ~~ -s Xk41) J= k+2, ..., n, (Xi, -..s Xk41) € AED (2) 
and T'A by continuously differentiable functions 


Xk+1 = p(xı, .. 9 Xk), (Xis ..3 Xx) € A®) (3) 
xj = f(x cog Xk (xı, scanat Xx))s j = k+2, o- N 


Proof. All the functions we shall deal with will be continuously differenti- 
able and we shall simply call them functions. 

Let us choose a point x° € J’ c S. We shall assume that in a neighbour- 
hood of the point x° the manifold S can be projected (in a one-to-one man- 
ner) into the subspace R,.4, of the points (x1, ..., x43, 0, ..., 0), which can 
always be achieved by an appropriate renumbering of the coordinates. As 
will be shown below, since J’ c S, the manifold I’ must necessarily be pro- 
jectable into a k-dimensional coordinate subspace Rx of the subspace Rx4.1- 
The first k+1 coordinates can be renumbered once again so that Rx be- 
comes the subspace of the points (x1, ..., Xx, 0, ..., 0). 

Thus, there isa rectangle 4, = {| x;— x9 | < 6,,j=1,...,k3|xxn41—2e411< 
< u; | xj- | < v, f= k+1, ..., n} such that the part S4, of S is repre- 
sentable by the equations 


Xj = f(x Das Xk+1), j = k+2, ... My (x1, cog Xk+1) E AKtD (4) 


We shall make use of the remark made immediately after the definition of 
a k-dimensional manifold in § 17.1 according to which, given some numbers 
6, and py entering in the above relations and satisfying the necessary require- 
ments, they can be arbitrarily diminished* while equations (4) will continue 
to describe S4. 

By virtue of the definition of J’, there also exists a rectangle 


A, = {|xj—x}]| < Oj, P= lak: |xj—2x? | <0, j=k+l,..., n} 
belonging to 4; (i.e. o = u, », and it may be necessary to diminish ô; in 4; 


* Diminishing, when necessary, the numbers ô, and x we shall often retain the same 
letters 6; and x for their notation. 
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appropriately) such that "4 is representable by equations 


Xa = P(X, <- -s Xk), Xj = Fj(%1, ..., Xx) 
j= k+2, ... n, (Hy -s Xe) E€ AP 


Since l'4; C SA, we have 


F(X1, .. +5 XK) = fi(X1, «+ +s Xros P) (Xis ---5 Xe) E€ AM, p = (x1, ..., XK) 
and the equations describing T'A can be written in the form 


Xktt = O(X1y «+ +> Xk) (Xis -e Xe) E AYP | 
xy = JX «2. Xk P) j= k+2, ... n 


Now, using the remark mentioned above, we find a rectangle 4 c Ae 
(see (1)) such that SA is described by equations (2) in which f; are the func- 
tions already found (for 41). This may be connected with a necessary de- 
crease of the values of 5; in 4; and 42; besides, let us choose 6, so that 


| p(x1, ecg XK) — Xk-+1| < 60, (x1, ..., XK) € A® (5) 


Thus, SA can be described by equations of form (2). Now let x = (x1, 
-e:5 Xn) be a point belonging to A; then (x1, ..., Xk) € A c AD, 
x € TA and, consequently, x can be written in the form 


Xke+1 = (xı, ceeg Xx) (6) 
Xj = f(Xis 00 -s Xks P) (Xi e, Xk) E€ AM, j= k+2,... n 


Conversely, if a point x is representable in form (6), then, by virtue of (5), 
we have (x1, ..., Xk+1) € A*tD, and therefore x € SA. On the other hand, 
(x1, ri . XK) € A% c A®, and consequently x € TAa cT. Hence, x € PSA = 


Now we proceed to the proof of the fact that if T c S then, in a neigh- 
bourhood of any point x? € I’, the manifold I is sure to be projectable into a 
k-dimensional subspace of the (k+ 1)-dimensional space on which S is pro- 
jectable. Let the manifold S be representable in a neighbourhood of x° by 
functions 


Xi = fi(X1, . -s Xk+1) i= k+2,...,n (T) 
and the manifold J" by functions 
= gju, ees Ur)» j= 1, e.. 1 (8) 


the rank of the matrix || being equal to k. Since I" c S, we have 
t t 


Xs = Q(U), s=1,...,k+1 
= (u) = Apu), ---> Pe+ilu)), j= k+2,...,0 
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in a small neighbourhood of the pe u?. Therefore 
Op. Oa E 3 l afara OM, “tas, oo, 


Ou, °°" Ou, A əx, Ou, °° i Ox, Ou, 
The rank of this matrix being equal to k, we can readily prove by contra- 
diction that the rank of the matrix 
OP; OPet1 
Ou, °° Õu 


pı OPn+1 
Ou, ki Ou, l 


is also equal to k, that is there is a minor of order k of this matrix different 
from zero. Let it be the determinant | =; j,l=1,..., k. It follows that 


i 
in a small neighbourhood of u? the first k equations (8) can be resolved with 
respect to ui, ..., Uk, Which shows that in a neighbourhood of the point x® 
the manifold I" can be projected in a one-to-one manner into the subspace Rx 
of the points (x1, ..., Xx, 0, ..., 0). 
By a boundary of a k-dimensional manifold L; is meant the set ðL; = 
= I,—L,. If Lẹ is closed, it obviously has no boundary. 


Theorem 2. Let Ly» ı and Lk+ı be (k+ 1)-dimensional differentiable mani- 
folds and Lk+1ı C Lk+1ı; let the manifold Lk+1be connected and let Lg +; have a 
nonempty connected boundary ÒLgr+ı = Lg which is a k-dimensional manifold. 

Then for es point x? € Ly there is a permutation Jy Jos ++ - Ja Of the natural 
numbers 1, ..., n sn a rectangle 








Ops 
m a a 1 afi4. 8 k+l 9 
Op, PPer“ $ Ofer: pe y Of, 99, 


Ou, ~~ Ou, at əx, Ou, ap i 














= {|xj,—xf | < 61, S = l, er k; 
es < bo, |X — x] < ô, s = k+2, ...,n} 
such that the part L414 of Lk+ı can be described by functions 
Xj, =Si, Chs -o e9 Xrti) (Xs -e Hapi) E AFHD, s = k+2, ..., n (9) 
continuously differentiable on A**® and the part L;A of Lp is described by the 
same functions in which a substitution 
Xie PCX ++ +s Xia)» (Xj <- Xj,) e A&) (10) 


is made where ¢ is a continuously differentiable function on A, 
Under the transformation of the coordinates specified by equations (9) the 
points of A**» belonging to the domain 
AGt) a {X41 > Phx +- +> Xir) Ais - + +> XH) E AM} 
are mapped entirely onto one of the parts Ly+,A or (Lk+ı—Lr+ı) 4 and 
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the points of A**» belonging to the domain 


AE+) = Art = Pho + +> Xis Kp» +- -> Xp) E AM} 
onto the other part. 

Proof. Since L; is a k-dimensional manifold belonging to the (k+ 1)}-di- 
mensional manifold L;..1, the first part of the theorem is simply a modified 
restatement of Theorem 1. It remains to prove the second part. To this end 
we make use of the fact that Ly is the boundary of Lk+ı and that Ly and Lk+1 
are connected manifolds. 

Surface (10) cuts the rectangle 4%*» into two domains not containing 
those points which are mapped into L, under transformation (10). Conse- 
quently, each of these domains is mapped entirely on one and only one of the 
parts Lk+14 and (Lj41—L41)4. Further, it cannot happen that both domains 
are mapped entirely onto (Lk+1— Lr+1)4 because in such a case Ly4,4 would 
be an empty set and A would not contain points of L,. It is also impossible 
that both domains are mapped onto Lk+14. Indeed, let us say that a point 
x° € L, is regular if, for this point, the different domains 4&*» and 4&*» are 
mapped onto different parts L414 and (Lk+ı1—Lr+1)4. We have to prove that 
the set of all irregular points is empty. Let us begin with the remark that 
there cannot exist two points x° and y® belonging to L; one of which is regu- 
lar while the other is not. Indeed, if such points existed then, by the connec- 
tedness of Lz, there would exist a curve I" belonging to Land joining the 
points x° and y®, and therefore the application of the method of Dedekind’s 
cuts would imply the existence of a point z° on I’ in whose arbitrarily small 
neighbourhood there would be both a regular point and an irregular point. 
But this is obviously impossible. Now let us suppose that all the points of 
L,, are irregular. On choosing two points x° € Li4i1—LZy41 and y? € Ly41 and 
using the connectedness of Lk+ı we can join them by a continuous curve 


x = x(t), 0 = t = 1, x(0) = x, x(1) = y’ 


belonging to Lı. Further, using the method of Dedekind’s cuts we can find 
the greatest value fo of the parameter t for which x(t) € Lk+1— Lk+1, t < to. 
The point z° = x(to) obviously belongs to Lp, is irregular and, by what was 
said above, for this point both domains 4&+ and 4@+ must be mapped 
onto L414, which means that there cannot be points of (Lk+1— Lr+1)4 in 
a neighbourhood of 2°. Since such points do in fact exist for £ < to lying suffi- 
ciently close to fo, we have arrived at a contradiction. 

Hence, every point of x° € L; is regular, that is under transformation (9) 
the domains 4+” and 4“+» are mapped onto different parts L414 and 


(Lk+1—Lk+1)4. 


Remark. Taking into account that g is continuous and satisfies the equal- 
ity xf... = P(S» ..-, X) and that the diameter of J can be arbitrarily 
decreased we conclude that there is A > 0 such that the domain 

A = {(Xjs -s XH) E A, P(X, -- -9 XH )J—A < Xn < 
< PCX -o Ità, lxx] < 6, s= k+2, ..., n} (11) 
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cuts from Lj41 a portion Lk+14 described by the functions 
Xj, = fi (Xj skai Xtra)» (Xs ssis Xi) E€ Akt) (s = k+2,..., n) 
Besides, surface (10) cuts A“*» into the two parts 
AED = (Xs .. +, Xa) E AM, w(x), ..., %,) E 
S Xiu < P(X cess Xp) +A} (12) 
AED = {(Xpy -o es Xp) E A, OX, -es HJ—-A = 


E Xj... < Plh «++ X,)} 
one of which is mapped under transformation (9) onto Lk+14 and the other 
onto (Lk+1— L441). 
If A¢*» is mapped onto (Li.41—Lx41)A we introduce the variables 


Uy = Xj » eg Uk = Xyy Uk+1 = Xip, — POX Pe xj,) (13) 
(Correspondence (13) between u1, ..., Uk+1 and X;,, ..., Xj, IS continuously 
differentible in both directions.) Then the functions 

xj, = H (Ui .- +> Uk41) = Us, S= Loins k 
Xess = Figy(ta, «- +> Un+1) = Unga tpu .- +, Ux) 
xX), = H (üi ..-, Ue+1) = fhu, -o es Uks Ukp1 HOCU, .. ur)) (14) 
s=k+2,....n 
|us— ul] = 61, S = 1, eves k, | te41| <A 


represent L;.,,A and the points (u1, ..., u¢+1) with coordinates uz,41 > 0, 
ük+ı < Oand ug+ı = 0 go into (Ly41—L p41) A, Lk+14 and LA respectively. 

If A**) is mapped onto Lg+1⁄4, the same result follows if we replace ug, 
by —u,41 in equations (13) and (14). 

Finally, note that the replacement of the parameter u, by —w; obviously 
does not alter these results, that is after the replacement the points (u1, ... 
. e -s Uk+1) With ups. > O will again go into (Lp41—L%4.1)A. Our considera- 
tions thus result in the proof of the following theorem. 


Theorem 3. Under the conditions of Theorem'2, for any point x? € Lx there 
is its (n-dimensional) neighbourhood A such that Lj.414 can be described by 
continuously differentiable functions 


xı = F(u) = Fi, ..., Uuk) u Ew (=1,...,n) (15) 


where w is a domain belonging to the space Ry+1 of the points u and L,A is 
described by the equations j 


xı = Fu, ..., Uk, 0), (ui, ..-, Uk) EA (16) 


where the set Ais the section of w by the plane uz+ı = O in Ry+1 cutting œw into 
two nonempty domains. Equations (15) specify a mapping of the points u € w 
with coordinates up+1 > O or ug41 < O onto (Ly41—Lp41)A or Lk+14 respec- 
tively. 
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Finally, if Lk+ı is an oriented manifold, the functions F; possessing the 
indicated properties can be defined so that they determine the orientation of 
Lk+1 

The last assertion should be understood in the sense that if the functions 
F, with the indicated properties appearing in the above process determine the 
orientation reverse to that of L+ then in order to obtain the desired orien- 
tation it suffices to replace u, by —u in F. 


Theorem 4. If the conditions of Theorem 2 (or, which is the same, of Theo- 
rem 3) hold, then if L;1 is orientable, so is Lg, and there is a rule for making 
their orientations coherent. 

Proof. Let us assign to each point x° € Ly its neighbourhood A and func- 
tions F; describing L;.41/ (and specifying its orientation)so that the conditions 
of Theorem 3 are fulfilled. Equations (16) provide a representation of the 
manifold Lg which is by now nonoriented. 

Let M denote the totality of all representations of form (16). Since to each 
point x° € Lis assigned at least one representation of L; of form (16) cover- 
ing x° and specifying the manifold L,A the totality M satisfies condition (i) 
of Lemma 6 proved in the foregoing section. To show that Jt satisfies condi- 
tion (ii) of that lemma as well, let us consider, besides (16), some other repre- 
sentation of L; belonging to W. Thus, we assume that for a point y® € Ly 
there is its n-dimensional neighbourhood 2 such that functions 


Xi = D4, ..., O41), (Uis .. +5 Osi) E€ % G=1,...,n) 
determine the oriented manifold L;.4.1:2 while functions 
xi = D (v, coe Uks 0) (vi, eeees Ux) € p 


determine LQ where p is the section of x by the plane vk+ı = 0, and to 
positive Ur+1 there correspond the points xE (Lk+1—Le+1)4. Let us suppose 
that the intersection L,AQ of the manifolds L,A and L,@ is nonempty. By 
virtue of Lemma 4 of the foregoing section, on that intersection we have a 
correspondence 


UR > (ui, .. e.e Up) = (v1, .. eoeg Ux) Ee Ve 


continuously differentiable in both directions where Uf as and Vj are open sets. 
‘Then the intersection Lj.414Q of the manifolds LA and L+ıQ is also 
nonempty, and on L+14Q we also have a correspondence 

UR+1 > (ui, .. -s Unga) = (Uis .. +> Ons) € VR 


continuously differentiable in both directions. 
OUg+1 


Note that in the case under consideration we have =, =90G=1,. 
for 4.1 = 0 or, which is the same, for ug+ı = 0, and therefore 
Dv, ... Uet1) _ Vsti D(V1, ..., V) (17) 


Duy ...s Unter) Oe DC, ..., Uy) 
for Uk+1 = 0. 
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The Jacobian on the left-hand side is positive since the functions F;(u, ... 
. -s Uk+1) and O04, .. ., Vk+1) determine the oriented parts of Lg+ı and the 
Jacobian of the transformation from (uj, . . ., 41) tO (01, ..-, x41) has a 


positive Jacobian on the intersection of these parts. The factor sae +** is also 
kt 


positive (for ux4.1 = 0) because the parameters u and v are chosen so that 
x € (Lega — Lp) AQ for uk+1ı > Qand therefore we also have #;41 > 0. Hence, 
the Jacobian on the right-hand side of (17) is positive, and we have thus 
shown that the representations of form (16) satisfy condition (ii) of Lemma 
6, § 17.1 (the parameters of these representations are connected by transfor- 
mations with positive Jacobians on the intersections of the manifolds de- 
scribed by them). 

Thus, according to the terminology of the foregoing section, the represen- 
tations of form (16) form a class of the type of Qt. Consequently, Lg is an 
orientable manifold, and as a class specifying its orientation we can choose 
M,- The construction method for M, was indicated in the lemma we referred 
to (M c Mt,,). 

Theorem 4 asserts the possibility of setting a coherence rule for the orienta- 
tions of L,,1and Lg, and its proof does in fact provide such a rule. But for 
practical purposes it will be more convenient to use another rule stated 
below. 

Coherence rule for the orientations of Ly41andL,: if, under the conditions of 
Theorem 2, there ‘is a neighbourhood Q of any point x? € Ly C Ly41 such 
that the part 920441 of Lk+1 can be described by equations 


Xı = f(u, ..., Uk+1), es PET | (18) 
which go, for u, = 0, into the equations 
xı = fO, ua, ..., Ux+1)> i=1,...,n (19) 


describing the part QL;, and the points u = (u1, ..., Ux41) with ui > O are 
mapped under transformation (18) into the exterior of Lk+ı, then, by definition, 
equations (19) determine an orientation of Ly coherent with the orientation of 
Ly +1- | 

To show that the new rule is correct it is sufficient to make the substitution 
Ui = Uk+1, U2 = U1, ..-, Uk+1 = (—1)**1u, in the above-stated rule (Theorem 
4) and then remove the primes. 

The latter rule which we shall refer to as a formal rule has an advantage 
over the former since it is in a natural concordance with the visual rules for 
the orientation of geometric figures given in the elementary presentation of 
the Green, Gauss-Ostrogradsky and Stokes formulas. 

Besides Ly, let us also consider Lg which is the same manifold but with the 
reverse orientation. It is evident that the manifold Lz is the boundary of the 
manifold Lk+ı—Ik+1ı or, possibly, its part, the orientations of these two 
manifolds being coherent in accordance with the formal rule. 


Remark. Let Lk+1, Lk+1and Lp have the same sense as before and, besides, 
let L1, k+1 - - ->Ls, x41 be (k+ 1)-dimensional manifolds whose closures belong 
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to L,41and are pairwise disjoint. Let 
these manifolds have connected bo- 
undaries Li ks ..., Ls,,% oriented 
coherently with them. Then, obvi- 


y=9(x) 


ously, the (s-connected) manifold 
Lass ¥, Lins. (20) 
has the boundary | 
lity Ii (21) 


oriented coherently with it. 


Fig. 17.1 Example 1. Consider, in the xy- 

plane, the convex domain G with 

smooth boundary I" shown in Fig. 17.1. Let JZ denote the strip a < x < b, 

—co< y <æ which we shall regard as a (positively) oriented two-di- 
mensional manifold represented by the equations o 


x=x,y=y, (xy) EH (22) 
G can be regarded as a manifold with the corresponding orientation. Further, 
IT can also be represented by the equations 

x = x, y =—v +(x), a < x < b, — œ < V< œ (23) 

setting up a (continuously differentiable in both directions) correspondence 
(x, y) = (v, x) with the Jacobian 

Dx »_ | 0 1 

Dwe» |1 p(x) 





or by the equations 
x =—x', y = v+yl—-x’), —b < x < —4,— œ <v<o (24) 
specifying a correspondence (x, y) = (v, x’) with the Jacobian 
D(x, y) _ i -1 
Dlx) |1 —y(-*/) 


Besides, in the vicinity of yı and ye the corresponding points (v, x) and 
(v, x’) (with v => 0) are mapped into the exterior of G, and therefore, accord- 
ing to the coherence rule for the orientations, the equations 








x=x,y=9HA(x), axx<b 
and 
x= =x, y = y(-x), —-b<x' < —a 
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of the parts yı and yz obtained from (23) and (24) for v = 0 specify the 
orientation of J’ coherent with that of G. 

We see that as the parameters x and x’ increase continuously the point 
(x, y) describes, respectively, the parts yı and yz of J” so that the domain G 
remains on the left, that is T’ is traversed counterclockwise. 

Since it appears natural to call the orientation of G specified by equations 
(22) positive, we see that the formal coherence rule for orientations when 
applied to G and I’ gives the result concordant with the well-known geometri- 
cal rule for coherence of the orientations of G and T. 

However, for a rigorous justification of this conclusion it is also required 
to apply the above argument to arcs A; and 2» of J‘ containing, respectively, 
the points A and B (see Fig. 17.1). 


z z=9(x,y) 


< 


z=p(x,y) 


eam œm a= a 
an m ae qb 


i a 


Fig. 17.2 


Example 2. Let us consider the convex domain G in the xyz-space with 
smooth boundary surface J' shown.in Fig. 17.2. Let w be the projection of 
G on the xy-plane and let us embed G in the cylindrical solid II = {(x, y, z): 
G, p € w} which (together with G) will be regarded as an oriented mani- 


x=x,y=y,z=2,(%,y,z)€ H 
The manifold JZ can also be represented in terms of the parameters 
(v, x’, y) ((e, x’, y) = (x, y, Z)) by means of the equations 
X=—xX, y = y, z = —0+G(—, y), (X, J) E w, — œ < V< œ 
where w’ is the corresponding domain with the Jacobian 


D(x, y, 2) i : 
XYZ) _ 2 
Dv, x’, y) 0 0 1 =] 


—1 —g(— x’, y) PA—x’, y) 
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or by means of the parameters (v, x, y) = (x, y, Z) and the equations 
X= x, y = y, Z = v+y(x, y), (x, y) E w, — œ< v < 


with the Jacobian 


D j 0 1 0 

ah Ys 2) J» £ — — 

Dv, x, y) 0 : l l 
1 Yx Yy 


Besides, in the vicinity of yı and yz the corresponding points (v, x’, y) and 
(v, x, y) with v > 0 are mapped into the exterior of G, and therefore the 
equations 


x =—x', y = y, Z = 9(—- x’, y), (x, y) E€ w 
and 
x= x, Y = y, Z = y(x, Y), (x, y) E w 


determine, respectively, the parts yı and yz of the boundary J" together with 
their orientations coherent with the orientation of G chosen in accordance 
with the stated rule. 

Let us agree to define the normal n (not necessarily of unit length) to a 
surface r = r(u, v) by means of the formula a = r,Xr,. Then we have n; = 
= —1 for the part yı and n, = 1 for the part y2, that is the normal is directed 
to the exterior of G in both cases. We see that the application of the formal 
coherence rule for orientations to the concrete case of G and T in question 
leads to the situation in which to the positively oriented three-dimensional 
domain G there corresponds its boundary surface I oriented with the aid of 
the outer normal. 

A rigorous justification of this result also requires a thorough considera- 
tion of the parts of I’ covering the boundary of yı (in this case the boundary 
of yı is simultaneously the boundary of y2; see Fig. 17.2). 


Example 3. Let us consider a smooth surface S’ represented by an equa- 
tion 


z= f(x, y), (x,y) € Q | (25) 


where Q is a domain in the xy-plane; let S be a surface belonging to S’ and 
specified by the equation 


z= f(x,y), (x y) Ew CCQ 


where w is a domain (possibly multiply-connected) with a smooth boundary 
y. The boundary of S, that is l = oS = S—S, is obviously a smooth curve. 
Let us assume that the surface S’ (and therefore the surface S as well) is 
oriented with the aid of equation (25). Then the projection of its normal » = 
= r,Xry (r = xi+yj+bk) on the z-axis is equal to 1, that is S is oriented 
with the aid of the normal forming an acute angle with the positive z-axis. 
If we apply the screw rule, then in a right-handed coordinate system (x, y, Z) 


DIFFERENTIABLE MANIFOLDS. DIFFERENTIAL FORMS 309 


the orientation of S induces the orientation of I and of its projection I’, on 
the plane z = 0 such that in the motion of the variable point traversing 
the contour I’, in the direction indicated by its orientation the domain w re- 
mains on the left. The same result is obtained if we make the orientations of 
S and I’ coherent by use of the formal rule. 

Indeed, in a neighbourhood of a point of the curve I' we can describe I’ 
by an equation y = 9(x) or x = (y) considered simultaneously with the 
equation z = f(x, y). For definiteness, let us take the case of the equations 
y = 9(x), z = f(x, y). The surface in question can also be represented with 
the preservation of its orientation by means of the parameters (v, x) = 
== (x, y) connected with (x, y) by the equations 


D(x, y) 


| O 1 
sa i Do, 


—1 g(x) 7 


Let to the points (v, x) with small v > 0 there correspond the points of 
S'— S. Then the equations x = x and y = g(x) determine the orientation of 
Tz, and, as the parameter x increases, the variable point moves along the 
contour I; in the direction of its orientation. It is clear that the points 
(x, y) € w which correspond to v < 0 will then remain on the left. 


Remark. Let a k-dimensional manifold S lie in a domain Q belonging to 
the space R, of the points x = (xı, ..., Xn) and let 2 go into a domain Q’ 
belonging to the space R, of the points € = (&), ..., En) under the mapping 
specified by a one-to-one transformation 

= P(X ..., Xn) = p(x), x EQ, i=15 cian (26) 
continuously differentiable in both directions. 

Then, if equations 

Xı = P(u1, ..., UK) = p:(u), BE oO, i=1,... n (27) 
provide a representation of a part ø C S in the space R,, the equations 
= p(pi(u), ..-» Pa(u)) = Fu), 4 € a, i=1,...,n (28) 


describe ø in R,. Indeed, equations (28) set up a one-to-one correspon- 

dence & = u, the functions Fu) are continuously differentiable together 

with Ps ane Yi ani Tip rank of the matrix | oc at | is equal to k because its k 

TOWS (E Duy °°"? ae ;j=1,...,k, can be regarded as k ee 

vectors obtained from the k linearly independent vectors (2 ssa oe } 

Ce of a nondegenerate linear transformation (with the T ciseainant 
al 4 0). 


"i can - be seen that if S is oriented in R, and if the local descriptions 
of S of form (27) are transformed to the descriptions | of type (28), the latter 
determine the (corresponding) orientation of S in R,. Further, if Lẹ is the 
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boundary of an oriented manifold L;41, the above rule for the induction of 
the orientation of L, by the orientation of L;1 which is applicable both in R, 
and in R, is such that the above correspondence is not violated. 


§ 17.3. Differential Forms 


A differential form of degree k or, simply, a k-form (k = 1, 2, ...,) 
defined on an open set 2 c R, is a finite sum of the type 


A = } a(x) dx, ...dx,, XER (1) 


where a(x) are some functions (the coefficients of the form) and dx;, ..., ax, 
are symbols (the differentials) corresponding to the indices i}, ..., i, which 
satisfy the inequalities 1 = i, = n, provided that sum (1) is subjected to some 
special conditions considered below. 

By a form of degree 0 (a 0-form) on Q is meant an arbitrary function a(x) 
defined on Q. . 

In what follows we assume that the coefficients a(x) are continuous and 
are continuously differentiable as many times as required. Generally speak- 
ing, the coefficients a(x) in different terms a(x) dxi, ..., dx;, may be different, 
and, in the general case, so are the systems of indices i;, ..., ix. 

1. By definition, the following operations on a form % do not alter it and 
are called admissible: 

(a) Rearranging the summands in sum (1). 

(b) Replacing a summand 


a(x) dxi, ... dX, (2) 
by a sum 
Q(x) dxi, ... AX1,+2(x) dx;,...dx;, where a;(x)+a2(x) = a(x) (3) 


or, conversely, replacing (3) by (2). 

(c) Deleting from (1) a summand involving two equal differentials dx, 
and dx;, (i, = is, r Æ s) or a coefficient a(x) = 0 (see below). 

_ (d) interchanging two differentials involved in a term of sum (1) with 
simultaneous change of the sign of the coefficient a(x) in that term. 

(e) If in the ultimate result of the application of operations (a)-(d) to A 
all the terms of A vanish, then A is called the zero form (not to be confused 
with a form of degree 0, i.e. with a 0-form which is an arbitrary function 
a(x)!) and is denoted as @. In particular, this is the case when each of the 
summands of A contains two equal differentials (which is always the case 
when k > n) or when all the coefficients a(x) of the form are identically equal 
to zero on Q. 

It is obvious that on performing appropriate admissible operations on a 
k-form A we can always reduce it to its standard form 


pi = > di, naX) dx, P dx (1’) 
he. e <i 
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where the sum is extended over all the ordered permutations i; < ... < i; 
of the numbers 1, . ..,n taken k at a time. 

The standard expression of a given form A is obviously determined uni- 
quely to within the order of the summands. 

2. If Wand Bare two k-forms, their sum U+ Bis a form obtained by collect- 
ing together all the terms of A and % and regarding them as the terms of 
A+B; the difference A— is defined as the sum A+ (— B) where — $ is the 
form obtained from $ by changing the signs of all the coefficients of the latter. 
In particular, if A has standard form (1’) and $ has the standard form 


% = 3 bi, .. ul) ax), ... aX, (4) 
h(a.. <i 
then the standard form of A+B is 
AEB = PY G,....4£04,....4) By... ay, 
in<...<iby 


We shall not dwell on the formal proof of the fact that these definitions of 
the sum and difference of k-forms do not depend on the (admissible) repre- 
sentations of A and 8. 

3. The product* US of a k-form 


A= Yadx;,... dx, (5) 


B = F b dx, ... dxy, (6) 


(generally, k and s may be different) i is defined as the result of the term-by- 
term multiplication of the expressions on the right-hand sides of (5) and (6) 
with the retention of the order in which the differentials are arranged. In this 
operation the coefficients a and b are considered as commuting with the dif- 
ferentials. In particular, in the case of the standard representations as (1 »” 


Y= 2 Gt,- aC) dxi, ... AX 


and an s-form 


he... <i 
and , 
H = X E N dx), eee dx, 
he...<), 
of the forms A and $ we have 


AB = >J $ C oss abh... J, Xh coe dx, dX), cee ax), (6’) 


ie... <i he...<), 


In the case when k+s > n we obviously obtain AB = 9. 

We shall not dwell on the formal proof of the fact that standard repre- 
sentation (6’) to which the product of two forms A and % can be reduced by 
means of a finite number of admissible operations is independent of the ori- 
ginal representation of the factors A and % (for each factor here are meant its 
representations reducible to one another by admissible operations). 


* The product of forms is also called their exterior product. 
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4. By the differential* of k-form (1) is meant the (k+ 1)-form 
at = 2 x3 = dx; dxi, eee AX), (7) 





It can readily be checked that this definition is in fact independent of the way 
in which Y is represented. 
It is evident that 


ond 
dal = PA = E Dias, ay Me ty de, ... ax), = 6 
because the summands entering into this sum can be divided into pairs of 
terms of the s 


= 4 dx, dx; ax), ... dx + 





= TAT — dx j ax; dx;, .. . ax, 


which mutually cancel out. 
It is convenient to introduce the symbolic 1-form (operator) 


=O 
d= È ox, P 


Then, obviously, dA can be regarded as the (symbolic) product of the forms 
d and Y. It is natural to put 


—-d-s_ Č = 
Om dd a Ox, Ot =O 


Ox; T 


Then the relation PA = ddA = 0 can be regarded as the result of the mul- 
tiplication of the form d by A. 

5. The transformation of a k-form A of type (1) to new variables u = 
= (u1, ..., Un) with the aid of continuously differentiable functions 


Xi = pur, eo., Un) Gi=1,...,n) 
s carried out according to the following rule (see the explanations below): 


A = F a(x) de, ... dx, = Yale) Ș Sa dy, n.. = OX du, = 
Asi ” 


Duj 





SEAD D FE Ba iy oo dy = 


_ Om, ` ` Duzy 
_ Dans « «+5 Xa) 
= > a(u) X Duss « «+> iaa) dus, eee dus, (8) 
Sus... <S} 


Here in the coefficients a the substitution x; = pu) (i = 1, ..., n) has 
been made, the result being denoted as a(u). 


* The differential of a form is also called its exterior differential. 
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The transformation rule from the (vector) variable x to u is expressed by 
the second equality in (8) which defines the expression obtained as a k-form 
in the variables uw = (u1, ..., un). The subsequent equalities automatically 


follow from that definition. In the fourth member of (8) the functions Se 


(the factors by which the original coefficients of the form are multiplied) 
are written in front of the differentials under the sign of the sum containing 
the products of the differentials. The terms entering into thesum ) inthe 
head 
fourth member which correspond to the systems jı, ..., jx of indices con- 
taining equal indices j, = jp (s Ær) can be deleted because the fourth 
member is a k-form obeying the operation rules stated above. Finally, the 
passage to the rightmost member of (8) is carried out as follows. On choosing 
an arbitrary system of k indices 1 = s1 < S2 < ...<s,<m we select 
those summands entering into thesum )' which correspond toall the pos- 


Jisa 
sible permutations of the indices sı, . i 3 Sp and arrange the differentials in 
these summands in the increasing order dus, ... dus, By the properties of 
the forms, this leads to the appearance of the corresponding signs + in 
front of these summands. It can readily be seen that these signs + are such 
that after the factors dus, ..., dus, are taken outside the brackets the expres- 
sion in the brackets turns out to be the determinant (Jacobian) 


DXi ee. Xir) 
D(luns « « +5 Uog) (9) 
On performing such transformations for all the systems of k indices 1 < sı < 
< S2 < ... <S, we arrivé at the last equality (8). 
It should be noted that if 


Ax) dx, ... dX, = a(x) ax, oo. GX, t a(x) dx), ... dxi, (a = a1+a2) (10) 


then the results of the transformations from x to u in the left-hand side of (10) 
and in the summands entering into the right-hand side of (10) performed 
according to rule (8) are in the same relation: 


ae) D a =» Xt) duj, ... duj, = 


jy PO - s oo os Uja) 
D(x, - e e09 Xir) 
= a (u) Dow 29%) ay dupt 
y j, De -+ -> Un) i 
D(t . «+» Xia) 
+az(u) DOs exa) du... dup (11) 
A Duss -o Uja) 


Further, if the left-hand side of (10) contains two equal differentials then 
all the determinants entering into the left-hand side of (11) are equal to zero. 
If two differentials in the left-hand side of (10) are interchanged there appears 
the minus sign in this expression and the same occurs in the transformed 
expression. Indeed, such a permutation leads to the permutation of two 
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different rows in each of the determinants. The last property indicates that 
transformation rule (8) for replacing x by u leads to one and the same diffe- 
rential form (in u) irrespective of the (admissible) representations of the 
original form (in x). 

It should also be noted that the consecutive transformations from x to u 
and then from u tov’ (w = (uj,..., Un)) performed according to rule (8) and 
the direct transformation from x to a’ lead to one and the same result. 
Indeed, using the transformation law ia ae by the fourth member of (8) 
we can write 


a ð 
N = Lau) PA ~ a 


Oxi, OW, Diss 4! _ 
= Late) 2 d k Su. Ou °° Buz, Mor ++ Fils, = 





ood Sis 





au r , 
= Date) PN et * Bue Ailey +++ di, 


because 


OXim _ $ Ôm Olay 
Olen 2 Dijn igs 





Rule (8) is invariant with respect to the operations A+B, AB and dA. 
For instance, in the case of AP, this assertion means that the product of 
the results of the transformations of & and % performed in accordance with 
rule (8) is equal to the result of the transformation of the product AH by 
that rule. To justify this assertion we again use the transformation law ex- 
pressed by the fourth member of (8), and it is sufficient to confine ourselves to 
the standard representations of the original forms. We thus obtain (see the 
explanations below): 


Yay woes ide) x ONG, Dre dup o.. dup X 


u u 
he...<ik <7 "i Oups 


> X bhs.. Ae) 2. sa mt So dun «+ dih, = 


he. e <j, 





x stl) Pl E free. 


lhe... <i A<...<j, “ls... 


Ox, OX, OX, = 
* Õu Our, ` ° Ou, duty, «© Uy, Uy, eee du,, = 


= >) i > ; lt, -s (X) Dy, ..., a(x) dXi, ... AX, dx;, ... aX, = AB 
1E... lp JISE... <Je 


In the first member of the last equalities we have written the product of the 
forms 2 and % expressed in terms of u. The second member is the result of 
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the term-by-term multiplication of A and B performed in accordance with 
the multiplication rule for forms (in u). According to (8) (see the second 
member in (8)), this result is a (k+-s)-form in the variables u = (u1, ..., un) 
which can be obtained by means of the transformation from x to u(accord- 
ing to rule(8)) of the form written as the third member of the last equalities, 
that is of UB. 
Let 
A = X a dsn aoe dx 


be a k-form and 

B= >) b dx, eee dxi, 
an arbitrary form. Then 
A(AB) = aAX-B+-(— 1A dB (12) 


Indeed, 
(ab 
(AB) = LID dx, dx, ... dx, ax, ... dx= 
J 


= LUV ae HH dx, eee dxb dx), PS ax;,+ 
J 


+(—1¥% 9% ya dx;, eee dx, ge dx; dx), eee dxi, = 
J 


= dA-B+(— 1A -dB 


Now we can proceed to the proof of an important fact, namely of the 
invariance of the above definition (see (7)) of the differential of a form A 
with respect to any variables u (x; = Yi(u1, ..., Un); i= 1, ..., N). In other 
words, the transformation of the form dQ expressed in terms of x to the new 
variable u results in the expression 


= ð Oxi, dX, 
B= YY LY an Ca a du; duj, . . . du, 
1 È 


For k = 0 the invariance is trivial: if 
A = f(x) = fxi, -s Xn) 
then 


= n of a n of n Ox; = 


n n ð f az) d m ð f 
= e Us = —— du 
2 ( jml Ox; Ou, 2 ðu, s 

Now let us suppose that the invariance of dA has been proved for some 
k = 0 and show that then it holds for k+1. To this end it is sufficient to 
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consider the simplest (K+ 1)-form (see the explanations below) 
A = a(x) dx ... dxi,,, = A(x) dx, ... dxi,-dxs,,, 
By formula (12), taking into account that œ = 0, we obtain 
dA = d(a(x) dx;, ... dx) dX t 
+(—1)ka(x) dx ... dx, d(dx),,,) = d(a(x) dx, ... dx) axi,,, 


We have thus represented dA as the product of the differential of a k-form 
by the differential of the 0-form x;,,,. Since both factors are invariant and, 
as we know, the product of any forms is invariant, this completes the proof. 

Now let us consider an oriented k-dimensional differentiable manifold 
Lg described by some functions 


= fim, ..., uK) (i = 1, ..., n), (uy, ....u) € G =Le (13) 


possessing uniformly continuous partial derivatives on a bounded open set G. 
We shall suppose that Le c ÊQ c R, where Q is a domain on which a (diffe- 
rential) k-form A is defined (see (1); the coefficients a(x) are supposed to be 
continuous on 2). 

The integral of the form A over Ly is defined as the ordinary multiple integ- 
ral 


m x f a SS ae 9) du... dur (14) 


(a(n = a(fila), .-- we 


which is understood in Lebesgue’s sense in the general case and in Riemann’s 
sense when G is Jordan measurable. 

This definiton is independent of the choice of the admissible parameters 
u' = (ui, ..-., Ug) preserving the orientation of L,, that is connected with u 
with the aid of a transformation G’ 3 u’ = (ui, . . . Uk) = u = (ih, ..., Hy) € 
€ G continuously differentiable in both directions and having a positive 
Jacobian (the derivatives 4. are supposed to be uniformly continuous on G). 


Ou, 
Indeed, we have 


r D(x, oo ey Keg) j j 
SA T t eee du, = 


_ D(Xt,, -s Xt) Duy, ..., up) = 

= J(u) See ny Dea du, ... duk 

a D( Xi, . - +> Xix) 

= | oe) pee ay et du ca 


(see Theorem 1 in § 12.16 and, for the case of Lebesgue’s integrals, property 
22 in § 19.3). 
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If the Jacobian is negative, then in the second member of (15) and also in 
the third member there appears the minus sign, and therefore when the 
orientation of Lx is reversed the integral of A over Lg changes sign. 

It is also important that if XY is transformed from x to x’ by means of a 
transformation x = x’ continuously differentiable in both directions, the 


integral f Aexpressedin terms of x’ remains invariant, that is it remains equal 


L 
to the right-hand side of (14). Indeed, the form A is written in terms of the 
variables x’ as 
D(Xirs «+ +> Xir) os r 
y= La) > p Delle a OH -e UX}, 
and the integral of A over bj ua respect to the variables x’ = (xj, ..., Xn) 
is equal to 


Diy «++» Xt) DGG y +++ 20). _ 
LJ EA Dhe n4) Dup ru) A ee Me 


_ D(is -o o, Xi) 
= D | aw Da u) A e.o duk 
that is it is equal to the integral of A with respect to the variables x = 
= (x1, eee Xn). 
We can also consider a part o of Lg described by functions (13) when the 
parameter u ranges over a measurable subset e c G and define the integral 
of the k-form A over o by means of the formula 


[a= E] a Daia din’... dug (16) 


analogous to (14). 

This definition is obviously also invariant with PT to any change of 
variables x = x’ by means of a transformation. continuously differentiable 
in both directions and is independent of the choice of the admissible para- 
meters (see property 22 in § 19.3). In this case it is natara to call o a measur- 
able part of Ly oriented coherently with Lp. 

Now let us suppose that an oriented manifold L; can be covered by a finite 
number of submanifolds ø, oriented coherently with Lg: 


N 
Lk = L Os 
sol 


Let each of the manifolds ø, be described by some functions 
= f(u), us € G°; f= 1,47) SH T 


possessing salon continuous partial derivatives on a bounded domain 
Gs; s = 1, ..., N. Then the integral of a k-form A over L, can be defined as 
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follows. We choose pairwise disjoint measurable parts 2, C o, (oriented 

coherently with o,; s = 1, ... N, or, which is the same, with L;) whose union 
N 

is Ly (L => 2a) and put 


Sal 


hy sal } 
The parts A, can be defined by the relations 
Ay = 01, Az = 02—001, ..., An = On—ONO1—... —ONON-1 


For instance, it is clear that 22 € o2 and that 0,02 is a manifold described by 
the parameter u? € œ wherew c G? is an open set (see Lemma 4 in § 17.1). 
Then A, is described by the parameter u? € G2—w where G?—w is a meas- 
urable set belonging to G? and Az isa measurable part of Ly oriented coherently 
with Ly. 

For any other representation 


M 
L= 34, Ya=0, jæi 
j=1 


of the indicated oie we have 


pjs yy fa= S fa 


s=1 J=1 yyy Jely 


Here one should take into account that if some parts 4, and A; intersect 
then they belong, respectively, to some intersecting manifolds O, and o 
described by the corresponding parameters u* € G* and a” € Gi, and the 
parts A, and 2; themselves are described by u’ € e° c G: and u” Cel c Gl, 
respectively, where e and e” are measurable. By the lemma we have men- 
tioned, the manifold 0,0; can be described by the parameter ù € w* or by 
the parameter w” € œ”. Both parameters are in a one-to-one correspondence 
(uniformly) continuously differentiable in both directions, the Jacobian of 
the transformation u’ = u” being positive (o° and o” are oriented cohe- 
rently !). 

The intersection e*w* is a measurable set of points u’ which goes, under 
this transformation, into the set (e*w*)’ of points a” which is also measurable 
(see property 22 in § 19.3). The intersection of (e%w*)’ with e” is in its turn a 
measurable set of points uw to which there obviously corresponds the set 
A,’ C Lr. Consequently, 1,4” is a part of Lp. 

In conclusion we write the useful equality 


f (@M+pB) =o | A+ |B 
Lè Lt fy 
where « and ĝ are numbers and A and % are k-forms. 
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Remark. It should be noted that the integral f W of a k-form A over an 
L 
oriented k-dimensional manifold L; defined above is invariant with respect 
to any transformation of coordinates x = x’ continuously differentiable in 
both directions. This follows from the invariance of the terms f A of which 
4s 


the integral in question consists. 
The indicated invariance property of the integral f AN is one of the funda- 


L 
mental properties of differential forms. ° 


Example 1. The integral of a 1-form 
A = P(x, y, z) dx+Q(x, y, z) dy+ R(x, y, z) dz 


in the (three-dimensional) xyz-space over an oriented one-dimensional 
differentiable manifold L, described by equations 


x= oft), y = y0, z= 20 (0< t<) 
where p, y and y possess the derivatives ¢,’ »’ and y’ continuous on [0, /] is 
equal to 


I , 
Í x= | PQ, YP’ +p, p, OP +RE, Y, xX) x) at = 
L 0 
= fe dx+Q dy+R dz) 
Lh 


that is it is the line integral of the vector a = Pi+Qj+ Rk over the oriented 
curve Lı. 


Example 2. The integral of a 2-form 
B = P(x, y, z) dy dz+Q(x, y, z) dz dx+ R(x, y, z) dx dy 


in the (three-dimensional) xyz-space over an oriented two-dimensional 
manifold Lz described by equations 


x = glu, v), y = y(u, v), z = x(u, v) (u, v) E€ w 
where p, y and x possess continuous partial derivatives on © is equal to 


[B= [f [Pe.v.oF22+00.¥.0 F223 + RO. y d Re] du do = 
i @ 











= | | {P dy dz+Q dz dx+R dx dy) 
Lr 


that is it is the surface integral over the surface r = gi + j+ xk oriented with 
the aid of the normal n = r,+ rv. 
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Example 3. The triple integral 
| SG, Y, 2) dx dy dz = fe 
o Ly 


over a domain G in the xyz-space can be interpreted as the integral of the 
3-form 

Q = f(x, y, zZ) dx dy dz 
over the three-dimensional manifold L3; = G equipped with positive ori- 
entation (x = x, y = y, Z = Z). 


§ 17.4. Stokes’ Theorem 


Stokes’ Theorem. Let L;.,, be a connected oriented (k+-1)-dimensional 
manifold and Ly41 C Lr+1 C Lk+1 be its part which is also a (k+ 1)-dimen- 
sional manifold. Let Ly+1 have a boundary OL,.41 = Lg which is a connected 
k-dimensional manifold oriented coherently with L;,41 (see the coherence rule 
for the orientation of a boundary in § 17.2 (18) and (19)*). 

Then for an arbitrary differential k-form A defined in a domain 2 C Rn 
(Lp41 C Q) there holds Stokes’ formula 


f dA = Í y (1) 
Lin OLy41 


Proof. 
1. We shall begin with the simplest case when the oriented part Lk+1ı of 
Lk+1 is the (k-+1)-dimensional cube specified by the following functions of 


the variables xı, ..., X41 Written in the indicated order: 
Xj = Xj, 0 = xj <4, cade (2) 
x; = 0, j= k+2,... n 


In the case of a rectangle the proof is quite analogous. 
The boundary 0L,;+1 consists of the 2(k+ 1) oriented parts: 


k+1 
L= f, (t+) 
s=l 
These parts coincide, to within the orientation, with the parts determined by 
the equations 
LY = {xj = xj, 0 ex <6, j = 1, ...,s—l, stl, ... 
woop k+1; x, = 0,7 = 5,k4+2, ..., n} (3) 
L = {xj= xp O< xj) <6, j= 1,...,s—1, s+1, k+1, 
Xs = 6, x; = 0, j = k+2, ..., n} 


* Here L,,., must not necessarily be 1-connected; see § 17.2 (20) and (21). 
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To find the relationship between the orientations of these parts let us re- 
number the variables xs, X1, ...,Xs—1, Xs+ls +++ Xn by denoting them respec- 
tively as xj, ...,X,. The Jacobian of this transformation is equal to (—1)s~?. 
On the other hand, equations (2) in which x, with j = 1, ..., k+1 are ar- 
bitrary determine the points of L;,41 for xs < ô and the points of the exte- 
rior of L,.., for x, > 6, and therefore the parts Lj and L3’ have the same or 
reverse orientations depending on whether the number s—1 is even or odd. 
Arguing in the same manner we conclude that the parts L and Lọ’ have the 
same orientations for odd s—1 and reverse orientations for even s—1. 

It suffices to carry out the proof for the simplest form 


A = a(x) dxi,, ees ax, (1 <i, =n) 
By what has been said, equality (1) which we have to prove reduces to the 
following equality connecting ordinary multiple integrals*: 


= ða DO, Xho >o o9 es Xa) = 
JÈ (a) D(x, . ey dx, eee AX +1 = 


k+1 Dhns -- -s Xix) 
as —1)+1 is oe Ma 
2, ( ly’ (J ao D(X1 «+ 0s X- Xiti +09 Xr+1) A 


sal 


x dx, eee dXs—1 AXs41 eee dXk+1— 


zo Ge e. es Xiz) 
il a(x) D(X .. -s Xemts Xoti 000s Hey) x 
Xdx1 ... dXs—1 AX341...- “a (4) 
where ay = a(x1,.. e.o Xk+1 0 . -» 0), (se ax) = Ox El Co eee e9 Mk+15 0, . e9 0) 


and A= {0 = x; < ô; Jal , k4+-1} is a cube in the space (Xis ... 
«> Xk+1). It is quite obvious that formula @i is sure to hold in the follow- 
ing cases: 

(i) when for some pair (m, D, m = I we have im = i; because in that case 
all the Jacobians in (4) are equal to zero; 

(ii) when im > k+1 for at least one m because in this case x, = 0 (see 
(2) and (3)). 

Therefore we have to prove (4) for different indices im satisfying the in- 
equalities 1 = im = k+1. Equality (4) is not violated when these indices are 
rearranged in it in an increasing order because under such an operation all 
the three Jacobians in (4) either simultaneously retain their values or simul- 


* The integrals f and f are reducible (see § 17.3 (14)) to multiple integrals over the 


L$» L*s 
projection of L3’ on the plane Xis oo oy Xa—19 Xp +++» Xg+1 LY putting, respectively, x, = ô 
and x, = 0 in ap. 
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taneously change sign. Therefore it suffices to prove (4), for instance, under 
the assumption that the indices i, are arranged as l, 2, ..., Cook Pty 1+1, ... 

, k+ 1. In the latter case all the summands entering into the sum on the 
left-hand side of (4) corresponding to the indices j = l are equal to zero (be- 
cause the corresponding Jacobians on the left-hand side of (4) are equal to 
zero), and therefore the left-hand side of (4) is still more simplified: 


f a= CDM | (a) a un tesi= 
Leet 


ô é 
=(- 1]. .f (= =), AX, dXk+1 = 
0 0 
ô ô 
= (— 1)! ie f [a(x1, .. e e e3 XI—15 ô, Xltls » e e9 Xk+15 0, eee 0)— 
0 0 
—a(%1, . e e9 XJm1y 0, Xl+1y oes Xk+1s 0 ° -» 0)] ax, . 
2. AXp10X 41... dXk+1 = Je fa= fa (5) 
r! L, 


where the last equality holds since at j = l we have 
{a= [ads 22. AXI-1 X41... dXk4+1 = 


D(x, OET) Xj Xi4+b ooeg Xz+1) 
Dx, oe Xj 1s N+ ee op Xr+) 


XxXdxi... dxj-1 AX j4.1 woe AXk41 = 9 
and, similarly, f A = 0 for the Jacobian on the right-hand side contains a 


la 


Il 
owo X 


i 
column whose elements are the derivatives oy foe a” ee’ ae song 
Oxy DH- Dr’ Xr+ 
which are equal to zero. 

2. Let us agree that continuously differentiable functions and continuously 
differentiable in both directions mappings will be simply called functions 
and mappings, respectively. 

(a) Let a point x° belong to Lr+1. Then after the coordinates are appropri- 
ately renumbered we can find a rectangle 
A = {\xy-37| < 6, f=l,...,k4+1; 4-3] <0, j=k+2,...,n} 


and functions x; = = f(z, j= k+2, ..., n, x¥t2 = (Xi, ... X41) € 
€ AEF = {| x,—x7| < 6, j=1,. ., k-+1} describing the part L414. Hence, 
| xy —f(x***)| < o, and if 8 is decreased, then moreover 


[xy —f(x**2)| <0, x+ e ARTY), =f = k+4+2,...,0 
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By the closedness and boundedness of A“*, the left members of the last 
inequalities do not in fact exceed a positive number cı < ø, and therefore if 
A = o—0,, then the points x of the form 


xy =X j=1,... k41; x = z+) (6) 
xktl € At, Izl <A, j= k+2,...,7 (6) 


constitute a set A c 4. Under (6), open rectangle (6’) which we denote 4’, is 
mapped onto A and A’ onto A. Under this mapping the (k+ 1)-dimensional 
rectangle A“*) (z; = 0) belonging to A’ goes into Ly4;4 = Ly4,A and 
A+) into L,4.1A. The change of variables x,—xf = 6uj;j = 1, ...,k+1; 
z; = Aw; j= k+1, ..., n, produces a mapping of A’ onto unit cube of 
points u. It should also be noted that the renumbering of the coordinates 
reduces to the mapping x; = x,,(j= 1, ..., n; 1 = sj =n). 

(b) Now let x° € Lg. Then there holds Theorem 1, § 17.2, in which we 
should put l’ = Lg and S = Lk+1ı. Arguing as above, we see that if the num- 
ber d2in § 17.2 (1) is diminished and ô; is chosen accordingly (less than before), 
we arrive at a rectangle, which we again denote A, possessing the following 
property. There are numbers A, p > O'such that the set 4 consisting of the 
points x of the form 


x= xX, j= 1, ..., k; x* € d® 
Xe+1 = 0+9(x*), |v] <4 (7) 
xX% = Zy+fi(x1 coos Xho v+9(x*)), Iz |< p, j= k+2,...,0 


belongs to A. 

Equations (7) specify a mapping under which the rectangle 1’ (x* € 4®, 
[o] = A, Izl s u) lying in the space (xı, e e e9 Xky Vs Zk+19 oo 09 Zn) goes into 
the domain A and A’ into A. Under the mapping one of the rectangles 
(xk € 4, 0 < v < A) and (x* € AW, —1 < v < 0) goes into Lg+14 = 
= Lk+14 (see § 17.2 (11), (12)). It can be mapped onto a cube by means 
of a simple transformation. 

It follows from (a) and (b) that an arbitrary point x° € L,4.1 can be covered 
by a domain Gx» = A which is mapped onto a domain £4’ belonging to anoth- 
er n-dimensional space R; and its closure A onto 4’ so that L;4.14 ismapped 
onto a (k-+1)}-dimensional cube & € R,. Therefore (see the remark at the 
end of § 17.3) for the part L,,.,A there holds Stokes’ formula 


jan fe 
Linda O(L 3414) 


because it holds for a cube. 

Note that in the cases under consideration the boundary Ly of the mani- 
fold Lk+1ı is not a manifold but the closure of the sum of a finite number of 
pairwise nonintersecting and coherently oriented manifolds, and the integral 
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f A is defined in a natural way as the sum of the integrals of A over these 


Li 
manifolds. This fact should be taken into account in what follows. 

Since L,,is a bounded closed set, there exists its finite covering G1, ..., GN 
by the sets of the type of Gx». By virtue of the lemma on the partition of 
unity (see § 18.4), there is a system of infinitely differentiable finite functions 
pı(x), ..., Pw(X) possessing the following properties: 

(i) 0 < 9x) <1, 

(ii) the support of g; (j= 1, ..., N) is a (closed) set belonging to the 
(open) set Gj, 


Gii) F p(x) = 1 on L+. 
1 
Consequently (see the explanations below) 


f a= f a(Sea)-y | de= f aeay- 


Lk+1 i l Li+ Lk+10; 
N N 
= f yA = X f oa =F |o= fyou= |A 
1 a(Lr+1G)) 1 146; l L L, } Ty 


In the first of these equalities we have used property (iti); the second 
equality is apparent; the third one holds because the form gA (j= 1, ... 
..., N) and, together with it, the form d(y,;2) are equal to zero outside Gj. 
The fourth equality holds by virtue of Stokes’ theorem whose proof for 
elementary parts L;,1G,; has been already carried out and the fifth equality 
holds because at the points not belonging to the intersection of the set 
0(Ly.41G;) with L; the form pj is equal to zero. Finally, the sixth equality 
holds since the form 9,2 is equal to zero outside G,, the seventh is obvious 
and the last one holds by virtue of (iil). 


Examples. Stokes’ general theorem (formula (1)) implies as special cases 
the formulas (see the explanations below) 


J E-E) a ay = J (P dx+Q dy) (8) 


ER ird de= [| (P deto de der Rava (9) 


and 


Jf ley — ae) 47 dt (aar) de t Caa) D = 


5 f (P dx+Q dy+R dz) (10) 
OL, 
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In formula (8) Lz is a bounded two-dimensional manifold in the xy-plane 
and in (10) it is a bounded two-dimensional manifold in the three-dimension- 
al space (x, y, z). Ls is a bounded three-dimensional manifold in the three- 
dimensional space (x, y, z). Further, it is assumed that Lz and OL. and also 
Lz and OL; satisfy the conditions of Theorem 2 in § 17.2 or the more general 
conditions (see (20) and (21) in § 17.2) allowing L» and Ls to be multiply- 
connected. The validity of equalities (8), (9) and (10) follows from Stokes’ 
general theorem and from the fact that the form under the integral sign 
on the left-hand side of each of these equalities is the differential of the form 


Last the integral sign on the corresponding right-hand side. For instance, 
we have 


P 
d(P dx+Q dy) = (Edat dy) ax + Bati dy) dy = 


_ ôP aQ _ faa ð , 
= FV red dy = (S5 dx dy 

It should also be noted that the integral on the left-hand side of (8) is an 
ordinary integral over the oriented domain L> while the integral on the 
right-hand side of (8) is an ordinary line integral taken over the contour OL2 
oriented coherently with L (see examples in § 17.3), and hence (8) is nothing 
but Green’s formula. Similar considerations show that (9) is the Gauss- 
Ostrogradsky formula for the domain L3 with the smooth coherently ori- 
ented boundary ðLa while (10) coincides with Stokes’ ordinary formula for 
the smooth oriented surface L» in the three-dimensional space pulled over 
the contour oLe. 

In the elementary derivation of the Green, Gauss-Ostrogradsky and 
Stokes formulas (§§ 13.5, 13.10 and 13.11) it was assumed that the corres- 
ponding domains and surfaces can be cut into parts of some special form. 
In the derivation of these formulas given here such requirements are not 
imposed on the geometrical figures in question, and in this sense the results 
obtained are more general. 

Stokes’ theorem can be extended to a manifold Lys C [p41 C Lk41 
whose closure can be cut with the aid of smooth surfaces into a finite num- 
ber of parts each of which can be regarded as the result of a continuous 
deformation of a cube by means of a transformation continuously differen- 
tiable in both directions. Their orientations should be coherent in the sense 
ae explanation given in § 13.7 for the special case of a piecewise smooth 

ace. 

The functions P, Q and R in formulas (8), (9) and (10) are supposed to be 
aaa differentiable in the corresponding domains containing Lz or 


CHAPTER 18 


Supplementary Topics 


§ 18.1. Generalized Minkowski’s Inequality 


For any finite number N of elements x, x?, ..., xN of a normed linear 
space E we have the inequality 


N 
<> Il*ll (1) 
kal 


obtained by induction from the basic inequality || x+y}|<||x||+|lyll Gy € 
€ E). Further, if x is the sum of a series )\ x* (x, x* € `E), i.e. 
i 





























x= xl+x7+ .., = ye 
convergent in norm in the space E, which means that x-¥ x* || + 0 (N > 
— oo) then (see § 6.3) 
Hell = jim |X ae] < jim Yt = Fla 
This can be written in the form 
æ s H - (2) 


where the series on the right-hand side may be pu to infinity 
Now, applying (1) and (2) to elements of the spaces /, and L, Cr L,) we 
obtain (Minkowski’s) inequalities 








2 È aul)" <> ) lau?) i 2 
and 
(Èr d)” <> ( [ise ax) 4) 
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(1 =p =æ) where it is allowable to put m = œ on condition that in this 


case the sums of the series X Azı = aç are understood as numbers a; such 
i=1 


” > 0 (m > œ) and the sum F fi(x) is understood as a 
l jul 


function F(x) € Lp (Lp) to which the finite sum Ş Jx) tends, as m + æ, 


i=1 


that F 


1 


m 
ak— } ax 
i=l 








with respect to the metric of Ly, ie. f |F- F fi(a)| dx + 0 (m — =). 
2 l=1 
Inequality (4) involves the summation with respect to the discrete index 
1 = 1,2,3, ... on which f(x) depends. As an analogue of (4) we can write 
generalized Minkowski’s inequality 


(rema, a) af (firmea) "ae o 


(Q C Ry, G C Rm) 
If F(x, y) = 0 outside 2XG inequality (5) can be rewritten as 


( J (J Fe 14) as)" J (J Fede) dy O 


In generalized Minkowski’s inequalities (5) and (6) the role of the summa- 
tion index / entering into (4) is played by the parameter y with respect to 
which the integration (instead of the summation) is carried out. 

The most general form of inequality (6) involves integrals understood in 
Lebesgue’s sense; in this case the condition that the right-hand member of 
(6) makes sense guarantees the existence of the left-hand member and the 
validity of the inequality. 

For the sake of simplicity, we shall confine ourselves to the case of a func- 
tion F(x, y) of two (scalar) variables x and y. Without violating generality 
we can assume that F(x, y) > 0. Let us begin with the special case when 
F(x, y) is a bounded function defined on a square Ay = {|x|, | y| = N} and 
integrable on it in Riemann’s or Lebesgue’s sense. 

We can write (see the explanations below) 


f ([ Eny) dx = | (f FG») dy)’ | FG, y) dy dx= 
= | | ([ EDY) Fe, y) dy dx = 
= | [f (( FEDD Fe, ») ax] dy < 
< f (f ([ FŒ Da} dx)?” (f Fe, y) d)” dy = 
- (FED a (rama) o 
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N 

(were f = f | whence follows the desired inequality 
-N 


(f (f #9) ay)? a)” = f (f Fe p dx)” ay (8) 


In the second equality (7) we have written the integral ( f F dy)? which 


is independent of y as a factor under the integral sign in f F(x, y) dy. In the 
tbird equality we have changed the order of integration, which is legitimate 
for Lebesgue integrable nonnegative (measurable) functions (see § 19.3, 
property 19, Fubini’s theorem). When F is Riemann integrable:on Ay this is 
also legitimate. For, in the latter case the integral f F(x, y) dy” is an integrable 
function of x on [—N, N] and therefore the (p—1)th power of its modulus 
is also integrable on [—N, N] and, consequently, on Ay as well. The (p—1)th 
power of the modulus of that integral is multiplied by the function F(x, y) 
integrable on Ay, and hence under the sign ff in the third member of (7) 
there is a Riemann integrable function and therefore it is legitimate to change 
the order of integration. In the fourth relation (inequality) in (7) we have 
used Hölder’s inequality with respect to x. 

In our further discussion we shall deal with the integration in Lebesgue’s 
sense. Suppose that we are given an arbitrary nonnegative measurable 
function F(x, y) (generally speaking, unbounded) for which the integral on 
the right-hand side of (8) is finite. Let us put 


F(x, y) for (x, y) € dn and F =N 


Fy(x, y) = 
n(x, y) f for the other (x, y) 


The function Fy is nonnegative, bounded, measurable and equal to zero 
outside Ay. As was already proved, a function of this kind satisfies the 
inequality ' 


(Òf Edy) dx)" J (f ewe, P dx) ” dy 


for any N, whence follows the validity of (8) because, as is proved in the 
theory of Lebesgue’s integral (see § 19.3, property 14), it is legitimate to pass 
to the limit as N — o in the last inequality since Fy is monotone in N and 


Fry(x, y) > F(x,y) (N+, Fv = F) 


* Or the corresponding lower integral (see Theorem 1, § 12.12). 
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§ 18.2. Sobolev’s* Regularization of Function 


Let us denote by a, the ball of radius e with centre at the origin in the 
space R, = R: 
o, = {|x| =e} o1=¢ 
Let y(t) be an even nonnegative infinitely differentiable’ function of one 
variable t(— œ < t < œ) equal to zero for |t| = 1 and such that the n-fold 


multiple integral f (|x|) dx is equal to unity: 
fvxdde= | ylix)de=1 (1) 
|x| «1 


where 


x = (Xi, -s Xn) |X|? =>) 4, and Í = f 
1 R 
For instance, as y we can take the function 
gen for 0 = |t| <1 
E for |t| > 1 


(9) = 


(see § 16.6, Example 2) where the constant 4, is chosen. so that condition 
(1) holds. 
The function 


p(x) =F (=) where g) = yll), e> 0 (2) 


is infinitely differentiable on R and its support belongs to o,. For this function 
there holds the condition 


[ pdx) dx =f of) de = f ou) du = f yle)d@=1 B 
Let Qc R be an open set and let f be a function belonging tothe class 


LQ), 1 = p <**. On extending f to the whole space R by putting f = 0 
on R—Q we construct the function 


SAX) = fore = | pl-u) f(u) du = | pu) f(x—u)du (4) 
which is called (Sobolev’s) apne of f. 


* Academician S. L. Sobolev (beri 1908), a distinguished Soviet mathematician. 
++ The class L..(Q) is the set of the functions measurable on Q and equipped with | the 
norm || flle = sup Ifl or || f Ile = ess sup | /(x)| (for the meaning of “ess sup” see 


En 
the footnote on i 333, $ 18.3). : 
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Since ¢ is a finite function the computation of the integrals in (3) and (4) 
reduces to the integration over some n-dimensional balls. For instance, it 
suffices to extend the integration in the first integral in (4) over the ball 
|x—u| = £ and in the second integral over the ball |u| = «. 

Let us dwell on some properties of f. We shall use the notation 


ella = Ie, Lep<«o 
(i) If f £ L,(R), 1 <p < œ, then 
\fz—S lp ~ 9, €@€ +0 (5) 


For, by (3), we have 


-S = E f (FE-S de = f pO E- -AE do 


whence, applying generalized Minkowski’s inequality and taking into acco- 
unt that ọ = 0 and that (3) holds, we derive the relation 


WAS lle = | 0) I F@—2)-S(2)|lp do < 
= sup fæ- e0 © 





In the case p =o property (i) does not hold. However, if we suppose 
that Q = Rand that f(x) is uniformly continuous on R then (6) can be 
written in the form 


Lf lm <'sup | f(2—-0)—F(@)| + 0, e — 0 
(i) If f € LÈR), 1 =p «©, then 
lfl = f pex—a)Ilf lly du = IIS 1l» (7) 


(iti) If f is a locally integrable function on R, that is if f € L(V) for any ball 
V CR, then f, is an infinitely differentiable function on R, and for any non- 
negative integral vector 8 = (Sı, ..., Sn) (i.€., s; > 0 are integers) we have 


Ox) = | pPP~——H) f(u) du 


Proof. If f is a continuous finite function (in R), the last assertion is a 
direct consequence of the classical theorems on the continuity of an integral 
with respect to the parameter and on the differentiability under the integral 
sign. It should be taken into account that p,(x—u) as function of u is finite 
and infinitely differentiable. 

Now let us assume that f is locally integrable. In this case, denoting 
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by e, the unit vector of the x:-axis, we can write (see the explanations 
below) 


h VW 
[ee f Ê pdx—u) f(u) dal = 


= | f {F lo(s +he,—u)—pdx— u) — dx -u)} (u) du| = 


KN RAE i 
A 








<o(\hl) fI du 0 (h0) (8) 
A S 
where 0 < 0 < 1, which proves that 


Se Sx) = | pale a) fw) du 


In the second equality (8) we have used the mean value theorem (for the 
variable xı). Here it is allowable to assume tliat |h| does not exceed a given 
number ô and that A is a closed ball in the space R of the points uw with 
a sufficiently large radius so that the function 9,(x + heı—u) vanishes outside 
A for all h with |A| = ô. The existence of such a ball follows from the fact 
that the function ¢,(z) has a compact support. This accounts for the fact that 
the integral in the third member of (8) is extended over the set A. 

Now let V be a closed ball in R with centre at x (the points of the ball will 
be denoted x’). Then the function 9,(x’—w) is continuously differentiable 
on the bounded and closed set VXA of points (x’, u). The modulus of 
continuity w(t) of the partial derivative of the function p.(x'’—u) with 
respect to x, on the set VXA satisfies the condition w(t) — O (t > 0), 
whence follows the last relation (8). 

(iv) If f € L{Q) (1 <p < œ) then there is a sequence of finite functions 
Yr infinitely differentiable in Q for which 


Il /—ykllp 0 (K+) and lve(x)| < sup | f(x)! 


Proof. Let us choose an arbitrary n > 0 and choose a bounded open set 
g C Ẹ C Q such that 


Ifilo- < + 


Let d be the distance from g to the boundary of Q (d > 0; if Q = R, then 
d = œ). We shall need the function 
F(x) for x € g 
x) = l 
Ja) l 0 for x ¢ g 
and its regularization fz, = y. For € < d the regularization y is an infinitely 
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differentiable function finite in 2 and satisfying the condition 
llf—Ss, ell z,coy = | 4—S ell zc + Il SeSe, llea = 
= II flz,co-s) + IIfe—fevelle cay < 4+4 = n 
provided that « is sufficiently small. 
Further (see (7) in which we put p = œ and f(x) = 0 for x ¢ Q), we 


have 
| Ja, (x)| = sup | f,(x)| = sup |f (x)| 
xER xER 


Now, taking n = ng > O and putting £ = e and g = gą we see that the 
functions Yk = fg, e Satisfy the required conditions. 

The assertions of property (iv) we have proved here strengthen Theorems 
3 and 4 proved in § 14.4. The first of these assertions means that the set of 
infinitely differentiable finite functions on Q is dense in L,(®) (1 = p < œ). 

(v) A function f (x) defined and nondecreasing on a closed interval [a, b] can 
be approximated with an arbitrary accuracy relative to the metric of L,{a, b) 
y a a E infinitely differentiable function (generally speaking, not 

ite). 

Indeed, let us extend f(x) to the entire real axis by putting 


0 for x < a—e,b+e=< x 
f%)=Tf@ fora—e<xx<a 
f) forb<x<«bte 


Then the regularization /,(x) of the extended function f(x) is a nondecreasing 
function on the interval [a, b]. For, taking into account that ¢,(u) is even 
and nonnegative and considering the values of x satisfying the inequalities 
as x< x; <b we can write 


x+e 


faa) = | pdu-2) fw) du = | oO f+ dt = 


< [dt fat dt = fin) 


because for t € (—e, e) there holds the inequality f(x+-1) </(x1+1). The 
infinite differentiability of f.(x) was proved in (ii). Further, taking into 
account (1), we obtain for n = 1 the relations 


IF@)-LOMle cas <= | POISE) +l can dt < 


= sup IIf@)-SE+ Dllzg—-, +0, & + O 
a shows that f, is an approximating function for f possessing property 
v). 
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§ 18.3. Convolution 


In this section the integration will be understood in the Lebesgue sense 
and we shall be interested in functions belonging to the space Lp = L,(Rn) 
(1 =p = œ). For a finite p, a function f belongs to Lp if it is Lebesgue 
measurable and possesses the finite norm 


Wile, = (Sree) 
po f = f ): 


Ra 
The space L.. 1s defined as the class of the functions f bounded and meas- 
urable on R, equipped with the norm* 
IfI Lo = sup |/()| 


For any function K(x) = K(x1, ..., Xn) € L = Lı makes sense the conyo- 
(te) (or faltung) defined with the aid of the Lebesgue integral (see § 16.8 
(16)): 


Kaf = aos | KOS-a) du = og | KE- fe) du (1) 


FTE (1) exists for almost all x € R, and is a function of x belonging to 
oS i function satisfies generalized Minkowski’s inequality Ce ole: 1 


Kef|lz,< gape | KONSE- u)r, du = Gor Killin © 


where the norm If@—s)||z, = = Iœ Ila, i is taken with respect to x. For 
p = œ inequality (2) is quite obvious. 

The function Kæf € Lp, in its turn, can be subjected to the operation of 
forming its convolution with a function Kı € Lp, and there holds the com- 
mutativity property 

KisKaf= K*Kiaf (K,Kı€ L, fE Lp (3) 


(which follows from Fubini’s theorem proved in the theory of Lebesgue’s 
integral). 

We have defined the convolution of two ordinary measurable functions 
K€ Landf € Lp as an ordinary function K»f belonging to Lp and computed 
by formula (1) involving Lebesgue’s integral. 


* We note that Læ more often denotes the totality of the so-called essentially 
bounded functions f measurable on R, and possessing the (finite) norm 
WF Ile = = oP I F(z) | 


where ess sup | f(x) | (also denoted as vrai sup | f(x) | or vrai max |/(x)|) is the so-called 


z€8 s€B z€B 
essential supremum of f defined as the smallest number M for which the set {x: M < f (x)} 
is of Lebesgue measure zero. 
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However, K, f and Kf can also be regarded as generalized functions 
(belonging to the space S’). Therefore the generalized functions Kf and 


Kf belonging to S’ (they must not necessarily be ordinary functions) make 
sense. This allows us to put, by definition, 


Rf=Ksf and Rf= Kef (4) 


It should be stressed that K and K are continuous functions (since K € L). 
The first equality (4) defines the product of K by the generalized function 

fon condition that f € Lp. 
Definitions (4) automatically imply the equalities 


Kef = RF =R} (KEL SEL, 


(which generalize relations (16) in § 16.8 where it was assumed that f = 
= ¢ E S € Lp l =p =œ). 

It should be noted that if @ = K € Land at the same time z is an infinitely 
differentiable function of polynomial growth, then the product pf (f € Lp) 
can be defined in two different ways, namely, on the one hand, it is the func- 


tional 
=e PES 


and, on the other hand, as was defined in (4), it is the functional uf = jiaf 
Let us show that these functionals are in fact equal. If f € S, the relation 


(7, up) = (aaf) ES) (5) 


expresses the equality of ordinary integrals of ordinary functions which can 
be proved by analogy with § 16.8 (16). In case f € Lp is an arbitrary function 
there is a sequence of finite functions f; € S convergent to f in the sense 
of Lp and moreover in the sense (S’) (see § 18.2, property (iv). For each 


= 1, 2, ... we have (f, up) = (asf, g) (p € S), whence, on passing to 
the limit as | — oo, we obtain (5). For, fı — f (Lp) implies fixf, — fixf (Lp) 


and moreover ĉxfı — fixf(S’), and therefore asf, > faf (S°). 

Let us consider the convolution of the generalized function P.— € S’ and 
a function f € Lp (1 < p < œ; see Example 2 in § 16.7). It is defined as the 
limit 





Wn t 
Te e<|t|<l/s 


F(x) =P. +f = lim. f ta [a 


in the sense of the space Lp = L,(— œ, œ). Thus, 


lim |F- (P.. Zaf) l = lim [P.-P. er A =0 
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where 
1 1 
0 for the other values of t 


It can be proved that this limit exists for any function f € L,, whence 
it follows that F € L,. Moreover, there exists a constant Cp dependent on p 
(1 <p ~<-o) and independent of f such that there holds the inequality 


I Filz, = Coll f Illz, 
It is important to note the commutativity property 


KeP taf=P.teKef (KEL, f€Lp»l<p=<~) © 
Relation (6) follows from the equality 
KP. af =P, #Kef (> 0) 


l 
P..— = 


(P. € L) if we pass in it to the limit in the sense of Lp. Indeed, . have 
| (KeP.+ f)— (K+P..++/) l = | Ka(P.—P,.) TH, = 


= C,|@.-P.) + i, +0 








and 


\(P--+Kes)—(P.--*Ke/)|, = |E- -~0 (+9 


§ 18.4. Partition of Unity 


Lemma 1. For any two bounded open sets g and g' such that g Cgc 2’ 
there is a function 9(x) infinitely differentiable on g’, equal to 1 on g and satis- 
Sying the inequalities 0 « g(x) « 1. 
Proof. Let us denote by g° the set of all points x whose distances from g do 
not exceed 6 (r(x, Z) < ô). This is obviously a closed set, and g C g? c g”? c 
C g’ provided that ô is sufficiently small. Let us put 


_ fl foxeg 
y= {o for x ¢ g° 9 
and 
p(x) = px) = | py —x) yy) dy (2) 


The function p = yə is the regularization of the function y. 
As we know, the function g(x) is infinitely differentiable. Besides, by 
virtue of (1) and since integral (2) is in fact taken over the ball of radius 6 
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with centre at x, we have 
1 on g 


p(x) = lo outside g?? 


It should be noted that integral (2) always exists in Lebesgue’s sense while 
in Riemann’s sense it may not exist since the set g° and its intersection with 
the ball are not necessarily Jordan measurable. 

Taking into account that 0 < y(x) = 1 and that po is nonnegative we 
finally arrive at the inequalities 


0 < g(x) < | p(y—x) dy = 1 


To prove the lemma in terms of Riemann’s integral we make use of a net- 
work cutting R, into equal cubes of diameter ô. Let A be the set of those 
cubes each of which contains at least one point x € g. For a sufficiently 
small ô we have g C A C g’. The further course of the proof is analogous to 
the above (g should be everywhere replaced by A). The set A® is obviously 
Jordan measurable. 


Lemma 2 (on the partition of unity). Let a bounded closed set F C R, be 
covered by open Sets $1, .. +» EN. 

Then there is a system of infinitely differentiable functions 7(x), ..., Pn(X) 
possessing the following properties: 

(i) 0 = p(x) <1, 

(ii) P is finite in gj, 


(itt) } p(x) = 1 on F. 
1 
Proof. Let us construct open sets gi, ..., gy Such that 


g CB C By, ye GoF 


and, using the foregoing lemma, determine nonnegative infinitely differen- 
tiable functions ,(x) finite in g, and equal to 1 on gj. Next we put 


-4w 
yx) = AN... +Ay(x) 
The functions y; are obviously infinitely differentiable on G’ and satisfy 
on G’ the conditions 0 = p(x) = 1 and F y,(x) = 1. However, they are not 
1 
defined at the points x where all 4,’s turn into zero. Since F is a bounded 
closed set and G’ > F is an open set, we can construct (see the remark 
below) a second open set G” such that G’ > G” > G” > F and an infinitely 


differentiable function x(x) finite in G’, equal to 1 on G” and satisfying the 
inequalities 0 < x(x) < 1. Now it can readily be shown that the functions 


PAX) = Ax) p(x) (j=1,...,N) 
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satisfy all the assertions of the lemma if we agree that 9,(x) = 0 at the points 
where x(x) = O even when »,(x) is not defined. Properties (i), (ii) and (iii) can 
easily be checked. If x € G’ then x € £, for some jo and 4,,(x) = 1, and 
therefore in some neighbourhood of x the function y, and, together with it, 
the function gy are infinitely differentiable. In case x ¢ G", there is a neigh- 
bourhood of x where x is identically equal to zero, and consequently gj is 
infinitely differentiable in that neighbourhood. 


Remark. The existence of the set G” mentioned above can be established 
as follows. 
Let us put 


Gr = = 1,2,... 
Uzi (n ) 


where gj, n denotes the totality of all those points of the set g; whose distances 
from the boundary of that set are greater than 1 /n. It is evident that g;, , and 
Gp are open sets and that 


Gi c Gi c Gic GC 
and 


UGi=G>F 


Consequently, by Lemma 2, § 12.22, we have Ga > F for some n = no. 
Therefore, on putting Gm = G", we obtain F c G” c G'CG’. 


CHAPTER 19 


Lebesgue Integral 


§ 19.1. Lebesgue Measure 


In this section we shall introduce the notion of the Lebesgue (n-dimensional) 
measure for bounded sets forming the class of Lebesgue measurable sets. 
It generalizes the notion of the Jordan measure since it turns out that every 
Jordan measurable set is also Lebesgue measurable, the corresponding 
measures being equal. 

In §§ 12.2 and 12.5 we defined the (Jordan) exterior (outer) measure 
(content) m-E, interior (inner) measure m,E and the Jordan measure mE = 
= |E| of a set E. In particular, it was proved that the Jordan inner and outer 
measures of an arbitrary bounced set exist and are invariant (with respect to 
any choice of the system of rectangular coordinates).* For the Lebesgue 
exterior (outer) measure, interior (inner) measure and the Lebesgue measure 
of a set E we shall use the symbols u.E, 4E, and pE = |E]. 

Thesymbol | E| forthe notation of the measure will be used in those cases 
when it is already known that the set E in question is such that its Lebesgue 
and Jordan meaSures, provided both of them exist, are equal. 

In this section we shall only deal with bounded sets belonging to the n- 
dimensional space R,, and therefore when speaking of a set we shall mean a 
set of the space R, which is bounded. In some cases when the set in question 
is unbounded or can a priori be unbounded we shall always make the ne- 
cessary stipulations. 

As in the case of the Jordan measure, to any (bounded) set E (belonging to 
R,) are attributed two numbers 4E and eE which are the Lebesgue inner and 
outer measures of E respectively. In the case when these numbers coincide 
their common value uE = mE = HE is called the Lebesgue measure of E, 
and the set E is said to be Lebesgue measurable. We shall begin with the 
definition of the Lebesgue measure for the special classes of open and closed 
sets without resorting to the definition of their outer and inner measures. 

By the symbols G, G1, G’, G2, ... we shall only denote open sets while the 
symbols F, Fi, F’, F2, ... will be used for closed sets exclusively. This con- 
vention allows us to avoid sometimes the stipulations that the sets under 


* In the present section we only need these very properties of Jordan measure. 
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consideration denoted by these symbols are open or closed. We shall also 
agree that the symbols A and ø will be used, respectively, for cubes and for 
figures formed of cubes (or, generally, rectangles) with edges parallel to the 
coordinate axes (see § 12.2). 

The Lebesgue measure of a (bounded) open set G is defined by the relation 


uG = m,G = sup |c| 
oCG 


where the supremum is extended over the volumes of the figures o belonging 
to G. 

An open set G can be represented as a countable union of closed cubes 
with no interior points in common (i.e. any two of them can only intersect 
along some parts of their boundaries; see § 12.5. Theorem 2): 


G=TA=S A | (1) 


It follows that 
uG = mG = 9) |Ak] (2) 


where | 4;| is the volume of 4,. Lemma 2 proved below implies that the 
measure of G in (2) is independent of the way in which G is represented as 
sum (1) (where 4, and 4, with q Æ p have no interior points in common; 
P.g = 1,2, ...). 

The Lebesgue measure of a (bounded) closed set F is defined by the relation 


LF = mF = inf |o| 
oDF 


where the infimum is extended over the volumes of the figures o containing F 

Both numbers uG and pF are invariant with respect to any choice of the 
rectangular coordinates because the numbers mG and mF possess this 
property (see what was said in § 12.2 after formula (6)), whence, as will be 
shown, follows the invariance of 4E and uE for an arbitrary set E, which 
implies the invariance of uE provided that E is Lebesgue measurable. 

Let us prove a number of lemmas establishing some properties of measures 
of closed and open sets. 


Lemma 1. Let o;,(k = 1,2, ...) be closed figures with no interior points in 
common (any two of them can only intersect along some parts of their bounda- 
ries) and let og(k = 1, 2, ...) be closed figures such that 


Von C } ok (3) 
Then 
Vile =} lok] (4) 


where the inequality becomes an equality if and only if the figures 0; have no 
interior points in common. 
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Proof. Let us assume that the right-hand member of inequality (4) is 
finite because, if otherwise, the inequality becomes trivial. Let us choose an 
arbitrary e > 0 and consider open figures og > øp such that 


2 lok| < J, lokl+e 
N 
The bounded closed set Y` o4 is covered, for any N, by open figures ox, and 


1 
therefore it is possible to select a finite number of these figures, say Ok, ... 
. «+» Gk Which also cover this set; it follows that 


N N s 
X lol =| on] = ¥ logl <} lolt e (5) 
k=l 1 j=l 


where in the first relation (equality) we have taken into account that any 
two figures cx have no interior points in common. The right-hand side of (5) 
being independent of N, we obtain 


L loxl =} lokl+e 
1 1 








whence, by the arbitrariness of £ > 0, follows (4). 

If any two of the figures o% have no interior points in common and )' o; = 
= o% we can interchange the roles of øx and oxin this argument to conclude 
that in this case (4) is in fact an exact equality. In case the intersection of 
some figures oj, and o; is a nondegenerate rectangle we can replace o; (k < D) 
by the figure of — ozo; in this argument to conclude that in this case relation 
(4) is in fact a strict inequality. 

When saying that there is a (bounded) open set 


G=)'o, with pG=)'lox| 
k k 


where øx are closed figures (most often, og = Ax are cubes), we shall automa- 
tically mean (see Lemma 1) that the figures o, can only intersect along some 
parts of their boundaries. The possibility of such a representation of G was 
proved in § 12.5 (Theorem 2).- All the other representations G = } 0; where 
the figures ox also have no interior points in common lead, in accordance 
with Lemma 1, to the equality uG = Y |ox|. 

k 


Lemma 2. Let G/; j = 1,2, ..., be a finite or countable system of open sets 
belonging to a cube A. Then the sum G = }' G! is an open set whose measure 
j 


satisfies the inequality 
uG < Y pG! © 
J 


which becomes an equality if and only if the sets G/ are pairwise disjoint. 
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Proof. The fact that the set G is open is quite obvious. Let us consider two 
representations of G of the form 


G = F 4r» uG = yar and G= F Ak 


pG! = F | Ay 
k 
where 4, and Aj are closed cubes. We have }; 4, = Y. Y Afand, by Lemma 1, 
j k 
HG = }, |4| =} 214l = Ý uG! (7) 
J J 


If G/ are pairwise disjoint, any two of the sets 4{ can only intersect along 
some parts of their boundaries, and, by virtue of Lemma 1, there holds the 


equality 
1 4e| = 33, l4 


whence it follows that in this case (6) is in fact an equality. If the intersection 
G‘G! is nonempty for some s, j (s # j) then there are cubes 4; and A} with 
common interior points, and, by Lemma 1, (7) is a strict inequality (with the 
Sign “<” instead of “«”) and therefore so is (6). 


Lemma 3. If F, and F> are two nonintersecting closed sets then 
(F+ F2) = pF i+ pF? (8) 
Proof. Since the sets F, and F} are bounded, closed and disjoint the distance 
between them (see § 17.10, Exercise 5) is positive: 
e = Fi, Fa) > 0 


Let us cover each point x € F; by a (closed or open) cube 4, with centre at x 
and diameter less than ¢/2 and then select a finite system of these cubes also 
covering F,. The union of the cubes of this system is a figure c; covering F}. 
In a similar way we construct a figure o4 covering F,. The figures o; and o, 
are obviously disjoint. Next we choose an arbitrary € > 0 and construct two 
figures o,' and oz’ such that 


Fi c oi’, Fe C 02’, |o | = |uFil+e and |oz| <|pFo|+e 


For the figures o1 = 0101’ and o2 = 0203’ there obviously hold the same 
relations 


Fı C01, Fe C 02, |e] = Fite and lol <= F+ € 


and, besides, they are nonintersecting. 
Since o1-+0¢ is a figure containing the closed set Fı+ Fe, we have 


BF i+ Fe) = |01+02| = |o1|+|o2| © Fit uFz+2e (9) 
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Now let us choose a figure o > Fı+ Fz such that u(Fit F2)+e > |o]. It 
follows that 


(Fit F2)+e > |o| > |o(01+-02)| = |00;|+|000| > yFı+ uF (10) 


Here we have used the fact that the figures oc, and oo are disjoint and con- 
tain the sets F, and F respectively. Finally, taking into account that € > 0 is 
arbitrary, we conclude that (9) and (10) imply (8). 


Lemma 4. If F is a bounded and closed nonempty set, G is an open set (not 
a bounded) and F c G, then there is a figure o (closed or open) 
such that 


FoocG, pF<|ol|<sG - (11) 

Proof. Let us cover every point x € F by cubes 49 c 49 c JM cG 

with parallel faces and centres at x, the lengths 69, 6 and ô® of whose 

edges satisfy the relation 62 < 69 < 6®. Let the cubes 4% be open and 

A®) be closed. By Heine-Borel lemma, there is a finite number of cubes 42, 
say 42, ..., AW, covering F. Then the (closed) figure 


o = > A), (12) 
kel 


obviously satisfies conditions (11) and, together with it, sois the open figure ob- 
tained from a by deleting its boundary. It should be taken into account that the 


figure } 4% > Fis strictly inside o and the latter is in its turn strictly inside 
1 N 
the figure Y 49, c G. 
1 


Lemma 5. For a closed set F belonging to a bounded open set G there holds 
the relation 


u(G—F) = pG— pF (13) 
Proof. Let us represent the open sets G and G’ = G—F as sums of the form 
Gm ye and @ =}, 4k (G= Akl, uG = LIA) 
consisting of closed cubes. Let o c G be an arbitrary figure covering F. 
Then G = )'4, C 0+9 Aj, and, by virtue of Lemma 1, 
LG = V1 4e| = lol+)) | 4k] = lo] + ue’ 


Whence, taking the infimum of the right-hand member over all o > F we 
obtain 


uG œ F+ uG 
N 
On the other hand, the sets F and Y 44 are closed and disjoint, and there- 
1 
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fore. by Lemmas 1 and 4, 
N N N 
BF+Yy) |4;| = oF +p > 4k = o(F+y, 4i) < uG 
i i i 
whence 
pF+uG' = pF +> |4i| < uG 
1 


which proves (13). 

Now let us consider an arbitrary (bounded) set E. 

The Lebesgue inner (interior) measure of E is defined by the equality 
BE = sup uF where the supremum of the Lebesgue measures uF is taken 


over all “the closed sets F belonging to E. The existence of the supremum 
follows from the possibility of embedding E in a closed cube 4, that is 
F c E c A, whence 

uF = mF = |A| 


The Lebesgue outer (exterior) measure of E is defined by the equality 
eE = inf a ee where the infimum of the Lebesgue measures uG is taken over 


all the poral sets G containing E. The existence of pE > 0 is oe since 
uG = 0. 

Finally, a set E is said to be Lebesgue measurable if its inner ‘a outer 
(Lebesgue) measures coincide; in this case the common value uE = mE = 
= eE of the Lebesgue outer and i inner measures of E is called the Lebesgue 
measure of E. 

Let us prove the important inequalities 


mE = E < tE < mE (14) 


To this end we make use of the fact that the Jordan exterior measure m.E 
can be regarded as the infimum of the volumes of the open figures o D> E. 
The result is the same irrespective of whether the Jordan exterior measure 
m.E is evaluated with the aid of open or closed figures ø > E. Since the open 
figures ø > E are a special case of the open sets G > E we see that uE < 
«< M.E. As to the Jordan interior measure m,E, we can regard it as the su- 
premum of the volumes of the closed figures o C E; since such figures o are a 

case of the closed sets F c E, we see that mE < uE. 

It follows from (14) that if E is Jordan measurable it is sure to be Lebesgue 
measurable, and mE = uE. 

Now it can easily be seen that the sets F and G are Lebesgue measurable.* 
This follows from (14) and from the equalities** 


mG = pG=2G, pF = pF = mF 
* Note that a bounded closed set F and a bounded open set G are not necessarily 


Jordan measurable. 
** Because we have, for instance uG_p = mG and H,Go = inf uG. 
€D, 
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In § 12.3 we considered some important examples of sets of Jordan measure 
zero which, consequently, are also of Lebesgue measure zero. 


Theorem 1. A set Eis (Lebesgue) measurable if and only if, given any £ > 0, 
there are sets F and G such that 


FcCEcCG and ypG—-pF<e (15) 
Proof. The assumption that such sets F and G exist implies that 
uF = pE = pE < uG 
whence £ > peE—m;E, and, since e > 0 is arbitrary, uE = peE. Conver- 
sely, if E is measurable then for any e > 0 there are sets F and G such that 
FCECG and pE->< pF <pE pG pE+> 


whence follows (15). 


Theorem 2. The sum, difference and intersection of measurable sets E, 
and Ez are also Lebesgue measurable. 

Proof. Let us take an arbitrary « > 0 and choose some sets Fi, F2, G1 
and Gz so that the relations (see Theorem 1 and Lemma 5) 


Fi C Ey Cc G1, uGı— pF, = u(Gi— F) < E 


and 
Fz C Es C Go, pGe— uFz = u(G2— F2) < E 
hold. 
It follows that 


Fi+Fe C E14 E2 C Git+Ge | (16) 


Fiı— G2 (an Eiı— E2 Cc Gı— F>, F\F2 Cc E1E2 C GiG2 
The assertions of the theorem now follow from the calculations (see the ex- 
planations below) 
p(Gi+ Ge)— (Fit Fe) = w((Git Go)—(FitF2)) < 
<< u((G1— Fi)+(Ge—Fs)) = w(Gi—F 1) + w(Ge—F 2) < 2e 
u(G1—F2)— p(Fi—G2) = w((Gi—F2)—(Fi— G2) = 
= p((Gi— Fi) +(G2—F2)) = u(Gi—F 1) + u(G2—F2) < 2e 
and 
UGiGo— pF iF, = p(GiG2—FyF2) = p(Gi(G2—F2))+ p(Fo(Gi—F)) < 
<= pu(G2—Fe)+u(Gi—E1) < 2e 
The first relations (equalities) in these calculations hold by virtue of 


Lemma 5 because the right-hand members of (16) are open sets while the 
left-hand members are closed sets. The second relations (inequalities) are 
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implied by Lemma 2 and by the following set-theoretic inclusion relations: 
(a) Gi+Ge—(Fit+Fe) 
(b) (Gi—F2)—(Fi—Ga) } C a EA 
(c) G1:Go—F iF 


In order to prove these inclusion relations let us denote by A and B their 
left-hand and right-hand sides respectively. 

(a) Let x € A, then x € G1+Gz and, simultaneously, x ¢ F; and x ¢ Fs. 
Therefore if x € Gı then x € Gi—F, C B and if x € Ga then x € Go— 
—F, c B. 

(b) Let x € A, then x € Gi, x ¢ Fe and x ¢ Fı—G2. Consequently, for 
x € Ge we have x € Ga— F C B and for x € Ge, by virtue of the condition 
x ¢ Fı— Gəz, we conclude that x ¢ F1, whence it follows that x € Gi—F, C B. 

(c) Let x € A, then x € G1ıG and x ¢ FıFə, that is at least one of the 
relations x ¢ Fı and x ¢ Fə holds. If the former holds then x € Gi—F, c B 
and if the latter holds then x € Gz— Fz c B. 

It should also be noted that the measurability of E1E follows from the 
measurability of E,+-E2 and E,—Es. For, if A is a cube containing E1+ E», 
then 

EE, = A—[(4—E1)+(4—£2)] 


Theorem 3. If E, and Ez are Lebesgue measurable sets and their intersection 
is empty* (E,E2 = 0) then 
W(E1+E2) = wEi+ pE (17) 


Proof. Let us take an arbitrary e > 0 and choose some sets Fa, F2, G1 
and G2 such that 


Fi CE, C Gi, F2 C E C G2 
BE;—e< Fy, uG < pEite 
pE:—e < uF», UG. < pEste 
Since Fi+-F2 C £i1+E2 C Git+Gs, we have (see Lemma*2) 
P(E: +E) = p(GitGe) = Git UG: = pE1+ pE2+ 2e (18) 
Further, 
Ey + pE = wFy+ uF2+2e = p(FitFe)+2e = w(Eit+E2)+2e (19) 
(since the sets Fı and F are closed and FiF2 = 0; see Lemma 3). 
By the arbitrariness of € > 0, relations (18) and (19) imply (17). 


With the aid of Theorems 2 and 3 we can readily prove by induction that 
if e1, ..., €y are Lebesgue measurable pairwise disjoint sets, then their sum 


* Equality (17) also holds in the case when £,E, is nonempty but “(E,E,) = 0. For in 
that case 4E, +E2) = WE, +(E,—E,E2)) = HE, + WE,—E,E2) = pErt LE,— (EE) = 
= HE, + LE, (see Theorem 3 and Theorem 4 below). 
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is also Lebesgue measurable and 
ulei +... + en) = per t...+ pen 
Theorem 4. If E, and Ez are Lebesgue measurable sets and E, > Es then 
p(Eı1—E2) = pEi—pEs (20) 


Proof. The measurability of E;—E_ was already established in Theorem 
2. Equality (20) itself follows from Theorem 3. 


Theorem 5. A bounded set 
E= [J & =[erteatest..., (21) 
km] 


where e;, are Lebesgue measurable pairwise disjoint sets is Lebesgue measurable 
and 


pE = y Lek (22) 


k=l 


Proof. The set E being bounded, its inner and outer measures y,E and 


pe make sense. 
Therefore, for any natural number N, we have 


N N N 
$ Hee = yp (dex) = pi (de) < WE 
1 1 1 
(since y ek C E) . It follows that series (22) is convergent and inequality 
1 
Joo 
» yek = BE (23) 
1 


holds. 

On the other hand, since the set E is bounded, it can be embedded in an 
open cube 4, and for any > 0 and any natural number k there is a set 
Gr C A such that 


ek C Gr Gk < perte 27k (k= 1,2,...) 


From the last relation and from the fact that 5 Gp C Á is an open set we 
1 


conclude (see Lemma 2) that 
eE < p (5%) <) uG =} perte y}, 274 = Y perte 
1 1 1 1 1 
Now, since e > 0 is arbitrary, we obtain (see (23)) the inequalities 


leE = > Mek = E 
1 
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Finally, taking into account that pE = uE, we see that the set E is measu- 
rable and equality (22) holds. 
Theorem 5 can be restated in an equivalent form as follows. 


Theorem 6. Let E1, E2, E3, ... be measurable sets forming a nondecreasing 
sequence 
Ey C Ez C Eg C 


whose union E = Ü Eç is bounded. Then E is a measurable set and 


kal 
lim pE; = pE 
k=» 


Proof. Let us put e, = E, and ey = En—En-1ı (N = 2, 3, ...), then the 
sets ep are measurable and pairwise disjoint and 


Üe- 
kal 
Therefore, by virtue of Theorem 5, the set E is measurable and 


N 
En = plei +... + en) = Yo pek > pE, N — œ 
km1 


We shall also state one more theorem reducible to Theorems 4 (or (6)). 
Theorem 7. Let E;, Es, Es, ... be measurable sets forming a noninereasing 
sequence 
E 1> Ez BD: ae 
Then their intersection E = A Eis a measurable set and pE = lim En. 


R—> co 


Proof. We can write E = a E; = Fi- U (E,—E;,) and therefore (see 
kel kml 
the explanations below) 


BE = pEy—p |) (Ai:—Ex) = uE,- lim u(E1—E;) = lim pEx 
kul kco k—»co 


Indeed, the sets E1—Ex C E, (k = 1, 2,...) are measurable and form 
a nondecreasing sequence, and hence, by Theorem 6, their union is meas- 
urable and its Lebesgue measure is 


lim ME1—Ex) = pEy— jim pEr 


Here the existence P the limit on the right-hand side follows from that of the 
limit on the left-hand side. 
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Theorem 8. If the union of a (finite or countable) system of measurable sets 
Ei, E2, ... is bounded, then it is measurable and 


"(U “r = J pEr (24) 
k k 
Proof. The measurability of the union |_}) Æ follows from the equality 
k 
(JE = E+ (E2—E1)+ (E3—E1—Ea) +... (25) 


where the summands on the right-hand side are measurable pairwise disjoint 
sets. Further, as we know, the measure of the set on the left-hand side of 
(25) exactly coincides with the sum of the measures of the sets forming the 
series on the right-hand side; the measure of the Ath set in this series obvi- 
ously does not exceed uE;, whence follows (24). 


Theorem 9. The intersection of a finite or countable number of measurable 
sets Ey, E2, ... is measurable. 

Proof. The assertion of the theorem follows from Theorems 2 and 8 if we 
take into account that 


(Ek = Ai- (E,—Ex) 
k k 


It should be noted that a single-point set (in the space R,) is both Jordan 
and Lebesgue measurable and has measure zero. By Theorem 5, a bounded 
countable set of points (belonging to R,) is a Lebesgue measurable set of 
measure zero although it must not necessarily be Jordan measurable. For 
example, the set 4’ of rational points (i.e. with rational coordinates) belong- 
ing to a cube 4 is of Lebesgue measure zero but is nonmeasurable in Jor- 
dan’s sense. The set of points x = (x1, ...,; Xn) € 4 whose not all coordi- 
nates are rational has obviously the Lebesgue measure equal to | 4]. 

We also note that if a set E is Jordan measurable, the addition of its 
boundary to it does not alter its measure (i.e. mE = mE) while in the case 
of the Lebesgue measure this is no longer so; for instance, for the sets 4’ 
and A considered above we have pA’ = 0, A = 4’ and [Al > 0. 


§ 19.2. Measurable Functions 


Lebesgue measurable sets E (E c R,) will be simply called measurable, 
They are always bounded. 

A function f = f(x) = f (xı, ..., Xn) is said to be measurable on a given set 
E (Ec R,) if theset £ is measurable, the function f is finite* on E and the set 


{x: x € E, f(x) < 4} = {f< 4} (1) 
* Here and henceforth we often use the expression “a finite function on E” in the sense 


that f assumes on E finite values (not equal to + <œ or to <) and not in the sense of a 
function with compact support (see footnote on page 156), which we hope will not lead to a 
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(consti g of the points x € E at which f (x) < A) is measurable for any (real) 
number A. 

The rightmost expression in (1) does not indicate explicitly that the points 
x in question belong to E(x € E) but this is tacitly implied. Similar expres- 
sions encountered below should be understood in the same sense. 

Let A < B be arbitrary numbers. There hold the following set-theoretic 
equalities : 


(f<4}= (=< 4+z} (2) 

(f= 4} ={f<4-{f< 4} 3) 

(4<f} =E-(f=< A 4) 
(4<f}=(4<f}-U=s} (5) 

(4<f<B) = {f< B}-{f = A) 6 

{A<f<B} = {f< B}-{f < A} (1 

{4 =f < B} = {4 <f < B}+{f = B) (8) 

d 

= (4< f= B} = {4< f< B}+{f = B} (9) 


The measurability of f on E implies the measurability of every set on the 
left-hand sides of these relations. Indeed, the measurability of each of the 
sets 


{p< Atg} = (x: xeBs@)<4tg}  &=1,2-..) 


implies, by virtue of (2), the measurability of their intersection which exactly 
coincides with the set {f = A}. This implies the measurability of the minu- 
end and subtrahend in (3), whence it follows that their difference is meas- 
urable as well. In this way we consecutively prove all the formulas (4)-(9). 

It is also important that, for arbitrary A and B, the measurability of any 
set entering into the left-hand sides of relations (2) and (4)-(9) implies the 
measurability of f on E provided that the set E is measurable (this property 
does not concern (3)). For instance, let it be known that E is measurable and 
that the set {f = 4} is measurable for any number A. Then obviously the set 


{f< 4} = U {f< 4-7} 


confusion. Hence, in this definition it is assumed that f(x) is a (finite) number for any 
x € E. The case-when f(x) is allowed to take on the values + oo (or <0) is of interest when 
Sis the limit superior or the limit inferior of a sequence of functions finite on E. This case 
will be dealt with in Theorem 2 below. Generally, if in a problem in question it is conve- 
nient to assign to f(x), x € E, not only finite but also infinite values + oo, — oo and co 
it is natural to consider f as being measurable on E if each of the op fe a e 
{f =— œ} (or {f = œ}) is measurable and if on the remaining part of E the function f 
assumes finite values and is measurable in the sense indicated above. 
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is also measurable. Also, let, for instance, the set E and all the sets {A < f < 
< B} (for any A and B such that A < B) be measurable. Then the set 


{f< 4 = U f-k sfa 


is measurable as a sum of a countable number of measurable sets. 

A function f continuous on a bounded closed set F or on a bounded open set 
G is measurable on it. 

Indeed, both F and G'are measurable. Besides, for any A, the set {x: x € 
€ F, f(x) = A} is bounded and closed, and, consequently, measurable, and 
the set {x: x € G, f(x) < A} is bounded and open and, consequently, also 
measurable. 

There hold the following propositions: 

Ife c Eis a measurable set and fis a measurable function on E then f is also 
measurable on e. 

Indeed, the set {x: x € e, f(x) <.A} is the intersection of the two measurable 
sets e and {x: x € E, f(x) < 4}. 

If a function f is measurable on each of the sets ex (k = 1, 2, ...) and if the 
union E = \_)e; is a bounded set then f is also measurable on E. 


k 

Indeed, E as a bounded union of measurable sets ex is measurable. Further, 
the set {x: x € E, f(x) < A} is bounded and is the sum of the measurable 
sets {x: x € ex, f(x) < A} (k = 1, 2, ...), which completes the proof of the 
proposition. 


Theorem 1. Iff and p are measurable functions on E then the functions 


(i) f+, (i) —¢, (iti) fp and (iv) I/p 


are also measurable on condition that in Case (iv) the function g(x) is different 
from zero (g(x) # 0) for all x € E. 
Proof. (i) Let us choose an arbitrary number A. There holds the equality 


{f+p < 4} = U, (f< r} {p< o} (10) 


where the union is extended over all the pairs (r, ọ) of rational numbers 
whose sum is less than A. Indeed, if x € E, f(x) < r, p(x) < o andr+o < A 
then f(x)+ọ(x) < A, and the right-hand member of (10) belongs to the 
left-hand one. If x € E, f(x)+ọ(x)< A and 6 = A—f(x)— q(x) then there 
are rational numbers r and ọ exceeding, respectively, f(x) and g(x) by less 
than 6/2, and therefore f(x)+9(x) < rte < A, that is the left-hand 
member of (10) is contained in the right-hand member. Since these pairs 
(r, o) of rational numbers (for which r+ọ < A) form a countable set, the 
measurability of f and pg on E implies that the right-hand member of (10) 
is a measurable set, and hence so is the left-hand member. 

(ii) In this case the assertion of the theorem follows from the equality 
{-9 < 4} = {p > — 4}. 
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(iii) Let f(x), p(x) = 0 for all x € E. If A = 0, the set {fp < A} is empty 
and, consequently, measurable. Let us suppose that A> 0. If f(x) <r, 
g(x) < o and ro < A then f(x) 9(x) < A. Conversely, if f(x) p(x) < A then 
there are rational numbers r, p > 0 such that re < A, f(x) < rand g(x) < o. 


Therefore . 
fp -4 = U (f<r{e < a} (11) 


r e< 
r, Q>0 


where the right-hand member and, together with it, the left-hand member 
are measurable. < 

Now it readily follows that the set {fp < A} is measurable when each of 
the functions f and o retains sign on E. 

The general case can be reduced to the above cases with the aid of the 
representation 


{fp < A = {fp < A; f. p> O+ {fp < A; f= 0, p = O}+ 
+{fp < A; f <0, p> 0}+{fp < Af, p0} 


(iv) If g(x) > 0 for all x € E then the set {1/p < A} is empty for A <0 
and thus measurable while for A = 0 its measurability follows from the 
equality {1/p < A} = {1/4 <= p}. The case when g(x) < 0 on E is treated 
similarly. The general case can be reduced to the above two cases with the 
aid of the representation 


1 1 i l ; 
haelioni sie <9 
Theorem 2. The limit superior of a sequence of functions f,{x) measurable 
and finite (i.e. assuming finite values) on E, that is the function 
p(x) = lim f(x), x€E (12) 
is measurable on E in the sense of the definition stated in the footnote in the 
foregoing section. 


Proof. The set E can be split into the three pairwise disjoint sets Eo, E, 
and E_ defined by conditions (14) below: 


E = Eot+E,+£E_ (13) 
where 
y(x) is finite on Eo, is equalto + œ on E, and (14) 
isequalto — œ onE_ 


Let y(x) be finite on E (i.e. E} = E_ = 0). Then for any real number A 
and any natural number k we have the inclusion relations 


{v<4-Z}oU e<4-g}efv<4-z} a9 


Nal 
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For, if x € fy < A~ z then, by virtue of (12), there is N such that the 
inequality 


fx) < 4-4, n= N (16) 
holds, and consequently 
A 1 
=EN [fa< A-r} (17) 


Then, moreover, x belongs to the set entering as the middle term in (15). 
Further, if x belongs to that set then there is N such that (17) holds for this 
x and thus (16) holds as well. Now, since (12) is fulfilled, we have y(x) = A— 


-5 , which means that x belongs to the set on the right-hand side of (15). 
It is easily seen that (see (15)) 


(< 4} = Uly<4-a} = Ulr<t-3}= 
=U Ü N {f<4-7} (18) 


kul U N, 


whence it follows that, since the functions f, are measurable on E, the right- 
hand member of (18) is a measurable set and hence so is the left-hand mem- 


Let us pass to the general case when E, and E_ are not necessarily empty. 
For x € E_ we have 


lim n fa(X) = lim a falx) = = — eo (19) 
whence follows the equality 
E_=() U N\th<-48 (20) 


k=l Neal n=N 


showing that E_ is measurable. Indeed, if x € E_ then forany natural number 
k there is a natural number N such that 


fF Ax) <—k, n>N (21) 
that is 
x€ U <-k) (22) 
and, moreover, 
seU N<- (23) 


Since (23) holds for any k, the point x belongs to the right-hand member of 
(20). Conversely, if x belongs to the right-hand member of (20), it follows 
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that (23) holds for any k and, for some N, the relation (22) also holds; this im- 
plies the validity of (21), whence follows (19), which means that the right- 
hand side of (20) belongs to the left-hand side. 

Finally, we have the equality 


E= Å Ü= (24) 


kel g=1 næs 


showing that E, is measurable. Indeed, if x € E, then for any k there is N 


such that 
f(x) > k (25) 
for an infinite number of values of n > N, and then 
x€ N U {fn > k} (26) 


for any k, that is x belongs to the right-hand member of (24). Conversely, if 
the last property holds then (26) is valid for any k, and therefore inequality 
(25) is fulfilled for any k and for an infinite number of values of n, that is 
x€E,. 
Thus, the sets E, and #_ are measurable, and consequently the set Ey = 

= E—E,—E_is measurable as well; since the function y is finite on Eo, it is 
measurable in the sense of the definition stated above, which completes the 
proof of the theorem. 


Remark. In Theorem 2 it is allowable to replace the limit superior by the 
limit inferior because 
p(x) = lim f(x) = — fim (=al) 


A> co 


and the functions h(x) and —h(x) are measurable simultaneously. 

Let the set Eo be the same as above and let Ey be the set on which 9 is 
finite. The function y(x)— (x) is measurable on the set Eo£o containing the 
important measurable subset 


E, = {v(2)—9(x) = 0} 
of the set E consisting of those points x € E for which the finite limit 
lim fala) = 92) = v2) 
exists. 


Definition. A sequence of finite functions fy measurable on E is said to be 
convergent in measure to a function f measurable on E if, given any ô > 0, 
the measure of the set 


ek = {x € E:|f(x)—fi€*)| > ô} (27) 
tends to zero as k + œ (ueg > 0, k + œ). 
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Theorem 3. If a sequence of functions fx finite and measurable on E converges 
on E to a finite function f it also converges to f in measure. 

Proof. Indeed, assume the contrary. Then for some 6 > 0 there must be a 
number å > 0 and a sequence of indices kı, ke, ... such that uer, > A. Let 
us put 


e= C) ler tert T) 


s=1 


then 
pe = lim u(ek,tek, t --.)=> lim ueg, >A 
$—> co Sco 


and hence e is a nonempty set. But wed point x € e obviously belongs to an 
infinite sequence of sets é,,, €n, En» --- (V1 < vg < ...) and therefore 


| f-{x)—fF(x)| > 6 
which contradicts the relation 


Jim fax) = (2) 


oe 4. A Riemann integrable function f on a set E is Lebesgue measur- 
able on E. 

Proof. The condition of the theorem automatically implies the Jordan 
measurability and hence the Lebesgue measurability of E. Let E” be the set 
of the points of continuity of f. By Lebesgue’s theorem (see §§ 12.8 and 12.10), 
uE” = nE. Let us take an arbitrary £ > 0 and determine, for any natural k, 
closed sets Fy c E” such that uF, > wE—e-2-* and Fy C Fk+1. The func- 
tion f is continuous on the set Fx and, consequently, is measurable on it. 
Let us consider the functions 


foe f for x € Fk 
. 0 for x € E— Fk 
which are obviously measurable on E. We have 


jim fx) = f(x) on F= U F, and pE = pE” 


and consequently f is measurable on F’. Since E’ c E” c E and E-E’ = 
= 0, the function f is also measurable on E. 


Theorem 5. Zf a function f is measurable and positive on a set E of positive 
measure, then there are a positive number 7 and a subset e c E of positive 
measure such that f(x) = 4 on e. 

Proof. indeed, let us consider the sets 


€o = {x: xC E,1<f} and er = {x x€E, 5 <f <7 cz}. k=1,2,... 
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which are obviously pairwise disjoint and such that 
a and HE = Mee 


Since uE > 0, there is k for which pe, > 0. For that value of k we can put 
e = ek and A = 1/(k+ 1) to satisfy the theorem. 


§ 19.3. Lebesgue Integral 
A two-way sequence of real numbers 
.. < p-2 < p-1< Po < p1 < P2 < ..., Pk > œ, P-k >— œ, k >+ œ (1) 
satisfying the condition 
sup (Pk+1— Pk) = Ör < © (2) 


will be said to specify a partition R of the (entire) real axis. 
Let a finite measurable function f be defined on a (measurable) set E (in the 
space R,,). Let us consider the (measurable) sets 
ep = {xix € E, pk = f (x) < Devs} = {Pr = f(x) < Deis} 
(k= 0,21, E2 es) 


and the two-way series 


Sr(f) = x Paper = }, Pelle 
= f 6) 
Sr(f) = J, Pr+itek = 2 Pk+i1per 


which we shall call, respectively, the (Lebesgue) lower and upper integral 
sums of f (corresponding to the given partition R). 

We shall agree that the symbols Sp(f) and Sr f ) serve for the notation of 
these series and, in case the series are convergent*, let them also denote the 
sums of the series themselves (which are definite numbers). 

If fis a bounded function on E then, for sufficiently large N, all the sets ex, 
with | k| > N are empty and series (3) become finite sums. But if fis unboun- 
ded on E series (3) may be convergent or divergent. 

H. Lebesgue proved that if at least one of the series (3) is convergent for 
some partition R then the other is also convergent; moreover, these series 


* A two-way series È u, is said to be convergent (absolutely convergent) if each of 
the series È uand ) u, ‘is convergent (absolutely convergent). The sum of the sums of 
these two series is called the sum of the original series È u, By (1) and by the fact 
that ue, = 0, series (3), provided it is convergent, is necessarily absolutely convergent. 
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then automatically converge for any other partition R, and the finite limits 
lim SR) = lim Sa(f) = | f(x) de (4) 
dpn—>0 dp->0 E 


exist and are equal to one and the same number which we shall call the Lebesgue 
integral of the function f on the set E. 

Hence, in particular, for any bounded measurable function on E there exists 
its Lebesgue integral. 

The first and the second terms in (4) are definitions* of the Lebesgue integ- 
ral of fon E, the third term being a symbol for its notation. This notation does 
not differ from that of the Riemann integral. Generally speaking, here there 
is no danger of confusion because if a function fis Riemann integrable on E 
or even absolutely integrable in the (Riemann) improper sense it is also 
Lebesgue integrable, the values of the two integrals coinciding. By the way, 
if the Riemann improper integral of fon E is convergent but not absolutely, 
then fis not Lebesgue integrable on E, and this is the only case when the 
corresponding stipulation may be needed to avoid confusion. 

The assertions stated will be justified later, and we shall also give two 
other definitions of the Lebesgue integral equivalent to the former. One of 
these new definitions is formulated below. 

A function ọ will be called a simple function (or a step function with a finite 
or countable number of “steps”) on a measurable set E if it is defined by 
equalities 

Ox) =c,X€a, f=l,2,... (5) 


where c; are (real) constant numbers and a, are measurable pairwise disjoint 
sets whose sum coincides with E. (Cf. § 14.4 where we considered finitely- 
valued functions and the footnote on page 156.) 

A simple function g is said to be Lebesgue integrable if the series 


F omo = | o) dx (6) 
E 

is absolytely convergent. The sum of that series is called the Lebesgue integral 

of » and is denoted as written on the right-hand side of (6). 

The second definition reads: a function fis said to be Lebesgue integrable 
on E if there exists a sequence of simple functions f;,(x) integrable (in the 
sense of (6)) on E which is uniformly convergent to f(x) on E. It is readily 
proved that for such a function there automatically exists the limit 


lim | fulx)dx = | f(x) dx (7) 
independent of the choice of the sequence {/;,} of the indicated type. This 


* Later on some other (equivalent) definitions will be stated. When comparing the 
ESON of the Lebesgue integral, we shall refer to the definition expressed by (4) as the 
t one. 
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limit is called the Lebesgue integral of f on E. The integral f fkdx on the 
E 


left-hand side of (7) is understood in the sense of (6). 

The equivalence of the first and second definitions of the Lebesgue integral 
will be proved below. The equivalence of the definitions is understood in the 
sense that a function f satisfying the conditions of one of the definitions 
satisfies the conditions of the other definition as well, the corresponding 
limits in (4) and (7) being equal to each other. 

Lebesgue integrable functions are also termed summable.* 

H. Lebesgue himself used the following terminology. 

By an integrable function on E he meant only a bounded measurable 
function defined on E. For such a function f there exist finite sums Sr(f) and 
Sr(f) (which are finite numbers) for any partition R, and finite limit (4) which 
is the (Lebesgue) integral of f on E. Therefore the evaluation of the Lebesgue 
Hage a a bounded measurable function reduces to finding the (one-fold) 

imit as ôg — Q. 

As to the unbounded functions for which limits (4) exist, H. Lebesgue 
called them summable in order to stress that the computation of the integral 
of such a function involves a two-fold passage to the limit, namely, in the 
first place, the sums of the infinite series Sz(/) and Sgr( f) should be evaluated 
and, in the second place, limits (4) should be found. 

In this connection we can say that the Lebesgue integral of an unbounded 
function is an improper integral; moreover, it is natural to consider it an 
absolutely convergent improper integral. 

Before proceeding to the proofs of the assertions stated we shall dwell on 
some:properties of simple functions. 

An arbitrary simple function ọ on E specified by relations 


p(x) =c XE ai, x7 =E, aa, =—0 (i + jf) (8) 
is measurable on E because for any real number A the set 


{p< A4}= J, a 


<A 


is a finite or countable sum of measurable sets and therefore is itself 
measurable. 

The definition of an integrable (in the sense of relation (6)) simple function 
gy and the value of its integral are in fact independent of the way in which the 
function is represented. For instance, if the function ọ in question specified 
by (8) is also representable by equalities p(x) = cj, x € a, $} aj = E, ajay = 0 

j 


(i = j) then the conditions 
cikai) = cjua) (9) 


* Later on the notion of the integrability (summability) will be extended to functions 
finite (i.e. assuming finite values) almost everywhere on E. At present we deal with func- 
tions finite everywhere on E. 
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hold automatically because, for a given pair (i, j), either u(aj;) = 0 or, 
if otherwise, there is a point x € «;a;, for which we have (x) = c; = 
= cj. Therefore if the series X ciux is absolutely convergent, so are the 


i 
following series having one and the same sum (see the explanations below): 
Yea =P Y celuy) =F, Y yuy) = Y guy 
i i j J i J 


(see § 11.9). The absolute convergence of the double series standing as the 
second member in these equalities and the first equality follow from the 
absolute convergence of the first series and from the fact that |c;po;| = 
= Ý | ciu(a104)|. The second equality holds because in the absolutely conver- 


j 
gent double series }’ Y cju(«;a) it is allowable to interchange the summa- 


ij 
tions with respect to the indices i and j, and there holds (9). The third equality 
is explained like the first one. 
When dealing with more than one simple function simultaneously, for 
instance with the function g determined by equalities (8) and with another 
simple function y(x) determined by equalities 


y(x) = dj, x € By, 2 = E, BB, = 0 (j # s) 


it is convenient to unify their representations by putting 
p(x) = Ci, XE œb; and y(x) mE dj, xE op; 


The measurable sets «,8, entering into this representation are pairwise 
disjoint and their sum is equal to E (an empty set is of course regarded as 
nonintersecting with any other set). 

It is evident that if the functions ọ and y are integrable then, for any real 
numbers A and B, the simple function 


Ag(x)+ P(x) = Acit+ Bd, x € (a, By) 
is also integrable and there hold the equalities 


f (4+ By) dx = DY ert Bay) ed) = 
E 
=A » Ci («:8;)+B 2 dy 2 p(æ:b;) = 
= AY cmartBY dnb; =A | pdx+B f pax (10) 
j E E 


Further, if the simple functions ¢ and y satisfy the inequality p(x) = y(x) 
then c,p{«,8;) = djus(«iB;), and therefore, if p and y are integrable, then 


[odra jyde (aaa) (11) 
E E 
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Besides, in this case, if p(x) = 0 and y is integrable, the function 9 is auto- 
matically integrable. 

We also note that the definition of the integrability of a simple function 
gy implies that ọ and |p| are simultaneously integrable or nonintegrable, and, 
in the case of integrability, there holds the inequality (see (6)) 


a aglai [lela 


It is also important that if a simple function ¢ specified by relations (8) is 
bounded (that is |c;| = M; i = 1, 2, ...), it is integrable and its integral 
satisfies the inequality 


J pds 
E 


Let us also discuss another property important for our further aims. Let 

a measurable function f be defined on a measurable set E, and let us consider 
a partition R of type (1) of the real axis and the corresponding sets 

ek = {pk «æ f(x) < Pk+1) k = 0, tL t2, eee 
Using these sets we can construct the two simple functions fr(x) and fr(x) 
determined by the relations 

ERX) = Pr Ee, and fr(X) = Peri, X EC & 
which will be referred to as the lower and the upper simple functions of the 
function f, respectively, corresponding to the given partition R. It is obvious 
that fr(x) = f (x) < fr(x) and (see (2)) 

| f(x) —fr(x)| = Ör 
for all x € E, and therefore we also have 
lf (*)—fr(x)| < ôr and = |f(x)=fr(x)| < ôr 


It follows that both the lower and the upper simple functions (corresponding 
to the partition R) uniformly tend to f(x) on E as r > O, that is for any 
Junction f measurable on E we have 


lim fr(x) = lim fr(x) = f(x) 
dp->0 ĉr —0 
where the passage to the limit is uniform. 


Note that the functions fr(x) and fr(x) are integrable (in the sense of 
(6)) if the corresponding series, that is the lower and upper integral sums 


SKS) = Spruce = | fale) de 








> CkHek 
k 











< | ipl dx =F lcr] per < MuE (12) 
E k 


SRS) = F Perine = | Fala) dx 
E 


are absolutely convergent. 
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What has been said allows us to restate Lebesgue’s proposition stated 
above (its proof is given in Theorem 1 below) as follows: if for at least one 
partition R one of the functions fp(x) and f(x) is integrable on E (in the sense 
of (6)) then the other is also integrable and, moreover, all such functions 
constructed for any other partition R are also integrable on E and there exist the 
limits 

lim f fa(x)de = lim | fa(x)dx = | f(x) de 
dp—>0 E ôr —0 È E 


equal to one and the same number which is called the Lebesgue integral of f 
on E. 


Theorem 1. Let a function f be measurable on a set E and let one of the sums 
(3) (lower or upper) be convergent for some partition R of the real line. 

Then the other sum, and also the upper and lower sums corresponding to an 
arbitrary partition R', are convergent as well. Besides, all the limits of type (4) 
are equal to one another. 

Proof. Let us consider the lower and upper simple functions correspond- 
ing to the partition R: 


4 S r(x) = Pr, x € ek = {pr =f (x) < px+1} 
an 
FRX) = Pre BC 


where p; are the points of division forming the partition R. Let us also consi- 
der the lower simple function fr(x) corresponding to some other partition R’. 

For definiteness, let us suppose that the series Sr(f) is convergent. This 
automatically implies that it is absolutely © of 6) on and therefore the 


integral of fr(x) on E (understood in the sense of (6)) exists and is expressed 
by the relation 
SRCA) F prer = | fale) de 
The inequalities j 
| fr(*) —fr(x)| = ôr 
and 


| fr(x) —fr(x)| = lfr) -S+S E) -fr < ört ôr 


show that the simple functions fr(x)—fr(x) and fr(x)—fr(x) are bound- 
ed and therefore integrable, whence it follows that the function 


Fr(x) = fr(x) + r(x) — fr) 
and also the function 
Sr(x) = fr(x) + Lfr(%) —fr(x)] 


are integrable since each of them is a sum of two integrable simple functions. 
This means that the numbers (the sums of the corresponding series) Sr(f/) 
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and Sr(f) make sense. This completes the proof of the first part of the 
theorem. 
Further, by virtue of (12), we have the relation 


Sx) —Se(Pl< | fR fel) dx < (Ort dx) ps0 (Ör ôr + 0) 


E 


which is nothing but the condition of Cauchy’s criterion, whence it follows 
that the first limit (4) exists. 
Finally, 


ISe(f)—Sx(f)] = | 1Sx(x)—Sx(x)| dz = ôruE +0 (ör ~ 0) 
E 


and therefore the second limit (4) also exists and is equal to the first one, 
which completes the proof of the theorem. 

Earlier we stated the second definition of the Lebesgue integral based on 
the approximation of the given function with arbitrary integrable simple 
functions, not necessarily with the upper or the lower simple function. 
Its validity follows from the theorem below. 


Theorem 2. For a function f to be Lebesgue integrable on E it is necessary and 
sufficient that there should exist a sequence of integrable simple functions 
A,{x) (k = 1, 2, ...) uniformly convergent to f on E. When such a sequence 
exists it turns out automatically that 


lim Í Ax) dx = f fdx 
Kreg E 
re hence this limit is independent of the particular choice of the sequence 
kf. 

Proof. Let a function f be Lebesgue integrable on E and let fr (x) be its 
lower simple function corresponding to a partition Rm of the real line with 
dr, < I/m(m = 1, 2, ...). Then 

1 
()—f@l<++0, mre 


which means that the sequence of the functions fr,(x) is uniformly conver- 
gent to f(x) on E and, besides, as is known from Theorem 1, 


[fr(x) de =Sr(f)~ [fds (m+) 
E E 


We have thus proved that for any Lebesgue integrable function f on E 
there is a sequence possessing the properties indicated in Theorem 2, namely, 
we can put A,,(x) = fr, (x). 

Conversely, let us suppose that there is a sequence of integrable (in the 
sense of (6)) simple functions 4,,(x) on E which is uniformly convergent to 
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a function f(x) on E, that is 
|Am(x)—f(x) |< Em > 0, mor 
(where €m are independent of x € E). Then the function f is measurable and 


finite on E (see § 19.2, Theorem 2), and the sequence of its lower simple 
functions fr,(x) (defined as above) is also uniformly convergent to f: 


Iff 7-0, me 


It follows that 


| Am(X)—fire(¥)| < |Am(x) —F OHS O-R) E 


< emt — 0, m —> co (13) 


The function fr,(x) is integrable (in the sense of (6)) for any m since it is 
representable as the sum 


LRA) = Amh) + (Feg(%)—Am(*)) 


of two intėgrable simple functions. Indeed, the function Àm is integrable by 
the hypothesis, and the function fr,—A,, is bounded. The integrability of 
Jr, (in the sense of (6)) means that there exists the lower integral sum of the 
function f corresponding to the partition Rm, and therefore Theorem 1 im- 
plies that the given function f is Lebesgue integrable on E and 


| Lra) dx = SRA) > [fae 
E E 


where the left-hand member is the integral of the simple function /fr,(x) 
in the sense of definition (6) and the right-hand member is its integral in the 
sense of the first definition (4). 

Finally, taking into account that (see (13)) 


AORO i < (emt) uE 
E 





we obtain (see (10)) 
fam dx = [ fen de+ | Om-fen) dx > | fx 
E E E E 


The integral of an integrable simple function g(x) understood in the sense 
of (6) coincides with its integral in the sense of the first definition because we 
can assume in Theorem 2 that the function » is approximated with the func- 
tions A,, = ọ (m = 1, 2, ...). 

Now we proceed to the basic properties of the Lebesgue integral. 

1. If a function f is Lebesgue integrable on E then it can be redefined in an 
arbitrary manner on a set of Lebesgue measure zero without violating its 
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integrability and altering the value of its integral, that is 
[fax = [fide 
E E 


where fı is the new (redefined) function. A function of the type of fı coinciding 
with f almost everywhere is said to be equivalent to f. Hence, we can also 
say that the replacement of the integrand function f in the Lebesgue integral 
by an equivalent function fı does not alter the integral. 

This property is an obvious consequence of the equality Sr( f) = Sri) 
holding for any partition R of the real axis. 

When we say that a function f is (Lebesgue) integrable on E we mean that 
it is finite (assumes finite values) on E, that is the functional relationship 
y = f(x) assigns to each point x € E a definite (finite) number y. However, 
in the theory of the Lebesgue integral it proves useful to introduce the notion 
of a Lebesgue integrable function f defined (and finite) almost everywhere 
on E, that is at all the points of the set E except possibly on a subset (of E) of 
Lebesgue measure zero. This means that such a function is not defined at 
those points x of the set E which belong to that subset; in particular, it may 
happen that it is natural to put f(x) = © at some (or all) of these points. 

More precisely, a function f defined (and finite) almost everywhere on a set 
E is said to be Lebesgue integrable on E if itis Lebesgue integrable on the subset 
E’ c E consisting of the points at which it assumes finite values. For such 
a function we put, by definition, 


[sae [a 
E E’ 


This definition implies that E’ is a measurable set, and therefore the set E 
also turns out to be measurable because un(E—E’) = 0. 

The class of all functions f which are finite almost everywhere on a set 
E and Lebesgue integrable on E is usually denoted as L(E). In particular, the 
class L(E) contains as its part the totality of all finite Lebesgue integrable 
functions on E which, in its turn, contains as its part the collection of all 
bounded measurable functions on E. 

For example, if E is the (one-dimensional) closed interval [0, 1], we can 
say the function 1/)x is finite almost everywhere on [0, 1] since it assumes 
finite values on the half-open interval (0, 1] differing from [0, 1] by a single- 
point set (consisting of the point x = 0) whose measure is equal to zero. 
As will be seen later (property 15), the Lebesgue integral of this function 
exists and coincides with its (improper) SERS integral: 


[e- #-j#-2 


(0, 1) 


Thus, the function under consideration belongs both to L([0, 1J) and to 
X(0, 1). 
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The expedience of the definition of a measurable function finite almost 
everywhere on a given set can also be demonstrated by the following situ- 
ation. It may turn out that a given sequence of measurable finite functions 
f(x) on a set E is convergent to a finite function not at all the points of E but 
only almost everywhere on E. At those points of the set E where the conver- 
gence does not take place and which form a set of measure zero there exists 
either an (improper) limit equal to e or no limit (finite or infinite) at all. 

If F and ® are two functions finite almost everywhere and measurable on E 
and A and B are real numbers, the function AF+B®@ is defined as follows. 
Let E’ and E” be the subsets of E on which F and @ are finite, respectively; 
then both functions are finite on the (measurable) intersection E, = FE'E” 
of E’ and E”. If we now define the function AF+ B® on E, in the ordinary 
pey , will be automatically defined almost everywhere on E because p(E— 

—E,) =0. 
2. If F, ®© € L(E) and F(x) = B(x) almost everywhere on E then 


[ Fax = [Ode (14) 
E E 


Proof. Let us begin with the case when both functions F and ® are finite on 
E. For any partition R of the real line we have 


F R(x) æ F (x) = P(x) = Dr (x), xEE 


Since F, ® € LE) it follows that the simple functions Fg and ®p are integ- 
rable on E and, since Fp(x) = Øgr(x), we obtain (see (11)) 


f Fr(x) dx < | r(x) der 
E E 


On passing to the limit in this inequality as ôr — O we arrive at (14). 

In the general case we consider the greatest subset E’ c E on which both 
F and @ are finite and the inequality F = ® is fulfilled. For this set E’ we can 
readily prove (14) with E replaced by E’, and, since uE’ = pE, inequality (14) 
holds for E as well because, according to our formal convention, in such 
cases we put 


[Fac= [Fax and [Odea [Ode 
E E’ 3 E E’ 


3. If F, Ð € L(E) and A and B are real numbers then AF+ B® € L(E) and 
f (AF +BD) dx = A | Fdr+B [9 dx (15) 
E E E 


Proof. Let E' (uE’ = uE) be the greatest subset of E on which both func- 
tions F and@ are finite. By Theorem 2, there exist two sequences of simple 
functions F and ®, (k = 1, 2, ...) integrable on E’ which are uniformly 
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convergent to F and ® respectively. By (10), we have 
[ (AFL +B®,) dx = A | Fede+B fOr dx (16) 
E’ E’ E’ 


efor these functions, and since Fk, ® and AF;,+ B®, are integrable simple 

functions whose sequences are uniformly convergent to finite functions F, 

® and AF+ BØ respectively, we see that not only F and Ø but also AF+ BO 

belong to L(E’), and it is legitimate to pass to the limit under the integral 

sign in equality (16) as k + ©, Finally, since uE = uE’, we obtain (15). 
In particular, on putting A = 1 and B= +1 in (15), we obtain 


| F2®) dx = | Fact [ Ode 
E E E 


(where the existence of the integrals on the right-hand side implies the 
existence of the integral on the left-hand side). 
It can readily be proved by induction that 


[Z hde=F [fede (i= 1,2, ...) 
E 1 1E 


4. If Eı C E, the set E, is measurable and a function f belongs to L(E), 
then fE LX{E)), that is the function f is finite almost everywhere on the set Ei 
and is Lebesgue integrable on it. 

Proof. Let E’ be the greatest subset of E on which f is finite and let £; = 
= FE'E. Then 


ep = {x: x€ Ei, pe <f(X) < Ppr} C fx: x € E', Pre f(x) < Pest} = ex 


for any partition R (see (1)). Therefore, since the function f is finite on £E’ 
and belongs to L(E’), we have 


D | Pel pek = F |Pr| per <0 
It ae a Theorem 1, that f € L(Ei). Consequently f € L(E1) because 
uE = 
5. If re € ‘L(E}), fE L(E2) and wW(E1E2) = 0 then f € L(E1+E2) and 
| fdx= [fdet [fae (17) 
E,+E, E; Ez 
Proof. Let us begin with the case when f is finite on E1+E2. Taking an 
arbitrary partition R of the real line we introduce the sets 
ek = {x: x €En Px<f(x) < Presi} 
ek = {x: x CEs, pe<f(x) < Pky} 


and 
ek = fx: x€ E1+Ez, p=<f(x) < pe+1} 
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Taking into account that u(E1E2) = 0, we see that we, = uek+ uer. It fol- 
lows that for the lower integral sums of f corresponding to the sets £,+- 
+ Ee, Eı and Ez the equality 


Y Prpek = Y Peer +> Peper 
k k k 


is fulfilled. By the conditions of the theorem, the series on the right-hand 
side are convergent, which implies the convergence of the series on the left- 
hand side, whence f € L(£1+-E2). On passing to the limit in the last equality 
as Org > 0 we arrive at (17). 

In the general case we consider the greatest subsets E; c E, and Ez c Ez 
(uEı = uE and pE; = E2) on which fis finite. For these subsets there holds 
equality (17), and consequently it holds for E, and Ez as well. 

It can readily be proved by induction that 


BE 5 f fax (u(EkE)=0; k #1) 
k=l Fp, 
UE 


1 


6. If a bounded function f is Riemann integrable on a set E it is also Lebesgue 
integrable on that set and the values of the integrals of f on E (taken in both 
senses) coincide. 

Indeed, the function f is bounded and Riemann integrable on E; therefore 
it is measurable (see Theorem 4, § 19.2) and hence Lebesgue integrable on E. 
Now we can represent the set E in the form of the union E = U Ex of a fi- 


nite number of Jordan measurable (and, consequently, Lebesgue measurable) 
sets Ex with no interior points in common (i.e. any two of them can only 
intersect along some parts of their boundaries), which means that their 
intersection is of Jordan measure zero (and therefore of Lebesgue measure 
zero). Therefore, for the Lebesgue integral of f on E we obtain (see property 
2) the relations 


Ym |Eel< | fde =Y, | fade =F ME 
k E k E, k 


where mg and M, are, respectively, the infimum and the supremum of f on 
Ep. Since the leftmost and rightmost members of these relations tend to 
the Riemann integral of f on E for max d (Ex)—> 0, this integral is equal to 


the corresponding Lebesgue integral. 
7. Let f be a nonnegative measurable function on E (not necessarily finite, 
that is f(x) «+ œ for x € E) and let 


(pw = [7 for O<f(x)=N 


(18) 
N for N< f(x) 
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Then, if f € L(E), there holds the limiting relation 
lim | (f\wde = [fide (19) 
Dae E 


Conversely, if the limit on the left-hand side of (19) exists, then f € L(E). 

Proof. Let f € L(E), then the set {x: f(x) = + œ} is of Lebesgue measure 
zero and the function (f)yis measurable and bounded on E because for 
A = N the set {( fn) < A} coincides with {f < 4A} and for A > N it coincides 
with ae (f)w € LE), and, besides, (fv)(x) = (f)w41(x) = f(x). Con- 
sequently, 


È papers | (Pwdr< | fide (20) 
Pren sN E E 


for any partition R (see (1)), whence, on passing to the limit for N — , 
we obtain 


Sa(f)< lim | (fu)dx< | fdr (21) 
pig E 


Since the leftmost member in (21) can be made arbitrarily close to the right- 
most member, there holds equality (19). 

If we suppose now that the limit on the left-hand side of (19) exists and is 
finite, it will follow automatically that the set e = {x: x € E, f(x) = + œ} 
is of measure zero. For we have the inequality 


| Dwar = | Pwde = Nue 
E e 


where the leftmost member has a finite limit as N — œ which is only possible 
when ye = 0. Therefore the first inequality in (21) implies (we put po = 0) 
that 


Sx(f) = Y, prier = lim | (f)w dx 
kel N-—> co 

Consequently the function f is integrable on the set E’ at whose points it 
assumes finite values, that is f € L(E’), or, which is the same, f € L(E). 

It should be noted that the integrability of f on E’ automatically implies 
that E’ is measurable and therefore so is E. 

It follows from what has been said that the Lebesgue integral of a nonneg- 
alt function f measurable on E (but not necessarily finite) can be defined-as 

imit (19). 

In some courses the theory of the Lebesgue integral is initiated by the 
introduction of the notion of the integral of a bounded measurable function 
which is then generalized to a summable nonnegative function (which is un- 
bounded but belongs to L(E)), the latter being defined as a measurable func- 
tion f on E for which finite limit (19) exists. This limit is called, by definition, 
the Lebesgue integral of f on E. 
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Property 7 shows that the totality of all the functions thus defined exactly 
coincides with the collection of all unbounded nonnegative functions belong- 
ing to 

A m rable unbounded finite function f taking values of arbitrary 
sign is said to be summable on E if it is representable as a difference of two 
finite nonnegative summable functions or of bounded measurable functions. 
Each such difference obviously belongs to L(E). It will be shown below that, 
conversely, every finite function f on E belonging to L(E) can be represented 
in the form of a difference of two finite nonnegative functions belonging to 
L(E), that is in the terminology mentioned above* each such function is 
either measurable and bounded or summable on E. 

We shall say that an arbitrary function f defined almost everywhere on a 
measurable set E is summable on E if it is summable on the subset E’ c E at 
whose points it assumes finite values and if uE’ = uE. 

Let a function f be finite and measurable on E. Proceeding from f, let us 
construct the two nonnegative functions 


_[ fŒ for f(x)>0 

Fe) = | 0 for f(x) <0 
0 for f(x)=0 
—f(x) for f(x) <0 


which obviously are also finite and measurable on E. It is evident that 


F(x) =f+(®)—-/-@) and |f(x)| = /4@)+/-@) (23) 
If f+, f- € L(E) then also f € L(E) (see (3)), and the equality 


[Sde = |f) dx- |f-(x) dx (24) 
E E E 


(22) 
-=| 


is fulfilled. 
The converse is also true: if f € L(E) then f, and f- also belong to L(E). 
For (see the explanations below), 


[a= f ædt f dem J seas 


S(x) >0 S) «0 S(x) >0 


The third member in these relations makes sense since the set {f > 0} c E is 
measurable and the integrability of f on the set E implies the integrability of 
f on the former set (see property 4). The passage from the third member to 
the second one is trivial because the set {f < 0} is measurable and the integral 
of the function identically equal to zero on that set is obviously equal to zero. 

Finally, the passage from the second member to the first one and the asser- 


By the way, when this terminology is used it is usually saeed that all the functions 
PELE) Goh a cad Gone a ed aa 
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tion that f+ € L(E) follow from property 5. It is similarly proved that f- € 
€ L(E). 

8. If F and ® are two measurable functions on E (they may assume finite 
values and also the values equal to + œ), O = F(x) = (x) and Ð € L(E) 
then F € LE). 

Indeed, as follows from the hypothesis, (F)y = (®)y on E for any N and, 
since (F)y, (®)w and @ belong to L(E), we have (see property 2) 


f wax < | Ow dx < [Ode 
E E E 


Besides, the first member in these relations does not decrease as N increases 
indefinitely and hence it tends to a finite limit, whence, by virtue of (7), it 
follows that F € L(E). 

9. If f € LLE) then |f| € L(E) and 





< | Ifi dr (25) 
E 


The converse only holds if we state it as follows: if a function f defined 
almost everywhere on E is measurable on E and | f| € LLE) then also f € L(E). 

Proof. Let E' C E (uE' = pE) be the greatest subset of E on which f is 
finite. As is known, on that set itis possible to construct the nonnegative func- 
tions f, and f_ belonging to L(E’) for which 


IFD = f+- and f(x) = f+(x)—f-(@) 


It follows that |f| € LE’), and consequently we also have |f| € LE). 
Besides, there hold the equalities 


[\flde= [fdet [fide and [fde= [fdr |f- de 
E’ E’ E E’ E’ E’ 


which directly imply inequality (25) with E replaced by E’ since the integrals 
of f4 and f_ are nonnegative numbers, whence it follows that this inequality 
holds for E as well. 

Let a function f defined almost everywhere of E be measurable on E and 
let |f| € L(E). Then on the greatest subset E’ of E where f is finite the non- 
negative measurable functions f4 and f- make sense and the inequalities 
If (x)| = f+(x) and |f(x)| = f-(x) are fulfilled, whence, by property (8), 
it follows that f+, f- € L(E’) and therefore f = f,—f_ € ME’). 

It should be noted that there exist sets nonmeasurable in Lebesgue’s sense. 
Here we shall not dwell on such sets and shall limit ourselves to the following 
remark. Suppose that e is a nonmeasurable set belonging to a cube 4, and let 
a function y(x) be equal to 1 on e and to —1 on 4—e. Itis evident that this 
function is not Lebesgue measurable and therefore it cannot belong to L(A). 
At the same time, |p(x)| = 1 on 4 and |y| € L(4). 
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10. If f € L(E) and if ¢ is a bounded measurable function on E (|¢(x)| = M) 
then fp € L(E) and 


[lofide < | Miflde = M f |f| dx (26) 
E E E 


This follows from properties 2, 8 and from (15) for B = 0. 
11. If a function f belongs to L{E) then for any £ > 0 there is 6 > 0 such 
that for any subset e C E of measure ue < ô there holds the inequality 


[\flde<e (27) 


Proof. Let us begin with the case when fis nonnegative on E. On choosing 
an arbitrary € > 0 we find N such that 


| A-O) d = | fde— | (fw de <5 


Now, taking into account that f—(/)w = 0on E, we obtain for an arbitrary 
sets e C E with pe < zy the inequalities 


[fae = | (fw det | (f-(fw) dx = | (fw dx + | (f- (fN) d < 
e e e e E 


< Nue+ < sts 


In the general case when f belongs to L(E), assumes values of arbitrary 
sign and is defined only almost everywhere on E, we consider the greatest 
subset E’ c E on which f is finite. The function |f] is finite on E’ and be- 
longs to L(E’), and, by what has been proved, given any € > 0, there is 
6 > 0 such that for any set e’ c E’ (which temporarily replaces e) with 
pe’ < 6 there holds inequality (27). Now it follows that the assertion of the 
theorem holds because if e c E and ue < 6 then eE’ c E’ and p(eE’) = pe. 

Property 11 can be restated as follows: if f € L(E) then for any sequence of 
measurable sets e, with ueg - O there holds the relation 


[fax] < f IfI dx — 0, k + œ (28) 


ek 








12. If 
=@€ytée+... CE 


where e, e2, ... are measurable sets, (eei) = O fork = land f € L(E) then 
[fde = [fact [fder... 
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Indeed, the existence of the integrals on the right-hand side of this equality 
is implied by property 4. Further, by virtue of property 11, 


JS ds- $ [sd = | fa- N-o 
be 
because (see § 19.1, Theorem 5) 


N 
#(e-Yes] — 0, N — œ 
1 


13. Lebesgue’s Theorem. Jf a sequence of functions fy € L(E) is convergent 
almost everywhere on E to a function f and if the inequalities | f,{x)| = P(x) 
(k = 1, 2,...) where ® € L(E) hold almost everywhere on E then f € L(E) and 


lim | fix) de = J f(x) dx (29) 
k-o Ẹ 
that is under the conditions stated it is allowable to pass to the limit under the 
integral sign. 

In particular, equality (29) holds for any bounded sequence of functions 
Si{x) convergent to f(x). 

Proof. Let E’ c E be the greatest subset on which the functions ® and fy are 
finite, inequalities | f,| = ® are satisfied and f(x) — f(x). It is evident that 
BE’ = pE, f is measurable on E’ and |f(x)| = S(x) on F’, and, since 
® € L(E), we have |f| € L(E’) and f € L(E). Let us put E’ = E+E; ’ where 


Ei={e: x EE, |f- > 3 


={x: xcE, |f(X)—fi(x)| = ô} 
Then uE, — 0, k — œ (see Theorem 3 in § 19.2) and we obtain 


- | fed | = | [O-fode| < fifidet fifi de+ f -felde< 
E E’ E; Ef Eş 


and 











<2 | O dr+òuE < +4 =e (k > ko) 
Ei 


where, first, 6 > O is chosen so that ôE < =» and then (see property 11), 
using the fact that pE, > 0, the number ko is aie so large that f Ødx < 


14. Let oaie functions fkr € L(E) (assuming finite values or equal to 
+ co ) defined on E form a nondecreasing sequence. Then the limiting function 


lim fa) =f) 
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satisfies the relation 
lim | fu(x)de = | f(x) de (30) 
aed E 


where the right-hand member is the number equal either to the Lebesgue in- 


tegral of f on E if f € L(E) or to + œ iff & L(E). 
Proof. Let f € L(E). Then the function f and, together with it, the functions 


J, ate finite on a set E’ c E of measure uE’ = uE, and for the set E’ there 
holds Lebesgue’s theorem (property 13) with ® = f. Therefore relation (30) 
holds if E is replaced in it by E’, and consequently it also holds for the set £ 
itself. Thus, there exists the limit on the left-hand side of (30) equal to the 
Lebesgue integral of f on E. 

Conversely, let a finite limit 


lim [fede = A<0 
RRE 


exist. Then, since ( fk)y = fx on E, we have (see property 2) 
[ fon dx < [feds aA 
E E 


that is J Gv ds = A. 


Now, taking into account that (fk) > (f)w (k > ) on E, we obtain, on 
passing to the limit under the integral sign (see property 13), the inequality 


[Aware <A 
È 


holding for any N > 0, whence it follows (see property 7) that f € L(E). 
15. Let a function f be integrable in Riemann’s improper sense on E. For such 
a function f to be absolutely (Riemann) integrable on E it is necessary and 
sufficient that f € L(E); in case f € L(E) the improper Riemann integral of f on 
E is equal to the Lebesgue integral of f on E. 
We shall confine ourselves to presenting the proof for the case when the 
proper Riemann integral of f has only one singularity on E at a point 
€ E. 


On constructing for any natural number N the function 
x) for xéE-V 
In(x) = E ) : 
for x€EVn 


where Vy is the ball of radius 1/N with centre at x°, we can write the integral 
in question as the limit 


lim | fv de = lim f fax= [fade 
aad NOT Boy E 
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If it is known that f belongs to L(E) then this integral can be regarded as a 
Lebesgue integral, which follows from Lebesgue’s theorem (see property 13) 
because fy > f and | fy| = |f| € LE). Besides, by virtue of property 11, 
we have 

f lfldx +0, Ne 


EVy 


and consequently 


|f| dx + 0, N, N’ ~œ, N< N' 
ElV y- Vy.) 
which shows that the Riemann improper integral of f is absolutely conver- 


gent. Here it should also be taken into account that the integral f fdx 
ElV g-V y} 
can be regarded both in Lebesgue’s and in Riemann’s sense. me 
Conversely, the absolute convergence of the Riemann integral implies the 
existence of the limit 


lim = li 

Jim [alae im {pte 
E E-—Vy 

whence, taking into account that | fv| = | fw41il, we conclude, by property 

14, that | f | € LE). Consequently, f € L(E) since f is Lebesgue measurable 


on E. 
16. If for a function f € L(E) nonnegative almost everywhere on E the equality 


f fdx =0 (31) 


is fulfilled then f (x) = 0 almost everywhere on E. 

Indeed, let us suppose that there is a subset e C E of positive measure on 
which 0 < f(x) < eo. Since the given function f is measurable on e, Theorem 
5, § 19.2 guarantees the existence of a subset e’ C e of positive measure on 
which f(x) = 4 where A is a positive constant. This inequality implies that 


[facm |S dx = Ape’ >0 
E e 
which contradicts equality (31). 
17. Let f € L(E). Then for any e > 0 there is a simple function of the form 
cy for xeFCE (j=1,..., N) (32) 


p(x) = 
0 forall the other values of x € E 
with a finite number N of different values c; where F; (j = 1, . . ., N) are closed 
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pairwise disjoint sets, and therefore the inequality 
f \f@)-9(2)| de < e (33) 


E 
is fulfilled. Besides, if f(x) = 0 then also g(x) = 0. 
Proof. We take the greatest subset E’ C E (uE’ = uE) on which f is finite 
and construct the lower simple function 
P(X) = Pr, ¥ E ek = {x: x CE, pe Efx) < Pry} 
€ 


with po = 0 and dz < 34E (the case uE = 0 is trivial). Then 


[\f-eil dx = | |f-p1| de < öruE < $- 
E E’ 


Next we introduce the function 
for x € e&, k| =N 
p(x) -n Pk € ek | | 
O for all the other values of x € E 


where N is chosen so large that 


[lpi—galde = F, \prl uer <$ 
E Ikl >N 


Finally, let us determine closed sets F C ex and the function 


ös pk for x€Fy |kKi<N 
f O for all the other values of x 


so that the inequality 


| lpa—plds = Y, Ipil uler—Fo <> 
E l N 


k| = 
holds. 


The function p obviously satisfies the conditions of the theorem after py 
and F;, have been appropriately renumbered. Since we have put po = 0, the 
function ¢(x) is nonnegative together with f(x). 

18. Let f € L(G) where G is a bounded open set. Then for any e > O there is 
a simple function 

ete) a; for x€A; i 7: 
0 for all the other values of x 


finite in G (where A, C G are pairwise disjoint cubes with faces parallel to the 
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coordinate axes) such that 


fJ 1f@)-v(2)| dx < e 


G 


Proof. To begin with, we determine a simple function ọ of type (32) satis- 
fying inequality (33) (see property 17) where we should put E = G. Then we 
construct pairwise disjoint figures øg C G covering Fx and a simple function 


y(x) = cj for x E 0j (kK = 1,...,N) 
O for all the other values of x 


so that the condition 


f -pl de =F lel alos) = « 


G 


holds, which is possible since the pairwise disjoint sets F} are bounded and 
closed and therefore measurable. Each figure ox can be regarded as a sum of 
finite number of cubes with no interior points in common.“ Instead of oz we 
can determine figures oy C o; each of which is a sum of nonintersecting 
cubes and then construct a simple function 

Ck for x € o% 


y(x) = 
O for all the other values of x 


such that the condition 
N 
fly.—yl dx = Ş |cx| |ox—o%| < e 
G 1 


is fulfilled. It is obvious that 
[if-vlde< [\f-ol det flp—yilde+ f ly.—yl de < 3e 
G G G G 


which proves our assertion because the cubes forming all the figures o% can 
be numbered in a consecutive order. 


19, Fubini’s** Theorem. For a function f(x) = f(x1, ..., Xn) = f(%1 X) 
(y = (x2, ..., Xn)) measurable on a cube 


A={0<x <a, j=1,... n} 


*This can be achieved by using a rectangular network S breaking up the space R, into 
cubes with edges of length 3-a (see § 12.2) for sufficiently large N and putting o, = @(F,). 
** G. Fubini (1879- 1943),an Italian mathematician. ` 
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there holds the equality 


| F(x) dx = | dx [SELI dy, A = {0 =x <a, j=2,...,n} 
4 ð a 


(34) 
which should be understood in the following sense. 
If f(x) € L(A) then for almost all xı there exists the Lebesgue integral 


[FG y) dy (35) 
a 


which is a function of xı integrable (in Lebesgue’s sense) over the closed inter- 
val (0, a], and equality (34) holds. Besides, if the function f(x) is measurable 
and nonnegative on A and if integral (35) exists for almost all xı € [0, a] and is 
in its turn integrable with respect to xı over [0, a] then f € L(A). 

An alternative statement of the theorem reads: let E C R, be a measurable 
set and let E(x®) be its section by the plane xı = x$, that is E(x?) is the set of all 
y’s for which (x4, y) € E. Let |E (xXD)la denote the ((n— Veg nerea meas- 
ure of the set E(x!) (provided that the latter is measurable). Finally, let G be 
the set of those values of xı for which |E(x1)|+ > 0. 

Then there holds the equality 


[f@)de = |d | fry) a (34) 
E G Ex) 
which should be understood in the following sense. If f € L(E) thenG is a meas- 
urable set on the line, for almost all x, € G there exists the inner integral on 
the right-hand side of (34’) which is a function integrable with respect to 
xı € G and equality (34) holds. Besides, if f (x) is a nonnegative measurable 
function on E (not necessarily everywhere finite) for which the iterated integral 
on the right-hand side of (34') exists (in the sense indicated above) then 


fe LE). | 
Proof. The function 


ox) = le for x¢€E (36) 


0 for x¢E 


where E is an arbitrary set is called the characteristic (or defining) function 
of the set E. If E c A is a measurable set then obviously 


f pa(=) dz = [de = pE 
4 E 


As has been said, | E(x%)|. will denote the (n— 1)-dimensional measure of 
the section of E by the plane xı = x. 
The assertion of the theorem is quite obvious for the characteristic func- 


N N 
tion of a set of the form oy = Y 4, C A (nox = $14) consisting of a fi- 
1 1 
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nite number of cubes (with no interior points in common). In this case 
equality (34) reduces to the relation 


pon = | de f dy = f lonl. dxı (37) 


0 On(x;) 
Let us prove the following lemma. 
Lemma 1. Let f and fy(N = 1,2, ...) be nonnegative functions on A (whose 
yalues are finite or equal to + <) such that 
| In€ U4, N=1,2,... (38) 
and 
In ~f (39) 


where the sequence fy tends to f monotonically. Let Fubini’s theorem hold for 
all N: 


[vce = [da f fale») op - 4 
4 0 a’ 


Then the existence of the Lebesgue integral on the left-hand side of (34) 
implies the existence of the iterated integral on the right-hand side of (34) 
equal to the former integral and vice versa. 

The lemma is proved with the aid of the following relations (see the ex- 
planations below) 


[fae = Him fód = jim fas [henny = 


= fe jim 1 [fide 9) dy = f da [SDd (AD 


which hold under the assumption that any one of the members of (41) 
exists. The first equality (41) follows from (39) (in case the sequence {fy} is 
monotone decreasing this is implied by Lebesgue’s theorem and if it is 
increasing then by property 14). The second equality follows from (40) and 
the third one is again implied by (39) because the integral 


Jiny) dy 
8g 


is a monotone function of N; the fourth equality also follows from (39). 
Indeed, if the fourth member of (41) exists then the limit 


lim | f(x,y) dy (42) 
a’ 
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exists for almost all xı € [0, a], and, by virtue of (39), it is equal to 
[ FG, ») dy (43) 
a’ 


Conversely, if the last member in (41) exists then integral (43) exists for 
almost all xı € (0, a], and therefore, by virtue of (39), it is equal to limit (42). 
The lemma has been proved. 

Lemma 2. Fubini’s theorem holds for the characteristic functions p(x) and 

pr(x) of an arbitrary bounded open set G C A and of an arbitrary bounded 
owed st Fc A. 
Proof. Indeed, let 


G = Z4 (161 = },|4rla) 


where 4; are closed cubes. As we know, Fubini’s theorem holds for the 
characteristic functions y,,(x) of the figures oy = 2, Ak, and consequent- 


ly, by Lemma 1, it also holds for g¢(x) because ae pe € L(A) and the se- 
quence {Pag(X)} i is nondecreasing and tends to p¢(x). 

It should be noted that the inner integral on the right-hand side of the 
equality 


| pola) dx = faxi | poles, y) dy 
4 0 a 


we have proved exists for all xı € [0, a] since the section G(x1) of G is a 
bounded open set for any xı and therefore it is a measurable (in the n—1)- 
dimensional sense) set. 

Now let us consider a closed set F. Let us embed F in an open cube 4. 
Then 4—F = G is an open set and r(x) = pa(x)—pe(x). By the obvious 
additivity properties of the integrals entering into (34), the validity of Fu- 
bini’s theorem for gp follows from its validity for p4 and gg. 

Lemma 3. Fubini’s theorem holds for the characteristic function (x) of an 
arbitrary measurable set e c A. In particular, if |e| = 0 then the sections e(x1) 
are of (n—1)-dimensional measure zero for almost all xı € [0, a]. Conversely, 
if e is measurable and the S e(x1) are of (n—1)-dimensional measure zero 
for almost all x then \e| = 0 

Proof. Indeed, let a set e C A be measurable. Let us take two sequences 

Gi >GeD...DerD...DFaeD Fi 
of open sets Gj and of closed sets F} (j = 1, 2, ...) such that |Gx|, | Fx| > 
— |el|, k — œ, and put 


AG =%>eD>e=(|IF 
(\& é Fr 


where, obviously, |G,| — |ē| = |e| and |F,| > |e] = jel. 
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Since, by Lemma 2, Fubini’s theorem holds for the functions p¢,{x) and 
pr,(*) for any N = 1,2, ..., and since these functions are nonnegative and 
tend monotonically to p(x) and p(x) respectively, Lemma 1 implies that 
Fubini’s theorem also holds for the functions p(x) and pe(x) themselves: 


fede de = foe) de = f da f pn) (44) 
A A 0 a’ 

and 
foda) de = | oefx)dx = | der | poles y) dy (45) 
A A 0 a’ 


Now, if |e] = O then all the members of relations (44) are also equal to 
zero, and therefore the inner integral on the right-hand side of (44) is equal 
to zero for almost all x1 € [0, a]. However, we have 


p(x) => p(x) > 0 
and therefore for the indicated values of xı there obviously exists the integral 


f Pe(x1, Y) dy which is equal to zero: 
a 


f Pe(X1, y) dy = 0 
a 


Consequently, the function ¢,.(x1, y) is measurable with respect to y for all 
such xı, and the set e(x1) = {y: p(x, Y) = 1} is of (—1)-dimensional 
measure zero: |e(x1)|+ = 0. 

Conversely, if e is measurable and if 


; 
je(x1)|- = J pels, y)dy = 0 


for east all xı € [0, a] then the iterated integral 


f dx f Pe(X1, y) dy 
0 a4 


exists and is equal to zero, and, by virtue of the inequalities 
Pe(X) = p(x) > 0 

the iterated integral on the right-hand side of (45) also exists and is equal to 
zero. Therefore the integral on the left-hand side exists and is equal to zero, 
whence |e| = 0. 

Now let e be an arbitrary measurable set. Then, by the additivity proper- 
ties of the iterated integrals on the right-hand sides of (44) and (45), it is 
allowable to replace in them é and e by e because |@é—e| = | e—e| = 0. 
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Further, if the iterated integral 
a 
l] dxı f Ppe(X1, y) dy 
0 a 


exists, the same argument shows that the integral on the right-hand side of 
(44) exists and is equal to the former. This completes the proof of Fubini’s 
theorem for p.e(x) where e is an arbitrary measurable set. 

Lemma 3 can also be expressed by the following equalities: 


le] = f [e(x1)|e dxı = f lele dx, œ = {xz |e(xı)le = 0} (46) 


where e c A is an arbitrary measurable set. 


Lemma 4. Fubini’s theorem holds for any set e of Lebesgue measure zero 
and for any function f (finite or infinite or even not defined on e) : 


J fax = f de | fe. y) dy (47) 


0 e(x,) 


This lemma is a direct consequence of the foregoing lemma and of the 
fact that the integral over a set e of measure Zero of any function is equal to 
zero. Indeed, the left-hand member of (47) is equal to zero and, by Lemma 3, 
we have |A(x1)|. = 0 for almost all xı € [0, a], which shows that the right- 
hand member of (47) is also equal to zero. 

Now we Shall consecutively prove that Fubini’s theorem holds in the 
following cases: 

(a) fis a (finite) nonnegative simple function on A: 


F(X) = Ck, XE ex, ve =, ees =0 (kK #S) 
k=l 


Indeed, by virtue of Lemma 3, the function 
Ck for XE ef, k=1,...,N 
r)= 
. In@) = i for all the other values of x€ 4 


obviously satisfies the conditions of Lemma 1. 

Thus, if the nonnegative simple function f belongs to L(4) then there 
exists the iterated integral on the right-hand side of (34) which is equal to 
the left-hand member of (34). Conversely, if the indicated iterated integral 
exists for a nonnegative simple function f then f € L(A). 

(b) fis a finite nonnegative measurable function on A. Indeed, let us con- 
struct a sequence of partitions Ry (N = 1, 2, ...) dividing the positive real 
axis with the aid of the points p = k2-" (k = = 0, 1,2, ...). The lower simple 
functions f(x) corresponding to these partitions obviously satisfy the con- 
ditions of Lemma 1. 
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In the case under consideration (when f is nonnegative and finite) the fact 
that f € L(E) implies the existence of the iterated integral on the right-hand 
side of (34) for this function, and vice versa. 

Now we shall prove the theorem for the general case. Let f c L(A) and let 
e be a set (of measure zero) on which f is infinite or is not defined. Let us put 


_ (90 for xé€e oe 
Ao oo ter cede OM Safiefith 


where fı, and fı- are defined for fı as usual (see § 19.3 (22)) and f; is thus 
equal to zero almost everywhere on 4. Taking into account the obvious 
additivity properties of the integrals entering into (34) and the fact that the 
theorem holds for fi, and for fı- (see (b) and Lemma 4) we conclude that it 
also holds for f, that is the iterated integral on the right-hand side of (34) 
exists and equality (34) holds. 

Now let fbe a nonnegative measurable function on A (generally speaking, 
not necessarily finite) and let the iterated integral on the right-hand side of 
(34) exist for f. 

Since f is measurable (see the footnote at the beginning of § 19.2), the set e 
on which f assumes the value + œ is measurable. Let us put f = fi+fz 
where fı and fz have the sense indicated above, that is fı is nonnegative and 


finite on A and fz = 0 outside e. By the hypothesis, the integral f FS (x1, y)dy 


5 a 
is finite for almost all xı € [0, a], and therefore the sections e(x1) correspond- 
ing to these x, are of (n—1)-dimensional measure zero. Therefore (see 
Lemma 3) we have |e| = 0, and Fubini’s theorem holds for f2. Consequently 
the iterated integral on the right-hand side of (34) exists for the function 
Si = f—fz because it exists for f and for f2. It follows that (see(b)) f1 € L(A), 
and hence equality (34) holds for fı; consequently f € L(A), and equality 
(34) holds for f. 

We have completed the proof of the theorem in its first formulation. 
It is obvious that in the case E = A the second statement of the theorem 
implies the first one. The converse is also true. Indeed, let f € L(E). On put- 


ting 
f(x) for xE€E 
X) = 48 
Fe) 4 for x¢€4—E i 
we obtain (see the explanations below) 


[Id = [F@)de = |da [fondy = fan | fæ dy 
E A 0 a G E(x) 
(49) 
The first equality in (49) follows from the fact that f € L(£), which implies 


that E is measurable and f = 0 on the measurable set A—E. The second 
equality follows from (34). The third one follows from (48) and from the fact 
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that G is a measurable set on the line (Lemma 3) and E(x;) is measurable in 
the (n—1)-dimensional sense for almost all xı c G. Arguing in the same 
manner and considering the equalities in (49) in the reverse order we arrive 
at the second part of the theorem concerning the case when f > 0. 

It should be taken into account that the function f may be such that the 
iterated integral on the right-hand side of (34) makes sense for it even when 
f aoe not belong to L(A). Of course,. such a function does not retain sign 
on A, 


For example, the function 


1 
fen = fr for eee as Oe one 
O at all the other points of 4 
defined on the rectangle A = {—1 = y = 1, 0 < x = 1} possesses the prop- 


erty that its iterated integral (taken over 4) standing on the right-hand side 
of (34) is equal to zero whereas f ¢ L(A). 


20. Theorem (on the completeness of the space L,(E)). Let a sequence of 
functions fi, € LAE) (1 = p < ©") satisfy the condition of Cauchy's criterion 
in the sense of L,(E), that is, given any e > 0, there is N > 0 such that 


[\A-filpdx<e, kI>N (50) 
E 
Then there exists a function f € L,(E) determined uniquely to within its 
values assumed on a set of Lebesgue measure zero such that 
[\f-filrde 0, k +e (51) 
E 


Proof. It suffices to consider the case when all the functions fy are finite on 
E since in the general case the set for which the assertion may not hold is of 
Lebesgue measure zero. a 

Let us choose numbers e, >0(s = 1, 2, ...) so that the series } e, < <o 


converges, and, using the conditions of the theorem, take a subsequence 
kı < ke <.... of the sequence of natural numbers so that 


(J TN “fu de)” < i saini (52) 


The following relations hold under the assumptions stated (see the explana- 


1/p 
* Inthe case p = co the expression (J iyi? dx is regarded as being equal to 


8 
ap p(x) | (or to =e ly(x) |; see p. 333,§ ie) Then the theorem also holds (and is 
quite trivial). 
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tions below): 


ae Dt de 


= (J ( > Simal) d)” = 
= (J (È lfi Sul)’ as)" 


>(J EO fal as)” = (ff Fial de) (53) 


where 





f(x) = lim f(x) almost everywhere on E (54) 


_ The first relation (53) follows from (52) and the second from Minkowsk’s 
inequality (see § 14.2 (12)). The third relation (equality) follows from prop- 


N+ P 
erty 14 because the expression ( S |J, Sieg ) is nonnegative and does 
N 


not decrease as m increases, and therefore its limit 
© P 
P limf) € LE) 
N 


is a function on E finite almost everywhere and integrable. The fourth rela- 
tion (53) (inequality) follows from the a 


x | Sioa — fk, | = | S (Sinn —fr,) 
N N 





= Jim CSkrim — fiy) = f —fky (55) 





where the series under the sign | | in the second member is convergent almost 
everywhere on E. This guarantees the existence of limit (54) almost every- 
where on E, and thus the last relation (equality) in (55) justifies the last rela- 
tion (equality) in (53). 

We have proved the existence of a function f which obviously belongs to 
LAE) for which 


(Jisfealrae) Eemo Neo (56) 
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From (50) it also follows that 


( J fsa? a" < (fifa as)" + (J insa ax)” s0 


m — œ 


Finally, if we assume that there is another function fẹ € L(E) for which 
f Ife—fal? dx — 0, m >œ, then 
E 


(J lf—fel? ar)" < (J \f—Sm|? as)” + (J | fn — fol? de)” s0 MES 
whence f |f—fe | dx = 0, which shows that (see property 16) f(x) = fa(x) 


E 
almost everywhere on E. 
21. The relation 


f|- A p> fhe eb (1) 
E 


implies the existence of a sequence kı, ke, ... of natural numbers for which 
lim fg, (x) = f(x) almost everywhere on E. (58) 


Proof. Since the expression 


IF lle = (J iP as)” 


is the norm in the normed linear space L,(E) (see § 14.2), (57) implies that 
|f—Sellz,tm > 0, k + æ. Therefore the condition of Cauchy’s criterion 
holds: given any £ > 0 there is N such that 


llftfillz,gy — 0, k, l>N 


that is the conditions of property 20 hold. In the proof of this property it 
was shown that there exists a sequence {k,} of the indicated type for which 
(54) holds (it should be taken into account that the function f mentioned in 
property 20 is determined uniquely). 

22. Let there be fulfilled the requirements of Theorem 1, § 12.16 on change 
of variables in a multiple integral on condition that now Q is an arbitrary 
bounded domain which thus is Lebesgue measurable (but not necessarily Jor- 
dan measurable). 

Then any Lebesgue measurable subset e c Q is mapped under the operator 
A (see formula (1’) in § 12.1) onto a set e’ = Ae c Q' which is also measur- 
able, and there holds the inequality 


le’| <xle| (59) 
where x is a constant independent of e. 
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There also holds the equality 
[SE dr = | F(x)|D@)| dx (60) 
Q Q 


(the integrals are understood in Lebesgue’s sense) where 


F(x) =f (4x), D(x) = pee =) 


Equality (60) is valid if at least one of these integrals exists. In particular, if 


eo = {x: D(x) = 0} (61) 
then e, is of measure zero since 
f 1D()I de = 145] = 0 (62) 


€o 


and, if E C Q is an arbitrary measurable set, then 
[AE de’ = | F(x)|D@)| dx (63) 
E’ E 


on condition that at least one of the integrals in (63) exists. 
Proof. According to § 12.16 (6), we have 


|4’| = | D(x)||4|+ O(@()|4)) (64) 


where 4 c Q is an arbitrary cube, h is the length of its edge, x € A and w(h) 
is a continuous function of h = 0 such that w(h) > 0 (h.— 0), the constant 
entering into the definition of O (w(h)|A|) being independent of A and x. 
Since D(x) is bounded on Q, relation (64) implies the inequality | A’| = x|4| 
where x is a constant independent of A c Q. Therefore, if G c Q is an open 
set; then, on representing it in the form of a countable sum G = ) 4, 
(|G| = > 14x!) of cubes Ag, we see that the measure |G’| of its image G’ 


under A is 
IG] = VI Ag| = x}, |4| = x|G| 


Ife c Q is measurable then, given any € > 0, there are closed set F and open 
set G such that Fc ec GC Q and |G—F| < e. Since the set G—F is open 
we have 


|G'—F"| = |(G—F)'| = xe 


and since F’ is closed* while G’ is open and F’ c e’ c G’, we see that e’ is 
measurable. We also see that 


|e’| = inf |G’|<~ inf |G| =xle| 
ca’ ecG 
and thus relation (59) has been proved. 


* For the case when D(x) =Æ 0 onQ see $7.18; for the general case see § 12.20, Theo- 
rem 
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Now let f € L(Q’). There exists (see § 18.2, (iv)) a sequence of continuous 
functions f(x’) (p = 1, 2, ...) finite in 2’ (in the sense that they have com- 
pact supports in G) such that 


[Uf@-F@) de’ -0, p o (65) 
fo 
By virtue of Theorem 1, § 12.16, we have the relations 


[He de = [ADD (P=1,2,...) (6 
YQ Q 
and 


SIA) DI -SAALI D) de = | 1G(4x)-F(42)I] D@)I de = 
Q Q 
= [I-A de’ 0 (Pp, g=) (6N 
g 


which imply (see property 20) the existence of a function (x) € L(Q) such 
that 


| IAD D@)|-9()| de +0, p — (68) 
Q 
Therefore (65), (66) and (67) imply that 
[Sœ dx! = |D) de (69) 
R Q 


It also follows from (65) and (68) that there exists a subsequence of values 
of p which we renumber in a consecutive order such that the relations 


lim f(x) =f(x')} almost everywhere on 2’ 
p> œ 


and 
lim f,(Ax)|D(x)| = (x) almost everywhere on 2 
p-> co 
hold. 
Let us prove that 


(x) = f(Ax)|D(x)| almost everywhere on 2 (70) 


This will imply the desired equality (60). 
Indeed, let us represent Q in the form of the sum of three nonintersecting 
measurable sets €o, e1 and ez: 
Q = eo+eite: 


where the set eo has already been defined (see (61)), e1 consists of those points 
x for which D(x) = 0 and f,(Ax) | D(x)| converges to (x) as p > œ while 
ez consists of those points x for which D(x) = 0 and the convergence men- 
tioned does not take place (this indicates that |e2| = 0). 
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Equality (70) is quite trivial for the set eo. On the set e we have f,(Ax) > 
and, at the same time, 


SAX) = f(x’) + F(X’) = f (4x) 
which means that (70) holds. We have thus proved (60) under the assumption 
that f(x’) € UQ’). 

If a set E cC Q is measurable then, by virtue of (59), so is the set E’ c Q' 
(E’ = AE), and therefore, if the function f(x’) belongs to L({E’) then its ex- 
tension to Q’ determined by the equality f(x’) = 0, x’ ¢ E’, belongs to 
L{Q’) and for the extended function, by what has already been proved, we 
have 


[SEd = [ f@) de’ = | f(A) DE) de = | f(Ax)|D@)| dx 
E’ W Q E 


Thus, (63) holds. 

In particular, for the function f (4x) which serves as the characteristic 
function of the set eo (that is it is equal to 1 on eo and to 0 outside eo) we 
obtain from (61) and (63) relation (62). 

Now let us prove equality (60) under the assumption that 


F(x)| D(x)| © L(Q) 
Indeed, we have the equality 


J f(x) dx’ = J f(x) |D@e)| dx (71) 


because eo is EEE SS and the right-hand side of (71) is equal to zero, and, 

by virtue of (62), |e] = 0, and therefore the left-hand side of (71) is also 

equal to zero. Let eg = {x: | D(x)| > 1/k} (k = 1, 2, ...) and F er = Q. 
1 

By what has already been proved, the equality 


[ISE ax’ = J |f(Ax) D(x)| dx 


Ax 
~ [D@) 


holds for any k = 1,2, ... because ve inverse operator A~! (A-1(x’) = x) 
considered on the open set e; satisfies the conditions of Theorem 1, § 12.16 
(where x and x’ should be interchanged). 

Since f (4x) D(x) € L(Q), there exists the limit 


[f(4x)D(@)I de = lim f | f(Ax) D(x) de = 
Q, at €} 
= lim Al Lf(x)| de’ = J IF| dx’ 


equal to the integral of | f(x’)| over Q; (| Fe’ )| = 0), that is r € LI) and 
therefore f € L(Q’). 
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§ 19.4. Lebesgue Integral on Unbounded Set 


In this section we shall generalize the notion of the Lebesgue integral 
introduced in the foregoing section. We shall say that a function f defined on 
an arbitrary set E is Lebesgue integrable on E and write f € L(E) if f € L(VE) 
(in the sense of the previous definition stated in the foregoing section) for any 
ball V € R,, and if the limit 


lim f If@)idx = ff) d () 
>e EVy E 


exists for an arbitrary sequence of balls Vy C R, of radius N with centre at 
the origin. 

It is obviously allowable to regard the balls V in this definition both as 
open and as closed; in both cases the definition stated expresses one and the 
same notion. It is also obvious that the existence of limit (1) for one of the 
indicated sequences of balls Vy implies its existence for the other ones and 
the coincidence of these limits. 

The symbol on the right-hand side of (1) is the notation of the Lebesgue 
integral of the function |f| on E. The integral of the function f on E is de- 
fined as the limit 


lim | f(2)dx = |f@ d (2) 
-P oo EVy i E r 


The existence of (1) implies that of (2) since it follows from (1) that, given 
any £ > 0, there is N such that for any n’ > n > N there holds 











Lie aF | faja f iflde= 
EVy EV, E Vw— Va) E(Vw—V,) 
=| f sad ila 
EVyw EV, 





These considerations are completely analogous to those establishing the 
convergence of an absolutely convergent improper Riemann integral. 

It is quite clear that if E is a bounded set the definition of a function f € 
€ L(E) stated here coincides with the definition of a Lebesgue integrable 
function stated in the foregoing section. A more general type of integral 
appears when E is an unbounded set such that the set EV is measurable for 
any ball Y. Examples of such sets are arbitrary closed and open sets because 
the intersection of any closed set with a closed ball is a closed (measurable) 
set and the intersection of an open set with an open ball is a (measurable) 
open set. 

Properties 1-21 of the Lebesgue integral proved in the foregoing section 
continue to hold for the more general integral defined here. The correspond- 
ing assertions can be strengthened in the sense that in view of the new defini- 
tion a set E of measure zero can be interpreted as one for which the set EV is 
of measure zero in the previous sense for any ball V (e.g. see § 19.3, prop- 
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erties 1, 2, 4 and 5). Accordingly, in the conditions of the corresponding 
assertions the expression “a measurable set E” should be replaced by “a 
set E such that EV is measurable for any ball V” and “a function f measur- 
able on E” by “a function f measurable on EV for any ball V”. 

A function f measurable on EV for any ball V is called locally measurable 
on E. 

The proof of each of the indicated properties reduces to its proof for the 
sets EV y for any N (that is for any ball of radius N) and to the demonstration 
that the property in question continues to hold after the passage to the limit 
as N — œ. By the way, property 6 in § 19.3 does not concern the general- 
izations under consideration. 

Below we present seme of these proofs as examples. 


Property 4. If E1 C E, VE, is measurable for any ball V and f € L(E) then 


€ L(F)). 

Indeed, it follows that VE; c VE, VE; is measurable and f € L(VE), and 
therefore, by virtue of property 4, § 19.3, we have f € L(VE:) for any FV. 
Besides, 


N> é 


lim | |f]|dx << 
VyE 
and hence, by virtue of the inequalities 


f Ifid < | flde<[iflax 
VyEy VyE E 

and, since the leftmost member of these inequalities does not decrease as N 

increases, there exists the limit 

lim f |f| dx < < 


N-co 


VyE; 
and hence f € L(E1). 


Property 8. If F is measurable on VE for any ball V, 0 < F(x) = D(x) and 
® € LE) then F € LE). 

Proof. By virtue of property 8 in § 19.3, the assertion holds if E is replaced 
by VE. Consequently, ® € L(VE) for any V. We also have 


f F(x) dx < f (x) dx (3) 
EVy EVy 


for any N, and, since, by the hypothesis, the limit of the right-hand member 
of (3) is finite for N — æ, so is the limit of the left-hand member (because 
F(x) = 0), whence it follows that F € L(E). 


Property 13. There holds Lebesgue’s thearem (for the statement of the theo- 
rem see property 13 in § 19.3). 
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Proof. By what was already proved in § 19.3 (property 13) for a measur- 
able set, we obviously have 


lim | filx)de = | f(x) de (4) 
k> ry EV 


and f € L(VE) for any ball V; consequently f € L(E) because |f| =® on E 
and ® € L(E). | 
Let us take an arbitrary « > 0 and choose V = Vy so that f Ø dx < 


E-V 
< e/2. Then, by virtue of (4), we obtain 


fri- frd f ifide+ f lfeldx+ 
E E E-V E-V 


< 


[Oe-f) dx 
EV 











<2 f |D| dxt5 =< =, k > ko, 
E-v 
where ko is sufficiently large. 
Property 17. For the statement of property 17 see § 19.3. 


Proof. Let us choose V so that 


f \lflax<e 
E-V 
and take the function 
0 for x€E-V 
fx) = 
f(x) for x€ EV 


for which f | f—fi| dx < «. For the latter function there holds property 
E-V 
17 in § 19.3. 
Property 18. In the case under consideration the statement of property 18 
is the same as in § 19.3 with the only distinction that now G can be an arbit- 


rary open set, not necessarily bounded. The proof is carried out as in the 
case of property 17. 


Property 19 (Fubini’s theorem). Under the requirements stated in property 
19, § 19.3 in which f should be considered as a locally measurable function on 
R,, there holds the equality 


[far = f dxi |f y)dy (5) 
Ra —oo R 


where R' is the (n—1)-dimensional space of the points y = (x2, ..., Xn). 
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Proof. Let us begin with the case when f(x) = 0 and put 
An = {xl <N; j=1,...,n} 
An = {ixl <N; j=2,..., n} N = 1,2, ... 
and 
fulx) = i for x€ Ay 
0 for all the other values of x 
By virtue of property 19, § 19.3, for fy there holds Fubini’s theorem: 


N eo 
| fu dx = [fax = | ax: [ f Ga, ») dy = f ax: [Inn ») dy 
Ra 4y -N 4 — co R’ 


(the last relation can be understood in both senses indicated in § 19.3). Besides, 
we have 

(i) fw € L(Rz), N=l2 e 

(11) fy =f on Rp, 

(iii) the sequence fy is nondecreasing and converges to f on Rn 

It follows that there holds equality (5). This is implied by Lemma 1, prop- 
erty 19 in § 19.3 in which 4 and 4’ should be replaced by R„ and R’ respec- 
tively, the course of the proof of the lemma remaining quite analogous. 

The case when f assumes values of arbitrary sign is considered as in § 19.3, 
property 19 by putting f = f,—/-. 

Property 20. There holds the theorem on the completeness of the space L,(E). 
The statement of the theorem is the same as in § 19.3, property 20. 

Proof. Let V c R,, be an arbitrary ball and let « > O be an arbitrary num- 
ber. By the condition of the theorem, there is N > 0 such that 


e> [I fefilrdx= [\fe-filrdx, k1>N 
E EV 


By property 20, § 19.3 it follows that for any ball V there is a function f 
defined on EV and determined uniquely (to within the equivalence in the space 
Rn) such that 


| I-A) dx = 0 


EV 


Since the ball V is quite arbitrary, we can consider the function f as being 
defined and determined uniquely (to within the equivalence) throughout R,. 


For this function f we have « > f |fk—f |? dx, k > N for any V. It follows 


that | fe—fl? € LE), = 
e> [iff ede, k>N 
E 


and f € LE) since fk € L,(E) and f,—f € LE). 
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§ 19.5. Sobolev’s Generalized Derivative 


Let G c R, be a domain. By D we shall denote the collection of all in- 
finitely differentiable functions p finite (having compact support) in G. 

We shall say that a function f is locally integrable on G if it is defined on G 
and is (Lebesgue) integrable on any closed ball V belonging to G. 

According to (Sobolev’s) definition, a function F possesses on G the 


generalized partial derivative f with respect to the variable x1 (denoted - =) 


if both functions F and f are locally integrable on G and if the condition 
[Fits =- | fp dx forall p€D (1) 


Ox, 





holds. 

Here we can regard the integrals as taken over the support of the function 
gy (which is a bounded and closed set) or over the domain G or even over the 
whole space R, on condition that F and f are extended to R, in some way, 
for instance, by putting f = F = 0 on R,—G. 

If f is the generalized derivative of F with respect to xı on G and if func- 
tions fı and F are equivalent to f and F respectively, then f1 is the generalized 
derivative of F, on G with respect to x1 since a modification (redefinition) of 
fand F on a set of measure zero does not violate equality (1). The set G can 
be unbounded. 

To justify the definition stated it suffices to indicate et if a function F is 


continuous on G together with its partial derivative i = f (understood in 


the ordinary sense), equality (1) obviously holds for F and, consequently, in 
this case fis not only the (ordinary) partial derivative but also the generalized 
partial derivative of F with respect to x1 on G. For, if ọ is a function belong- 
ing to D, its support is a bounded closed set belonging to G and it can be 
covered by a figure o c G (consisting of a finite number of cubes). Further, 
using. the classical theorems on the reduction of a multiple (Riemann) in- 
tegral to an iterated integral, integrating by parts and taking into account 
that p = 0 on the boundary of ø we obtain 


frien [Peden fo feda- joj E oda 


where x = (xı, J- = (X1, X2, ..+, Xn). The integrals in the third and fourth 
members of these equalities are written without the limits of integration in 
order to simplify the formulas. 


Theorem 1. Let f be the generalized derivative of F with respect to x, on G. 
Then the regularization F, (see § 18.2) of the function F possesses the prop- 
erties 


F.—Flluy-0 and |=-F-f|,,-0 €-9 Ø 








Lle) 
for any bounded and closed set e C G. 
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Proof. The first Property (2) expresses the ordinary property of a regula- 
rization (see § 18.2 (5)): 


F(x) = | ple—1) F(t) de 


Let G, be the set of those points x belonging to G which are at a distance 
not less than £ > 0 from the boundary of G, the number € being so small that 
G. > e. Then for x c e we have 


Fi = -— F(x) = Í E pdx) F(t) dx = = — le ar Pe(x—t)F(t) dt = 
= | pd- f@) dt = fda) 


where the fifth equality holds since f is the generalized derivative of F with 
respect to xı and since y,(x—f) as function of t for a fixed x € e c G, belongs 
to the class D. Therefore the second property (2) also holds. 

Theorem 1 directly implies the following corollary. 


Corollary. A function F can only have a uniquely determined (to within the 
equivalence) generalized partial derivative f = — on G. 
Indeed, we have f = lim F, in the sense of L(A) for any closed cube A c G. 
e->0 


Theorem 2. Let F and f be locally integrable functions on a domain G. For 

f to be the generalized partial derivative = of the function F on G it is neces- 
” and sufficient that there should ps a sequence of functions ®, (k = 1, 

. .) continuous on G together with their partial derivatives oe and such 


H for any closed cube A C G or, which is the same, for any bounded closed 
set belonging to G the relations 


lF-Slua +0 and |f-S2 | t (k=) O 





ax, 


hold. 
Proof. Let f = ~ on G. By virtue of Theorem 1, relations (3) will hold if 


we put ®, = Fi, where F, is the e-regularization of F. 
Conversely, let us suppose that there is a sequence of functions ®, con- 


tinuous on G together with their partial derivatives a such that relations 
(3) hold for any closed cubes 4 c G. Then, obviously, these relations con- 
tinue to hold when Z is an arbitrary closed set belonging to G because the 
latter can be covered by a figure consisting of a finite number of closed cubes 


belonging to G. 
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Let us take an arbitrary function ọ € D. As is already known for the func- 
tions ®, we have the equalities 


[na de =— [Geode (k =1,2,...) (4) 





where ø is a figure covering the support of gy. On passing to the limit as 
k — co in equality (4) we obtain (see the explanations below) 


[Pgh d=- ffod (5) 


(the domain of integration o under the integral signs is omitted here). This 
proves that f is the generalized derivative of F with respect to x; on G. 

The integrals in (5) exist in Lebesgue’s sense because F, f € L(o) and the 
functions » and = are continuous and bounded (ipl, 2 < M). Be- 
sides, by virtue of (3) (where A should be replaced by o), we have 


| f Pe ge de fra ; de ae fe Fldx+0 (k+0) 


and 
dD, 





| SB dx — [rz de |a M f |as t f| dx — s0 (ssj 


and therefore (4) implies (5). 


Theorem 3. Let f and F be locally integrable functions on a domain G. For 
f to be the generalized derivative of F with respect to xı on G it is A and 
sufficient that for any closed rectangle A = fa; = x; = bi; i = 1, ..., n} 
belonging to G it should be possible to redefine F, if necessary, on a set of 
n-dimensional measure zero so that the modified function F is representable 
in the form 


F(x) = F(x1, y) = A9) + J f(t y) at (6) 


for almost all y = (xa, ..., Xn) € A’ (in the sense of the (n—1)-dimensional 

measure) where A’ = fa; « = x; = b; i = 2, ..., n} is the projection of A into 

the coordinate subspace (x2, X3, . . ., Xn) and for any xı € [a;, b1), and À € L(A’) 
is a uniquely determined® function of y. 

In the one-dimensional case when f and F are locally integrable on (c, d) = 

= G, for the function f to be the generalized derivative f(x) = F’(x) on 

(c, d) it is necessary and sufficient that for any closed interval [a, b] c (c, d) 


* If equality (6) holds almost everywhere (in the sense of the n-dimensional measure) 
for two functions 4,(y) and A,(y) of the type of A(y), then A,(y) = 4,(y) almost everywhere 
in the n-dimensional sense and, consequently, in the (n— 1)-dimensional sense as well. 
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there should be a representation. 
F(x) =A+ (fd, fe La, b) (6) 


where A is a constant. 
Proof. Suppose that f-is the generalized derivative of F with respect to xı 
on G. Then, by virtue of the foregoing theorem, there is a sequence of func- 


tions F;, continuous together with their partial derivatives OFs such that 


Ox, 
OF, 
Ox 1 








IF-F +0 and ||- 





lun 79 KH) O 


for any rectangle A of the type indicated in the statement of the theorem. 
Let us write the classical equality 


T oF 
Fux, y) = Filan y)+ | g (6y) dt (8) 
which takes the form 
F(x) = A+ f Fi(® dt (8) 


in the one-dimensional case. Equalities (8) and (8’) imply (6) and (6’) 
respectively after the passage to the limit with respect to the metric of L(4) 
as k +. 
To prove what has been said we note that, since, by the hypothesis, the 
by 


integral [ dy | |f(¢, y)| dt = Ilf llc exists, the integral 


a a 
[ay fire y)| dt 
a ai 


also exists (see property 4 in § 19.3) and, besides, it is a continuous function 
of xı (see property 11, § 19.3). Therefore, by Fubini’s theorem, the three-fold 
multiple integral 


bı xı 
| axı [d | ISEI de 


á a, 


exists and, together with it, the three-fold integral 


by xı 
f a fa |fe 


A a 
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also exists. Consequently, by Fubini’s theorem, 


D(x, y) = | FG, y) dt € LA) 


a 


bı 
` Since the integral f S(t, y) dt exists for almost all y € A’ the function D(x, y) 
exists for these y and for any xı € [@:, b1]. 


In the one-dimensional case the argument is simplified. Namely, the func- 
tion 


Ox) = [fat 


is continuous on [a, b] and consequently it belongs to L(a, b). 








We have 
X xı b, b 
[ SE dt- | rena a f da | dy f = -f|d = 














ne e O 


Besides, by the hypothesis, ||F.—F |l > 0, k + œ. Therefore (see (8)), 

the sequence of the functions F}(aı, y) is also convergent in the metric 

of L(4) and consequently in the metric of L(A’) as well, to a function A(y) € 

€ L(A’) which results in equality (6) holding for almost all x € 4. The right- 

hand side of (6) is defined for almost all y € 4’ and for any xı € [a:, bı]. 
In the one-dimensional case we have 


x x | b 
f FiO de- | Fuld) de <(-a) f IFD- 0 (k>) 
a a a, b) a 











and A(y) turns into a constant A, which leads to (6°). 

We have completed the proof of the necessity. 

Now we proceed to the proof of the sufficiency. 

Suppose that functions f and F locally integrable on G are such that after 
F has been appropriately redefined, if necessary, on a set of n-dimensional 
measure zero, representation (6) holds on any indicated rectangle 4 for 
almost all y € 4’ and for any xı € [a:, bı] (in the one-dimensional case the 
same is assumed for (6’)). 

Let us determine a sequence of functions A,({y) continuous on 4’ (in the 
one-dimensional case A, = A) and another sequence of functions f,{x1, y) 
continuous on 4 such that 


|A—Akllzgey > 0 and |lf—fellun~>O9 (k>) (10) 
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Let us put 
Fixas y) = ay)+f fel ydt (k= 1,2,...) 


It is evident that the functions F;, are continuous on A and possess on A con- 
tinuous partial derivatives ca = fr, and properties (7) hold (see (9) and 
1 
(10)). Consequently, by the foregoing theorem, since A C G is arbitrary, the 
function f is the generalized derivative of F with respect to xı on G. This 
completes the proof of the theorem. 
A function (x) of one variable x is said to be absolutely continuous on a 


closed interval [a, b] if it is representable in the form 





x)= A+ | SO de, xE [a b] (11) 


where c is a point belonging to the interval [a, bj, A is a constant and f € 


€ Lla, b). 
It is clear that such a function ® is continuous on the interval [a, b] because 


for x, x+h € [a, b] we have s 
x+ 


P(x+h)—- Px) = f f()dt+0 (h0 


(see § 19.3, property 11). The meaning of the constant A is quite simple: 
A = P(o) 


e 
because f fdt = 0. If © has been represented in the form 
g c 


[x 
P(x) = D+ | SO d (12) 


for a given point c € [a, b], the corresponding representation for another 
point c1 € [a, b] is of the form 


P(x) = Ded+ SO dt 
because, by virtue of (12), there must be 
H(c:)+ f fde = K+ | fats | fat = B(c)+ | fat 
Cy c ĉ: c 


identically for all x € [a, b]. 
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A function f defined on an open set G on the line will be called locally 
absolutely continuous if it is absolutely continuous on every closed interval 
belonging to G. 

If a function ®(x) is locally absolutely continuous on an interval (a, b) it can 
obviously be represented on that interval in the form 


G(x) = A+[fdt, cE (a,b) (13) 


where f is locally integrable on (a, b) but not necessarily integrable on the 
open interval (a, b) itself (see Theorem 3 (6’)). 
In the one-dimensional case Theorem 3 can be restated as follows. 


Theorem 4. For a function f(x) to possess the generalized derivative on an 
open one-dimensional set G (in particular, on an open interval) it is necessary 
and sufficient that it should be possible to redefine the function f (x), if necessary, 
on a set of measure zero So that it becomes locally absolutely continuous on G. 

In representation (13) of a locally absolutely continuous function (x) on 
an open interval not only the constant A is determined uniquely but also 
the function f € L(a, b) (at least to within the equivalence). For, as follows 
from Theorem 3, the function fis the generalized derivative of F(F’(x)=f(x)) 
and therefore it is determined uniquely to within the equivalence (see the 
corollary of Theorem 1). 

We already noted that a function ® absolutely continuous on a closed inter- 
val [a, b] is continuous on it. An absolutely continuous function on a closed 
interval [a, b] does in fact possess a stronger property Nee generally speak- 
ing, does not hold in the case of an open interval (a, b)!). Namely, given any 
e > 0, there is 6 > O such that for any set 


N 
Q = (J Gp x) 


j=l 


belonging to [a, b] and consisting of any number of nonintersecting open 
intervals (x;, x;) the sum of whose lengths does not exceed 4, that is 


N 
> Gy—-x) < ô 
1 
there holds the inequality 
N 
£ ID) Dx) < e 
j=1 


Taking into account that (11) implies 


N ; N % 
2 '9C)-PEd a J IO d = OC 
z J 


j=i x Q 


we see that this property is a direct consequence of property 11, § 19.3. 
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It is important to note that this 1s a characteristic property of an absolutely 
continuous function in the sense that it can be proved that, conversely, the 
assumption that a function ® defined on [a, b] possesses the indicated prop- 
erty implies that ® is representable on [a, b] by formula (11) in which A is a 
constant and f is a function defined almost everywhere on [a, b] and belong- 
ing to L(a, b). 

Thus, we have two equivalent definitions of an absolutely continuous func- 
tion. Here we shall not present the proof of their equivalence referring the 
reader to comprehensive courses in the theory of functions of a real variable. 
The first definition is more frequently used in practice. 

In courses in the theory of functions of a real variable it is also proved 
that an absolutely continuous function ® determined by formula (11) posses- 
ses, for almost all x € [a, b] an ordinary derivative, equal to f(x): 


(x) = lim SERTO = f(x) (14) 


This shows that the generalized derivative of an absolutely continuous function 
is equivalent to its ordinary derivative. 

Here we do not present the proof of this assertion either and limit ourselves 
to indicating that equality (14) becomes trivial when x is a point of continuity 
of the function f € L(a, b). Indeed, for such a point and for any £ > 0 there 
is 6 > 0 such that | f(—/(x)| < e when |t—x| < 6 and therefore 


x+h 


=; [IQ at-#~) <e 


x+h 
Ft N FO) fo] = T J VO- 














for all h with |h| < 6. 


Theorem 5. For absolutely continuous functions F and ® defined on a closed 
interval [a, b] there holds the formula for integration by parts: 


b b 
J EOP) dx = FO DH-FA D- | FOAD (15) 


_ Proof. Let us put F’ = f and ©’ = g and construct sequences of con- 
tinuously differentiable functions fy and gy on [a, b] such that (see § 18.2. 
property (ii)) 


l f—fnlla n and llp—onlla n >0 N= 
By the hypothesis, we have 


F(x) = A+[f@de and D) =B+| ode, xE la, b] 
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where A and B are constants. Let us put 


F(a) = A+ | fol dt, n(x) = B+ [ond xE [ab] 


Then 


b 
IE) -Fn < | |f-fvldt+0, N+ 


and 
b 


|D(x)—In2)|<[lp—owldt~0, Noo, x€ [a,b] 


Consequently Fy and ®y tend uniformly on [a, b] to F and @ respectively as 
N increases indefinitely. Since fy and gy are the continuous derivatives of 
Fy and ®y respectively, we can use the classical formulas for integration by 
parts i 


b b 
| Engu dx = Fu(b) y(6)—Fr(a) Pla) — | fnn dx 
from which, on passing to the limit as N —> <æ, we obtain (15). For instance, 


b b 
| Fe dx- Í Fyon dx 





b b 
< | |F—Fyl lol de+ f Ful lp—pnl dx < 
a 8 





b b 
< [|p| dx max |F(2)—Fr(x)|+K f lp—pwide +0, Ne 


Here K is a constant exceeding | Fy| for all N and all x, which is sure to 


P because the sequence of the continuous functions Fy converges uni- 
ormly. 


Theorem 6. Let f and F be locally integrable functions on a domain G. For 
J to be the generalized derivative of F with respect to xı on G it is necessary and 
sufficient that the function F, after it has been redefined (if necessary) on a set 
of n-dimensional measure zero, should be locally absolutely continuous with 
respect to xı on G for almost all points y = (xə, ..., Xn) belonging to the 
projection G' of the domain G on the plane xı = 0 and that for the indicated 
points y the derivative = should be equal to f (xı, y) almost everywhere in the 
one-dimensional sense. 

Proof. Let us make the following convention on the notation: if a set e 


belongs to G then its projection on the plane xı = 0 will be denoted e’ and its 
intersection with the straight line parallel to the x1-axis and passing through 
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the point (x1, Y) will be noted e,. Further, by a figure ø we shall mean a set 
consisting of a finite number of rectangles with edges parallel to the coordi- 
nate axes. 

We shall begin with the proof of the sufficiency of the conditions of the 
theorem. Let the function F be modified (redefined), if necessary, as is indi- 
cated in the statement of the theorem and let œ € D. The support of ọ is a 
bounded closed set belonging to G and it can be covered by a figure o C G. 
Therefore (see the explanations below) we have 


[ria [oy JFE =-fady Z pdr = 
o Oy o Oy 


=- |d [f@ngde =-ffode (16) 
oe gv 


In the first equality (16) we have applied Fubini’s theorem to the function 
F = € L(o) (which is equal to zero outside o). The inner integral with respect 


to xı (considered for only those y for which F(x:, y) is absolutely continuous) 
is representable as the sum of the corresponding integrals taken over the 
closed intervals of which ø, consists. To the latter integrals we apply inte- 
gration by parts, which is legitimate by virtue of the foregoing theorem. 
The third equality follows from the condition of the theorem according 


to which 5 = f for almost all y and for almost all x; (in the one-dimension - 


al sense). Finally, the fourth equality expressing the passage from the con- 
secutive integration to the multiple integration holds by virtue of Fubini’s 
theorem since f € L(o). 

Since (16) holds for any ø € D, the sufficiency of the condition of the 
theorem has been proved. 

Now we pass to the proof of the necessity of the condition of the theorem. 
Let f be the generalized derivative of F with respect to xı on G. 

Let G be represented in the form 


G=F 4e |Gl=F]4kh), 4=(aP<x,<b”, i=l, n} 
1 1 


as a countable sum of cubes with no interior points in common. 

By Theorem 3, the function F can be redefined, if necessary, on a set of 
n-dimensional measure zero so that the modified function can be represented 
with the aid of equalities 


F(x) = F(x y) = Ady) + [fGy)dt (k =1,2,...) 
F. (17) 


x = (xı, Y) E€ Ák YE Ae, lexle = 0 
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where A; (y) € L(4;) (k = 1, 2, ...) is a function assuming finite values and 
determined uniquely to within a set of (n— 1)-dimensional measure Zero. 


Since the ((—1)-dimensional) measure of the set x ex is equal to zero, 
1 

equalities (17) determine the (modified) function F almost everywhere on G. 

It is readily seen that F is absolutely continuous with respect to x1 for every 

indicated point y within each cube Ax, separately. Let us show that the sets 


ex can be extended with the retention of the property |e;|. = 0 so that the 
function F determined by equalities (17) will be locally absolutely continuous 


with respect to x1 on G for all y € G’—e where e = x er (lela = 0). 


1 
_ Let us consider two cubes 4; and 4; with common boundary in the direc- 
tion of the x1-axis which is a rectangle of the form 
A’ = faje xj fj; J= 2; <.. A} 


Let us suppose that 4; lies to the right of 4. We shall be interested in 
those parts 4, C Ax and Ass C 4; which have the common projection 4’ 
indicated above. Thus, let 


A, = [«, BYxd’, Ay. = [2, y]xs 


a = dP, B= bP =aP, y =P, «<87 


and 


We have 


An+[ SEd on 4, ye Aen 
F(x, 9) = (18) 


Xi 


ay) + J f(t,y)dt on Aw, ye A'—e; 


We can also apply Theorem 3 to the rectangle A = Á++ 4e, and thus es- 
tablish the existence of a function Fo coinciding with F almost everywhere 
on A and of a function A(y) € L(4’) such that 


Fo(x1, y) = Ay) + f f(y)dt on4, yeA—ew (19) 


| exa|s = 0 


Since F = Fo almost everywhere on 4., we have 4,{y) = A(y) almost 
everywhere on 4’ in the sense of the (n— 1)-dimensional measure, and, since 
Fo = F almost everywhere on 4,., the equality 


B 
ty) = My) + | SC, y) de 
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holds almost everywhere on 4’ in the sense of the (n— 1)-dimensional meas- 
ure. This shows that the sets ex can be widened with the retention of their 
measures [e;;]. so that the identities F = Fo and F = Fo hold for almost all 
y € A’—ex, on A, and on 4+, respectively, and hence the function Fo and, 

together with it, the function F, are absolutely continuous on A with respect 
to x1 for the indicated y. 

Now let 
e=} ek |ele=0. 

where the sum is extended over all the possible pairs (k, 1) for which 4; has a 
common boundary with A, on the right of 4;,. It can readily be seen that the 
function F is locally absolutely continuous with respect to xı on G for all 

y E G'—e. 

It should be noted that, since Theorems 2, 3 and 6 provide necessary and 
sufficient conditions for a function f to be the generalized derivative of F with 
respect to x1 on G, the conditions of these theorems can be taken as the origi- 
nal definitions of the generalized derivative. 

We have defined the pea derivative = with respect to xı. Fi 
generalized derivatives © a Cj j=2,...,m) are defined by analogy with =. 


The generalized sane of higher order are defined -by induction. 
For instance, the second generalized derivative 


aa) 
Ox, axe — Ox Ax 
is understood as the generalized derivative with respect to x1 of the general- 
: - .. OF 
ized derivative Ox, é 
It should be mentioned that if a given function F possesses on G the general- 


ized derivatives =— T : 3 Se an Ta EE then it follows automatically that 


the generalized ales also exists and is equal almost every- 





OX 





where to = ae . For, taking a arbitrary function p € D we can write 
5 E pdx =— T in = Fae dx = fE aoe a = 
= -|Z a 2 dx 
which shows that the locally integrable functions ma and = satisfy 
the equality 
anon para -f a a 


This exactly means that the former is the generalized derivative with respect 


e o* 
to x2 of the latter, that is Ton Ox, 0a, almost everywhere on G. 
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These properties can ony be generalized to mixed partial derivatives of 
higher order. 


§ 19.6. Space D’ of Generalized Functions 


In this section we shall again deal with the space D of (real or complex) 
infinitely differentiable functions ø finite (i.e. having compact support) in a 
domain Q C Ra. Our aim will be to define the space D’ of the generalized 
functions, that is continuous linear functionals, on D by analogy with the 
definition of the space S’ corresponding to S studied in § 16.7. 

We shall say that a sequence {ex} of function px € D is convergent to p € D 
in the sense of D (or, simply {px} is (D)-convergent to g) and write 


pk >p (D) 


if the supports of the functions px belong to one and the same compact (i.e. a 
bounded closed set) F c Q and if the limiting relation 


lim Pa) = (2), =g 


holds uniformly on R, for any partial derivative ¢) of order s = (S1, . . ., Sn). 
We shall refer to the set D as the space D (because its definition includes 
the notion of convergence or, as we say, a topology is defined on D). 
A generalized function f € D' is defined as a continuous linear functional 
(f, p) on D, that is a functional for which the.following two conditions are 
fulfilled: 


(i) f(ap+By) = af (p)+bf (y) for any (real or complex) numbers œ and $ 
and for-any functions p, y € D (f(9) = (f, p). 


GDS lp) flp), pk > o (D). 


Itis obvious that D C S where S is the space of infinitely differentiable 
functions on R, (see its definition in § 16.6) tending to zero at infinity together 
with their partial derivatives faster than any power of |x|. Besides, the con- 
vergence pg > p (D) is at the same time the convergence pg > 9(S). There- 
fore, a continuous linear functional f on S when regarded as defined only for 
p € D is automatically a continuous linear functional on D. In this connec- 
tion we say that the former functional on S induces the latter on D. In this 
sense it is allowable to consider S” as a part of D’, i.e. S’ c D’. 

For example, the 6-function defined as the linear functional (ô, p) = (0), 
g € S, induces the functional (ô, p) = (0), p € D, which is also called the 
6-function (defined on D). 

The derivative of f € D’ of order k = (kı, ..., Kn) is defined as the func- 
tional(f™, p) = (—1)"(f,g), p € D. But the same equality, when regarded 
for all p € S, determines the derivative f™ of f € S’. Consequently, if f € S’ 
then the derivative f™) in the sense of the space D can be defined as a func- 

tional induced on D by the functional f) defined in the sense of the space S. 
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If f(x) is a locally integrable function on Q it represents the (regular) 
generalized function f € D’ by means of the integral 


CA = |S de, pED 


The continuity of this functional follows from the fact that if pk > p (D) 
then pk > » uniformly on R,, and there exists a compact F c Q containing 
the supports of p and of all the functions px, and therefore 


D-O dl <= SIAI p-p) dx < 
: F 


< max |9(x)—x(x)| [|fldr~0, ko 
F 


Now we proceed to the following important theorem. 


Theorem 1. Two locally integrable functions fı and fz on È represent one and 
the same functional if and only if they are equal to each other almost everywhere 
on Q. 

Proof. Let us put f(x) = fa(x)—/fo(x). It is evident that the proof of the 
theorem reduces to showing that for the equality 


[AIde =0 forall pe D (1) 
to be fulfilled it is necessary and sufficient that 
f(x) =0 for almost all x € Q (2) 


The derivation of (1) from (2) is quite trivial. To prove the converse we 
shall use the following lemma. 


Lemma. If a function y(x) is locally measurable* and bounded on an open 
set G, then there exists a sequence of infinitely differentiable functions gg € D 
finite in G satisfying the conditions 


lim p(x) = y(x) almost everywhere on G (3) 
k—> co 
and 
|px(x)| = sup |y(x)| (4) 
x€G 
Indeed, let us denote by Gy the intersection of G with the ball |x| = N 
and let {nn} be a sequence of positive numbers tending to zero. Since p € 


€ L(Gy), there is a function py infinitely differentiable and finite in Gy (and, 
consequently, in G as well) such that (see § 18.2, property (iv)) 


Ilp—pwllues) = nN (5) 


* This means that y(x) is measurable on VG where V is an arbitrary ball. 
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and 


| px(x)| = sup | p(x)| (6) 
xEG 


It follows from (5) and (6) (see § 19.3, property 21)* that the sequence 
{yn} contains a subsequence for which the assertions of the lemma are 
fulfilled 


Now let us suppose that (1) holds. Let us put 
p(x) = sgn f(x) (7) 
and let G c G c 2 bean arbitrary bounded open set. Let us choose for 
y a sequence of infinitely differentiable functions px finite in G such that 
conditions (3) and (4) of the lemma are fulfilled. Since g; € D, we see that, 
by virtue of (1), J f(x) p(x) dx = 0 (k = 1,2, ...), and therefore (see the 
explanations below). 


O= lim [fpd = [F@)y@)de= j O 
G G G 


that is f (x) = 0 almost everywhere on G and, by the arbitrariness of G, 
almost everywhere on Q as well. We have thus proved (1). 

In the second member of (8) it is allowable to integrate only over G 
because the support of p belongs to G. The passage to the third member 
is carried out on the basis of Lebesgue’s theorem which is applicable because, 
by virtue of (4) and (7) and by the local integrability of f, we have 


| F(x) pfx) < |f(~)|<=L(G) 
In conclusion we state the following theorem. 


Theorem 2. Let f and F be two locally integrable functions on 2 (and hence 
I,F € D'). If 


f(x) = — on Q in Sobolev’s sense (9) 
1 
then 
f= = in the sense of the space D (10) 


and vice versa. 


* Property 21, § 19.3 implies directly that, since || p—y Ilze) < Ny there is a (first) 
subsequence Nj, Ni, ..., such that Yny >Y almost everywhere on Q,. Further, we have 


[2-a ||zon < yy and the first subsequence contains a second subsequence N3, 
Ni, ... for which Prg —y almost everywhere on G». Continuing this process indefinitely 


we arrive at the collection of the subsequences Nf, N®, ... (k = 1,2, ...) each of which 
is a subsequence of the preceding subsequence. It is readily seen that for the diagonal sub- 
sequence N1, N3, ... we have Pae >Y almost everywhere on G. 
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Indeed, for the locally integrable functions F and f in question defined on 
Q both equalities (9) and (10) are equivalent to the following relation: 


[F(@) pz) dx = — f FQ) 2 dx for all p € D 


§ 19.7. Incompleteness of Space L, 


Let us number the rational points belonging to the open interval (0, 1) 
as (71, re, ...), cover the kth point rx (k = 1, 2, 3, ...) of this sequence by 
an open interval øg, with centre at rg, belonging to (0, 1) and having the 


length less than e2—* (0 < £ < 1). Let G denote the sum 5 op which is an 
1 
open set belonging to (0, 1) and let 


1 for x €G 
x)= 
FO) $ for x € [0, 1]—G = F 


that is let f coincide with the characteristic function fg of the set G. Fur- 
ther, let fı be a function equivalent to f (i.e. equal to f almost everywhere). 
The Lebesgue measure of the open set G satisfies the inequality 


pG =F jor] < e< 1 
1 


Consequently, the complement F of G (with respect to (0, 1)) which is 
a closed set is of a positive Letesgue measure. Let us denote ty e the set 
(of Lebesgue measure zero) on which f and fı differ and put G’ = G—e and 
F' = F—e. lf x € F’ then f(x) = 0. Any neighbourhood o of x contains 
a rational point rą which is covered by the open interval ox. The intersection 
00; (| c0;,| > 0!)is sure to contain points of G’ at which fı = 1. This indicates 
that fı is discontinuous on the set F’ of positive measure, and therefore, by 
Lebesgue’s theorem (see § 12.10), fı is Riemann nonintegrable on [0, 1]. 
The function fı does not belong to L’ (0, 1) either since not only the bounded 
(Riemann integrable) functions belonging to L’ (0, 1) but also the unbound- 
ed functions belonging to this class are continuous almost everywhere on 
[0, 1]. This readily follows from the fact that if a function fı € L’ (0, 1) 
is unbounded, there is only a finite number of points xo, ..., xv on [0, 1] 
such that on any open interval (a, b) belonging to [0, 1] and not containing 
any of the points xo, ..., xy the function fı is Riemann integrable (in the 
proper sense). 

We see that the function f in question can serve as an example of a function 
bounded on [0, 1], nonintegrable in Riemann’s sense and possessing the prop- 
erty that any function fı equivalent to it does not belong to L’ (0, 1). 

It should also be noted that since f = fg is the characteristic function 
of the set G the latter is an example of a bounded open set which is Jordan 
nonmeasurable and F can obviously serve as an example of a bounded closed 
set nonmeasurable in Jordan’s sense. 
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But these sets G and F are of course Lebesgue measurable since any open 


or closed bounded set possesses this property. Consequently the function 
fiš Lebesgue integrable on (0, 1) and its integral is equal to uG: 


[fax = [fide = pG 
G G 


Let f(x) (k = 1,2, ...) be the characteristic function of the set wg = 
= 01+ ... +o,. It is apparent that 


1 
[IE-d = | Ifd = WG-o)+0 (k>a) 


G—-wk 


Hence, the condition of Cauchy’s criterion holds in this case, that is given 
any 7 > 0, there is N such that 


i , ' 
[\fk@)fi@)ldx<n k,I>N (1) 


All the integrals above were understood in Lebesgue’s sense. Integrals (1) 
can also be understood in Riemann’s sense because the functions f(x) are 
Riemann integrable on [0, 1]. 

Thus, the situation is as follows: the sequence of the functions fg € L’(0, 1) 
satisfies the condition of Cauchy’s criterion in the sense of the space L (0, 1) 
and at the same time there is no function p € L’ (0, 1) to which fẹ tends in 
the sense of L(0, 1) as k + œ. 

For, if such a function ọ existed, it would belong to the space L (0, 1) 
as well (see § 19.3, property 20) and therefore, by virtue of the uniqueness 
(to within the equivalence) of the function f for which 


1 
fif-felds +0, k> 
0 


(the integral is understood in Lebesgue’s sense), the function g should be 
equal to one of the functions fı equivalent to f. We have thus arrived at a 
a contradiction because fı ¢ L’ (0, 1). 

Hence, we have proved that the space L’ (0, 1) is not complete. Let the 
reader prove, using the same function f and arguing in like manner, that 
the space L, (0, 1) is not complete either. 


§ 19.8. Generalization of Jordan Measure 


We shall deal with (bounded) half-open rectangles (rectangular paral- 
lelepipeds) 
A = {gst < dj; j=1, ...,n} 
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and with (half-open) figures representable as finite sums 
N 
o= jy As 
j=1 
of pairwise disjoint half-open rectangles. 
We shall sometimes simply speak of figures ø meaning that they are half- 
open. In the cases when we shall have to consider closed or open figures 


(rectangles) we shall always make the necessary stipulations. 
Let 


G = {qj = j < bj; j=1,...,n} 


be a fixed rectangle and let to each rectangle A C G (including the rectangle 
G itself) there correspond a nonnegative number (A) sc so that «(4) is an 
additive function of 4 in the sense that if 


A=S 4 


j=l 
where A/ are pairwise nonintersecting rectangles, then 


N 
aff) = > a(s) 


jel 
We shall consider the function «(4) as being extended to arbitrary A c Rn 
by putting 
a(4) = a(GA) (1) 


In other words, we put «(4) = 0 for any rectangle A not intersecting G. 
The extended function «(4) is obviously nonnegative and additive. 
Let us extend «(4) to all the figures o c G by putting 


N 
a(o) = F a(4) for o= > 
jmi j=1 
where AJ are pairwise disjoint rectangles. 
it is readily seen that «(c) is a nonnegative additive function of ø C G. 
Thus, 
a(o’)-+a(o’") = a(o +0") 


for any nonintersecting figures o'o” c G. 
An empty set O will also be regarded as a figure, and we shall put «(O) = 
= 0. Then for any figure ø c G we have 


a(o+0) = a(o) = «(0)+a(0) 
If ø and o’ are some figures then obviously o'—o is also a figure, and if 
o co’ then 
0 <a(o’—o) = a(o’)—a(c) 
whence «(c) = a(o’). i 
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Let us agree that the relation 4 c c B means that A c B where B is the 
interior of B, that is the collection of all interior points of B. Thus, if A c B 
then the boundaries of A and B do not intersect. 

Let 2 c G be an arbitrary set. 

We shall define the interior (inner) measure of Q (with respect to (A) 
in Jordan’s sense) as the supremum of «(¢) taken over allo c c Q: 


m,Q2 = sup a(o) 
occo 
It should be noted that in the case the ordinary Jordan measure («(4) = 


| 4|) we have the equality 
sup lo| = tp. |o| 


which holds even if ø are understood as closed figures (instead of being half- 
open as it was assumed in the definition of the Jordan interior measure; see 
§ 12.5). In the general case of an arbitrary measure «(4) this equality may 
no longer hold (see Examples 1 and 2 below). 

Since 0 = a(o) = a(G) for all o Cc Q, the (finite) number m,Q exists 
and is nonnegative. 

ra course, if 2 does not contain any rectangle except the empty set then 
m2 = 0. 

By the exterior (outer) measure of Q (with respect to a(4) in Jordans 
sense) we shall mean the infimum of «(c) taken over allo c c Q 


m2 = inf a(o) 
occo 


If the closure 2 of Q has points in common with the boundary of G, then, 
to make this definition correct, we agree that a(A) is extended to all 4c R, 
as was indicated in (1). 

Since «(¢) = 0 for any ø, the number m9 exists for any 2 c G and is 
nonnegative. 

It is obvious that m2 = m,.Q. In the case when this inequality becomes 
an exact equality we shall say that the set 2 is measurable (with respect to 
a(4) in Jordan’s sense) and call the number 


m9 = mQ = mQ 
the measure of Q. 

The measure thus defined turns into the ordinary Jordan measure when 
a(A)is equal to the n-dimensional volume |^ | of 4. The basic properties of 
the generalized Jordan measure are completely analogous to the properties 
of the ordinary measure and their proofs are also quite analogous (see 
§ 12.5). We shall enumerate these properties below. 

If Qand Q, are measurable then the sets Q1+9 and QQ, are also measur- 
able; if Qı and Q, do not intersect then m(Q1+-Q2) = MQı+ M92; thus, if 
Q, > Qs then m (Q1—Q2) = mQ,—mQz. 

A set 2 is measurable if and only if its boundary is of (Jordan) measure 
zero (with respect to a(â)). 
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We see that, like in the case of the ordinary Jordan measure, in order-to 
find whether a ‘given set is measurable. it is sufficient to establish that: its 
boundary T'is of measure zero in the sense of «(4). In the case of the ordinary 
Jordan measure the answer to this question is completely determined by the 
geometrical properties of J’. In the general case this is not always so. 


Example 1. Suppose that a mass equal to 2 (units of mass) is distributed 
over the closed interval [0, 1] in the following way. Half the mass (equal to 
1) is distributed uniformly along [0, 1] while the other half is concentrated 
at the point x = 1/2. Let the function «(4) defined for all 4 c [0, 1] (where 
A is a half-open interval) be equal to the mass carried by 4. In other words, 


|41 if 3E 
A+1 ftes 


a(4) = 
where |4| is the length of 4. 

It can easily be seen that any point x € [0, 1] (regarded as a single-point 
set) distinct from the point x = 1/2is of measure zero in the sense of a(4) 
whereas the set e consisting of that single point x = 1/2 is nonmeasurable 
(relative to a(4)) because me = 0 and m,e = 1. It is evident that the inte- 
rior measure of the closed interval [1/2, 1] is equal to m; [1/2, 1] = 
= sup |4|=1 while sup «(ð = (1/2, 1) = 3/2. 

A4ccfif, 1} scH, 1) 

Example 2. Let a mass of 3 units be distributed over the square G = {0 < 
< x, y <1} as is described below. Let unit mass be distributed uniformly 
over G and another unit mass be uniformly distributed over the line segment 
yof the straight line x = 1/2 belonging to G. Finally, let the third unit mass be 
concentrated at the point (1/2, 1/2). We shall define the function (4) as as- 
suming the value equal to the mass carried by 4. In other words, 


a(4) = 
| A| if dy =0 

=4]A|+{4'| if Ay ~ 0 and A doesnot contain the point (53) 
[A|+| 4’ |+1 in all the other cases 


Here | 4| denotes the area of A and | A’ | denotes the length of the projection 
of A on the y-axis. 

In this example every single-point set except the point (1/2, 1/2) is of meas- 
ure Zero (with respect to «(4)). Further, any line segment belonging to y is 
nonmeasurable. On the other hand, as is readily'seen, any continuous curve 
T described by an equation y = (x) (0 = x ~ 1) where g(x) satisfies the 
conditions 0 = g(x) << 1 and 9(1/2) = 1/2 is of measure zero (relative to 
a(4)) despite the fact that it intersects y. 
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These examples show that a nonnegative additive function «(4) can be 
such that G contains separate points and curves which are nonmeasurable 
sets relative to «(4) in Jordan’s sense. 

For an arbitrary but fixed value of i (i = 1, ..., n) let us consider the 
rectangle 


4 = fash < t; axj<b, jx i} 
and the function 


Bi) = (4), m< tab, Bila) = 0 


Let us fix ¢ € (a, bi) and denote by G,() the section of G by the plane 
xı = t. Leta; < Ë <t<t’' < b;. If we choose a rectangle A > > G, the 
figure o = (4—G)+(4}-— Ai) will contain G;(t) strictly inside itself, and, 
according to the convention on the extension of «(4) (see (1)), we shall have 
a(4—G) = 0. Therefore 


a(o) = a(4p)—a(4p) = B(t’)—Bi?') (2) 


The limit of the left-hand side of (2) and, together with it, the limit of the 
right-hand side of (2) for ¢’’—t’ — Ois equal to zero if and only if the measure 
of the section G;(t) is m(G,(¢)) = 0 or, which is the same, if the function ; 
is continuous at the point ¢. In this case we shall say that G,(#) is a regular 
section of G (a; < t < b,}). 

A finite system of regular sections (generally speaking, taken for different 
i= 1, ..., n) determines a partition of G into pairwise nonintersecting 
rectangles which we shall call a regular partition. 

Since the functions £,(#) are nondecreasing and therefore have at most 
countable number of points of discontinuity (provided there are such), for 
au e > 0 there is a regular partition of G with cells (rectangles) of diameter 

ess than €. 

In the one-dimensional case when G = {a = & < b} we have 


A, = fas <x} B(x) =al), a<x=b, B@=0 (3) 
Therefore, if 4 = {x = < y} c G is an arbitrary half-open interval, then 
a(4) = P(y)—B() (4) 

Thus, every nonnegative additive function «(A), A c G specifies, with the 
aid of equalities (3), an ordinary nondecreasing, nonnegative function B(x) 
on [a, b] such that for any A c G there holds relation (4). 

Conversely, it is evident that to any nondecreasing function A(x) with 
B(a) = 0 there corresponds the nonnegative additive function «(4), 4 C G, 
determined by equalities (3) and (4). 

In the two-dimensional case we have G = {a<&<b, can < d}. 
In that case it is expedient to consider half-open rectangles . 


Ay = {la = < x, can< y} 
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and the function F(x, y) specified by the relations 


F(x, y) =a(4,y), a=<x<«b cazyad (5) 
and 
F(a, y) = F(x,c)=0, axx<b, cayad (5) 
This function obviously possesses the property 
0 = F(x, y) = F(x,y), xex, yay’ (6) 
Besides, if i 
A= fxs <x, yayn<y} 
={x<f<>x, O<7n<y} 
and 


A: = Q= f <x, yan<y} 
(where x > a and y > c) then 
Ayy = Axyt4A1+42+4 


where the rectangles on the right-hand side are pairwise disjoint, and there- 
fore 


a(Ayy) = a(Axy+ 41) +0(A,y+ 42)—a(4.y)-+a(4) 
It follows that we have the equality 
a(d) = F(x’, y)—FO’, y)—F(x, Y)+ F(x, y) (7) 
pa holds, by virtue of (5’), for x = a,c = y «= dand for y = ca = x= 
< 


Consequently, 
F(x’, y )— E, y)—F(x, y )+Ex, y) = 0 (8) 


(where x = x’ and y = y’). 

Thus, a nonnegative additive function «(A) specifies, with the aid of equal- 
ities (5), (5’) and (T), a function F(x, y) satisfying conditions (6) and (8). 
Conversely, it is obvious that a function F(x, y) possessing properties (5’), (6) 
“a. determines, with the aid of (5) and (7), a nonnegative additive function 
a(A 

If F is continuous at points (x, Y), (x, Y), (x, y’) and (x’, y’), then for any 
e > 0 there are 4’ and A”, 4’ © c Acc A" such that «(4 —«(4’) < € 
and then the rectangle 4 (half-open or closed or open) is a measurable set 
in the sense of «(4). 

We note that if F has the continuous partial derivatives F,, F, and F, on 
G, then the right-hand side of (8) can be written (see § 7.7 (3)) i in the form 


F(x’ —x) (y'—y) 


where the second derivative F, is taken at some interior point of the open. 
rectangle {x < E < x,y < n < y}. 
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These considerations can be extended by analogy to the n-dimensional 
case when the role of expression (8) is played by the nth finite difference 
AF = 4142 ... A,F which results from the consecutive application to F(x) 
of the operations 4; of forming the first finite difference with respect to the 
variables x; with steps x;—~x;. In this case instead of Fy we shall have the 
mixed partial derivative F® ... x. 


§ 19.9. Riemann-Stieltjes Integral _ 


Let Q c G be a measurable set (with respect to «(4), in Jordan’s sense) 
and let f(x) be a function defined on that set. With each partition ọ of the 


N-1 

set Q (2 =y o) into a finite number of measurable parts having no 
j=0 

interior points in common (i.e. these parts can only intersect along some 

parts of their boundaries) we shall associate the corresponding (Riemann- 

Stieltjes) sum 


SUN) = FFE), — FIER, (1) 
j=0 


By the Riemann-Stieltjes integral of f on Q (with respect to a(4)) is meant 
the limit . 


lim Sf) = | f(x) dm (2) 


when the maximum diameter d(Q,;) tends to zero. 

As usual, it is supposed that this limit is independent of the choice of the 
sequence of partitions and of the points &/ € 2). 

If «(A) is the n-dimensional volume of 4, that is «(4) = |4], then (2) 
becomes the Riemann integral of f on 2. l 

Generally speaking, an unbounded function may be integrable in the 
Riemann-Stieltjes sense. If for any e > 0 there is a partition of Q into parts 
of positive measure and diameter less than £ then, as in the case of the Riemann 
integral (see Theorem 1 in § 12.11), the integrability of f(x) on Q (with respect 
to «(A)) implies the boundedness of the function f(x) on Q. 

The basic properties of the Riemann-Stieltjes integral are completely 
analogous to the corresponding properties of the Riemann integral. As in 
the case of the latter, we can construct for a bounded function f(x) its 
upper and lower integral sums ) 


N-1 N-1 
Se = Y, MymQ; and S = Y mm9; 
0 0 


where 
m; = inf f(x) and Mj; = sup/f(x) 
zc; BED; 
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and, proceeding from them, construct the upper and the lower integrals 
J and J. The corresponding theorems are extended to the general case with- 
out any changes in their proofs. 

There also holds Lebesgue’s theorem (see §§ 12.8 and 12.10): for a bounded 
function f defined on a closed measurable set (with respect to (A), in Jordan's 
sense) Q to be integrable in the Riemann-Stieltjes sense it is necessary and sufi- 
cient that its points of discontinuity should form a set e of Lebesgue measure 
zero (with respect to a(A4)), that is ue = 0 (see § 19.12). ` 

The notion of the Riemann Stieltjes integral can also be generalized to 
the so-called functions 7(4) of bounded variation. Each such function is 
a difference of two nonnegative additive functions «1(A) anda2(A) of A c G: 
(A) = a(4)—a(4). 

If mı and mz are the measures (in Jordan’s sense) generated by the non- 
negative additive functions «:(4) and «2(4) respectively, then the Riemann- 
Stieltjes integral with respect to y(A) is defined as the difference of the corre- 
sponding integrals: 


fI dy = |F dm- | f() dns (3) 


Here, of course, by 2 is meant a set measurable (in Jordan’s sense) both 
with respect to «3(4) and to aa(4). 

The Stieltjes integral (see below) can be generalized in the same manner 
to functions 7(4) of bounded variation (see § 19.10 where mı, mz and Q 
should be replaced by «1, «2 and G respectively). The same applies to the 
Lebesgue-Stieltjes integral (see § 19.12 where m, and mz should be replaced 
by pi and pe respectively). | 


§ 19.10 Stieltjes Integral 


In this section we shall define the classical Stieltjes integral and investigate 
its connection with the Riemann-Stieltjes integral. The domain G for which 
the Stieltjes integral will be defined is a rectangle. 

Let a function f(x) be defined on the closure G of a half-open rectangle 

G = {a s xı < b;; i=l, <.. A} , (1) 
where a nonnegative additive function «(4) of A c G is defined (A are half- 
open rectangles). 

An arbitrary rectangular network splits G into half-open rectangles which 


we shall number in a consecutive order by one index: 4, ..., 4y—1. 
The Stieltjes integral of the function f(x) on G is defined as the limit 


N-1 
lim SY fF)e4)=[ fea, HE” (2) 
max d(4’)->Q 0 G 
This definition differs from that of the Riemann-Stieltjes integral; here 
the set Q = G and the cells A, entering into its partitions are rectangles not 
necessarily measurable (with respect to «(4), in Jordan’s sense). 
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The expressions «(4,) in (2) can of course be written in terms of an ordi- 
nary function generating the given nonnegative additive function «(4). 
For instance, in the arora case we have 


a(A) = B(y)—B(x), = [x, y), Qax< ya : (3) 
B(x) = a(x), A, = i x), B(a) = 0 
where f(x) is a nonnegative and nondecreasing function defined on G = [a, b]. 


If we put a = xo < x1 < ...< xy =b, A, = b, x41) then limit (2) can 
be written in the following equivalent form: 


lim SLO B) = j f(x) aB(x) (4) 


mak (%4,1 — 4) —0 


By the way, form (4) is used more frequently than (2) and was introduced by 
Stieltjes himself. 


In the two-dimensional case the corresponding equivalent expression for 
integral (2) is written in terms of the function 


F(x, y) = (Axy), Axy = fas < x, can < y} | 
F(x, c) = F(a, y) = 0, (x,y) € G 
possessing the property 
a pa y)—F(x, y')—F', y+ F(x, y) > 0 
= {xab<x,yan<y} 


(5) 


Thus, if 
a = Xo < Xi < ... < xM =b 
e= Yo < Ji < ... < YN =d 
Ay = [e E < X41, YEN Yj (Er n) € Ay 
and 
a(dy) = F(%i+1, Yj) E (Xi, Yj) E (xii, Y) HEX Y) 
hen limit (2) can be written in the form 
d 
> 2 SEn 1) Ay) = j J f(x, y) PF(x, y) (6) 


lim 
max [(%441—%)+O441-Y)]—>0 jr 


Let us consider a bounded function f(x) onG c R, and take an arbitrary 
partition e of the form 


N-1 
G = X A; 
0 


where 4 s are half-open pairwise nonintersecting rectangles. For this parti- 
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tion we form the Stieltjes sum 
Se= SEAD EEA 
the lower and upper sums 


N-1 N-1 
So = X m,«(A);) and So = D M;«(4;) 


i=0 i=0 
and the lower and upper integrals 
J=supS, and J= inf S, 
e e 


Theorem 1. For a bounded function f (x) (| f (x)| = K) defined on a rectangle 
G the following properties are equivalent. 

(i) For any e = 0 there is a regular partition ọ, of the rectangle G (into 
pairwise disjoint half-open rectangles Aj) such that 


See — Se, <S 


(ui’) For any e = 0 there is 6 > O such that for all the partitions (both 
regular and irregular) such that d(A;) < 6 there holds 


: Se— Se SE 


(iv’) Stieltjes integral (2) exists. 

Proof. The implication (ii’) > (iii’). Let I’, be the union of the boundaries 
of all 4*’s from which the boundary of G is deleted. Since 0, is a regular 
partition, we have mI’, = 0, and therefore there are figures 9 > > o’ DDT, 


such that d(c) < = . Let ô be the distance between the boundaries of ø and 


o’ and let o be a partition of G into cells (rectangles) w of diameter less than 
5 (we do not supply these rectangles w with indices). We have 


Se— Se = 2, (M—m)a(w)+9, (M—m) x(w) 


where the sum }” is extended over all those w’s each of which has a point in 
common with J", and the sum f,” is extended over the remaining w’s. 

The final part of the proof (the derivation of the estimation 5;—S, < £) 
is Similar to what was said in Theorem 1, § 12.7 in the proof of the implication 
(ii) — (iii) where œ should be replaced by «(w). 

The implication (iii’) + (ii^ is trivial. 

The implication (iv’) ~ (iii’). Here the argument is analogous to that 
used in the proof of the implication (iv) - (iii) in Theorem 1, § 12.7; Qj 
should be replaced by 4; in that argument and J should be understood as 
integral (2). 

The implication (iii) > (iv’). The existence of the Stieltjes integral 
implies the inequality | 

|J-S.| < = 
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that is l 
€ 
J-5 < S< J+4 


for all ọ with d(4:) < 6. Therefore we also have J -5 = Se © Se © J + $ 
whence Se— Se < £. 


Remark. Theorem 1 no longer holds if the word “regular” is deleted from 
(ii') (see Example 1 below). This shows that it is impossible to introduce in 
the statement of Theorem 1 property (i’) which expresses the fact that 
J = J (see the proof of the implications (i) = (ii) in Theorem 1, § 12.7). 
From (ii^) follows (i^) but (1’) does not imply (ii^). 


Theorem 2. For a function f(x) continuous on G there exists its Stieltjes 
integral (2). 
Indeed, let w(t) be the modulus of continuity of f(x) on G. Then if ô = 
= max d(A;) where G = )' 4; is a partition ọ of the rectangle G, then 
i 


Se~ Se = 2 (M i— mj) a(4;) = eo() >) (Aj) = w(6)«(G) < e, ô < do 
provided that do is sufficiently small. Therefore the existence of Stieltjes 
integral (2) follows from Theorem 1. 

Theorem 3. Jf x° is a point of discontinuity of a bounded function f(x) on G 
and the single-point set v consisting of that point is of positive outer measure 
(m.(v) > 0) then Stieltjes integral (2) does not exist. 

Indeed, the oscillation w(x°) of the function f at the point x? is positive 
(see Theorem 5, § 7.11). Let ọ be a partition of G into rectangles 4; such that 
x? is strictly inside some 4A;. Then 

Se— Se = $ (Mj—m;) a(4;) > (Mı—m;) a(A;) > w(x?) m.(r) 
f | 
where the right-hand side is positive and is independent of the indicated 


partition, and, since the latter can consist of rectangles 4; of arbitrarily 
small diameter, Theorem 1 shows that integral (2) does not exist. 


Example 1. Let 


0 for -—-l«<x<0 0 for —lex<0 
= and = 
F) $ for Oaxaca] Pe) $ for O<xal 


Let us denote by o the (irregular) partition —1 < 0 < 1 of the closed 
interval G = [—1, +1]. For this partition we have §, = Še = 1, and there- 
fore J = J. However, the Stieltjes integral f f(x) d(x) does not exist be- 


-1 
cause x = 0 is a point of discontinuity of both f and £ (see Theorem 4). 
The implication (ii’) > (iii’) in Theorem 1 can also be expressed as fol- 
lows. 
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Theorem 4. If for a sequence of regular partitions ox there exists the limit 
e e Ne 

J = lim Sa = lim Y SED 04) (1) 
=> co —> oo j=1 


for any choice of &4, € Ai then there exists Stieltjes integral (2) equal to J 
(see § 12.7, Theorem 2). 

Indeed, (7) implies that S,,—S,, + 0 (k +), i.e. (ii’). But we have the 
implication (i^) > (ii), and consequently integral (2) exists and is obviously 
equal to J 


Theorem 5. Stieltjes integral (2) and Riemann-Stieltjes integral (see (2) 
n the foregoing section) of a bounded function f (x) over a measurable rect- 
angle G exist simultaneously and are equal to each other. 

Indeed, let us take a sequence of regular partitions g, of the rectangle G 
into cells (rectangles) 44 with max d(4§) + 0 (k +). All 4s, even those 


j 
adjoining the boundary of G, are measurable now since the rectangle G is 
measurable. 

The existence of limit (7) is necessary and sufficient for the existence of 
both Stieltjes integral (Theorem 4) and Riemann ‘Stieltjes integral (by virtue 
of the analogue of Theorem 2, § 12.7). 

Hence, for a measurable rectangle G the properties of the Riemann- 
Stieltjes ‘integral discussed in § 19.9 are extended automatically to the 
Stieltjes integral. In particular, for a measurable rectangle G there holds the 
following theorem. | 


Theorem 6 (Lebesgue). For Stieltjes integral (2) of abounded function f(x) 
defined on G to exist it is necessary and sufficient that the Lebesgue measure 
(in the sense of «(A)) of the set e oF the points of discontinuity of f be equal to 
zero, that is e = 0 

Theorem 6 does in fact hold for a nonmeasurable G as well. It implies as 
special cases Theorems 2 and 3. Let us prove this proposition. 

To this end we take an arbitrary measurable rectangle G’ > >G and extend 
the function «(4) to G’ as was indicated in (1), § 19.8. 

We shall also extend the function f to G’ by using the following construc- 
tion. Let £’ be a point belonging to G’—G. The line segment joining this 
point with the centre of G meets the boundary T of the rectangle G at 
a point which we shall denote by &. Let us put f(€’) = f (Ẹ). The function f 
thus extended is constant on the segments (belonging to G’—G) of the rays 
issued from the centre of G. 

The extended function f is obviously bounded on G’. Besides, the function 
fis continuous at a point Ẹ belonging to the boundary of G if it is continuous 
at that point relative to G. In other words, if for any £ > 0 there is 6 > 0 
such that the imeguality If()-f@)| < e holds for all x € G satisfying the 
condition |x—&| < ô then there is 6; > 0 such that |x—&| < 6; implies 
|f(x)—f(€)| < e for all such x. If A’ c G’ is a rectangle intersecting I’ and 
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E € A’ then there is a point E belonging to 4d where A = GA’ such that 
SE) a4’) =f EA) (8) 


Indeed, we have «(4’) = a(4) (see (1) § 19.8). If &’ € Awe put & = &’, and if 
&’ € Athen we take as & the point of intersection with I" of the line segment 
connecting &’ with the centre of G. 

If 9’ is an arbitrary regular partition of the rectangle G’, it induces a reg- 
ular partition ọ of the rectangle G, and with each integral sum Sy we can 
associate an integral sum S, equal to the former, that is 


Se = LIE) «(4) = VIE) AA = 


by using the following construction. If 4’ does not intersect G we delete the 
corresponding summands entering into Sy (they are equal to zero). If A’ 
intersects G then we apply equality (8) to the corresponding summands. 

Conversely, given a regular partition ọ of the rectangle G, we extend the 
regular sections of G (lying in the (n— 1)-dimensional planes) of which ọ con- 
sists and delete the faces of G, which results in a regular partition 0’ of the 
rectangle G’. Repeating this argument in the reverse order (even without 
moving the points &) we conclude that to each integral sum S, there corre- 
sponds a sum Sy equal to the former. 

What has been said implies the equality of the Stieltjes integrals over G 
and over G’: 


[Ida = [ f() de (9) 
G g 


(the existence of one of them implies that of the other). 

The second integral in (9) is simultaneously a Riemann -Stieltjes integral 
(since G’ is measurable) and therefore it exists if and only if the set e’ of the 
points of discontinuity of f on G’ is of Lebesgue measure zero (with respect 
to «(4)), that is 


pe’ = 0 £ (10) 


or, which is the same, if the set e of the points of aad of fon G is of 
Lebesgue measure zero (relative to «(4)): 


pe =0 (11) 


Indeed, the existence of the integral on the left-hand side of (9) implies the 
existence of that on the right-hand side and equality (10) and, consequently, 
it also implies (11) since e € e’. me i (11) implies that for any e > 0 
there is a countable system of rectangles 41, 42, ... such that $4; > e and 
$ a(d) <£. Let us add to this system the (finite) system of half-open rect- 
angles forming the set G’—G. For the resultant system whose rectangles 
we renumber as 4), 43, ... we have }, 4; > eand ))a(4j) < e because 
a(G’—G) = 0, that 4 is (8) will hold. Therefore the integral on the right-hand 
side of (9) exists and, together with it, the integral on the left-hand side also 
exists. 
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Theorem 7. Let two nonnegative -additive functions «1(4) and a2(4e2) be 
defined for the half-open intervals belonging to half-open intervals [a, b) and 
[c, d) respectively, and let them generate the function 

a(d) = æı(41)*æ2(42) 
A = {2 =x = u}, 42 = {Fey o} 
A=sfiexapvay<o}=4xX4cG 
= [a, b) x [e, d) 
Then for a bounded function f (x, y) there holds the equality 


d b 
[EF ») da = | daz | fx, y) das 
G c a 


under the assumption that the integral on the left-hand side exists. Therefore the 
iterated integral on the right-hand side automatically exists (the inner integral 
with respect to x is understood, for every y € {c, d], either in the ordinary sense 
as the Stieltjes integral, provided it exists, or as a number lying between the 
lower and upper Stieltjes integrals of f (x, y) with respect to « on [a, bÌ). 

The proof of this theorem is completely analogous to that of Theorem 1, 
§ 12.12. 

To the Stieltjes integral apply the theorems analogous to those proved for 
ie integral and also what was said in connection with formula 
(3), § 19.9 


Exercises 
1. Show that 


b b 
JIO B) = [SB dx 


where A(x) possesses the continuous derivative A’(x) = 0 on [a, b]. 


2. Let f (x) be continuous on [a, b] and let co, c1, ... bea sequence of non- 
negative numbers such that `c; < œ. Also, let x; € [a, b] (j = 1, 2, ...) 


and 
Bx%)= È g (12) 
%Ela, x) 
Show that 


b 
J FAB = ES 


3. Show that the Anado defined by formula (12) where cy are numbers of 
arbitrary sign but such that )' |c,| < œ is a function of bounded variation, 
that is it is representabie as the difference-of two nondecreasing functions 
on [a, b]. 
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4. Let f(x) and g(x) be continuous nondecreasing functions (or functions 
of bounded variation). Prove the formula 


b b 
JI de [ o FH) = SO pH-a pa 


5. A function f(x) defined on a rectangle G is sometimes called integrable 
with respect to «(4) when its upper integral J (with respect to «(4)) is equal 
to the lower integral J. In this case the generalized Stieltjes integral (see Ex- 
ample 1 above) J is defined as the number 


J=J=J 
denoted by the symbol 
J = If) = | f(x)ae 
G 


To elucidate this new notion we indicate that for a bounded function f the 
following assertions are equivalent. 
@)J=J=J; 
(ii*) there is a sequence of partitions 0; (c => Ai) for which 
J 


Ses Sos — 0, k + œ 
(ii*) there is a sequence of partitions 0, such that 
lim S, =J for any & € Af 


k—>co 
Indeed, from (ii*) and from the inequalities §,,< J = J = S., and So, © 
= Sea = Š a follows (iii*) (for the same ozs). Further, (iii*) implies that 


lim Sa = lim Š, = J 


and, if ọ is an arbitrary partition and 0; = e+e, then So = Ses = Doe = 
= S, > J, k +, that is Se =J and J = J. It is similarly proved that 
(iii*) implies J = J. We have proved the implication (iti*) - (i*). 

If £x > 0, eg > O then (i*) implies the existence of partitions 9; and ọg 
such that J—e, < Se and S, < J-+e, and therefore for ok = 0%-+ 0% we 
have J— Ek < Sy = Ser = So, = Soy < J+, which proves (ii*). 

Thus, the generalized Stieltjes integral can be defined as the number J for 
which (ii*) or (iii) holds for some sequence of partitions g,. 

If it is possible to choose a sequence of partitions of the indicated type 
consisting of regular partitions ox, then, according to Theorem 4, the number 
J is an ordinary Stieltjes integral. If otherwise, J is the generalizėd Stieltjes 
integral. The notion of the generalized Stieltjes integral may prove useful 
for functions not satisfying Lebesgue’s condition -in the sense of æ(4) (see 
Theorem 6). 

Let the reader use (ii*) and (iii*) to prove (see Theorems 1,2 and 4, § 12.11) 
that if f and ọ are integrable in the indicated sense then Af +B, Ifl, f 
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and p— (|p(x)| > a > 0) are also integrable and there hold the relations 
HAf+ By) = AI(f)+BI(9) 


|J(f)| = K sup | f(x)! 
x€G 


characterizing the linearity and the continuity properties of the functional 
J(f). Here A and B are arbitrary numbers and K is a constant dependent on 
the generalized measure «(4) introduced in G. 

In the one-dimensional case we have 


K = B(b)—B(a) 
and in the two-dimensional case 
K = F(c, d)— F(a, d)— F(b, c)+ F(a, b) 
(see (3) and (5)). , 
We also suggest that the reader should prove the equality 


[da= F ffod 
G J=1 aj 


and 


(where G= y Aji and 4/ are pairwise nonintersecting rectangles] on con- 
jel 
dition that the integral on the left-hand side exists. 


§ 19.11. Generalization of Lebesgue Integral 


The notion of the Lebesgue integral can be generalized as follows. 

Let X be a set of elements x of arbitrary nature and let M be a system of 
subsets e of X, (e c X) forming a ring. This means that if two subsets e; and 
ez of X belong to W then their sum e1+ e2, difference e1—ez and intersection 
eez also belong to Mt. It is readily proved by induction that if e1, ..., €„ be- 


long to Yt then the finite sum y e; also belongs to M: 
j=l 
e=yaecem 
j=l 
A ring M must also satisfy the additional requirement that if ey € M for 
any k = 1, 2, ... and the countable sum 


e = x Cr 
k=l 
belongs to some set E € M (ec £), then e € Me. 
Now let us suppose that to every set e € M there corresponds a (finite) 
nonnegative number pe possessing the property that if a set e € Mis repre- 
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sentable as a finite or countable sum 


e= ek 


of pairwise disjoint sets ex € M then 
pe = |, per (1) 


The nonnegative set function pe (e € W) thus defined on M is called 
Lebesgue’s measure. We shall also call it the generalized Lebesgue measure 
in order to distinguish between the general case treated here and the special 
case which was studied in Chapter 19 where the role of X was played by the 
n-dimensional space R, and the role of It by the corresponding totality of 
Lebesgue measurable sets. The sets e € It will be called measurable. If a 
subset ó C X is a part of a measurabe set e € It (2 c e) we shall say that the 
set & is bounded. i - 

According to this terminology, Theorems 3-9, § 19.1 apply to the general- 
ized Lebesgue measure. Theorems 3, 4 and 5 hold for them according to 
the definition (see equality (1); as to Theorems 6-9, they are proved without 
any changes). 

Proceeding from the measure thus defined we can define the notion of a 
measurable function following from the course of Chapter 19. Generally, all 
that was said in § 19.2 can be extended without any changes to the case of the 
generalized Lebesgue measure with the exception of Theorem 4 and the 
proposition (see page 350) on continuous functions. Since we did not define 
a topology on X (that is a system of neighbourhoods, etc.) it does not make 
sense to speak of a continuous function on X. 

The Lebesgue integral of a function f (x) on a set E where f is a measurable 
function and E is a measurable set (with respect to the measure y) is defined 
as the limit 


lim F owner = f f(x) ads) 
r0 oo È 


where or, ex and 6; are defined by analogy with § 19.3 (see (2), (3) and (4) in 
§ 19.3), and the measure is understood in the generalized sense. 

The properties of the Lebesgue integral enumerated in § 19.3, with a pos- 
sible exception of property 19 (Fubini’s theorem) and property 22, are ex- 
tended without any changes in their proofs to the general case under con- 
sideration. 

An important example of the generalized Lebesgue integral is the so-called 
Lebesgue-Stieltjes integral which will be treated in the following section. 


§ 19.12. Lebesgue-Stieltjes Integral 
Let us consider a half-open rectangle 
G = {a s xı < b; i=1,..., n} 
and let a nonnegative additive function «(4) be defined for the half-open rec- 
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tangles 4 belonging to G. In § 19.8 we used such a function (A) as the basis 
for constructing the generalized Jordan measure. In the present section, pro- 
ceeding form «(4), we shall construct a generalized Lebesgue measure (see 
§ 19.11) for some sets 6c G. We shall call it the measure generated by a(A) 
or, briefly, the measure and will denote it as uå (the same notation was used 
for the Lebesgue measure). 

In our presentation we shall use the notions of the Jordan interior meas- 
ure m&, exterior measure m,.é and the Jordan measure m£ introduced in 
§ 19.8 (with respect to «(A)). 

When calling & a set we shall mean that ó c G, and, as usual, by F and G 
we shall denote closed and open sets respectively. ‘We shall also use the nota- 
tion A CC B expressing the fact that A C B where A is the closure of A 
and Š is the interior (the collection of all the interior points) of B. 

For an open set g we put by definition (see the explanations below) 


pg = mg = sup alo) = Y «(4 (1) 


k=l 
where 


=Y4, Accg (2) 
1 


is a representation of g as a sum of half-open pairwise nonintersecting 
rectangles 4; each of which has a boundary with no points in common with 
the boundary of g. 

A representation of g in the form of sum (2) can, for instance, be obtained 
as follows. We cut the space R, into half-open cubes with edges of length 
27N by means of a rectangular network and number in a consecutive order as 
Ay, ..., 4, those of the cubes which possess the property 4, c c g. Then 
we refine the network taken and pass to a new network with cubes whose 
edges are of length 2N*+1 and supply with indices s+ 1, s+2, ..., s+q those 
(half-open) cubes 4,43, 4,42, ..., 4s+q¢ of the new network which possess 
the property 4 CC g and do not intersect with those former cubes which 
have already been numbered. Continuing this process indefinitely for N+ 2, 
N+3, ... we arrive at sum (2) of the sets 4; consisting of an infinite (count- 
able) number of terms. 

To explain the last equality (1) we note that for each half-open figure 


o CC g there is N such that occ 5.4, whence a(c) < 2 eld) «< «(G) 
and ug < Zal. But the last relation’ is in fact an exact equality because 


the sum 2 Ák is a figure o’ belonging to g for ee and therefore 2 a(4,) = 
= «(o’) ug, that is 3 a(A,) = pg. 
It should also be ‘mentioned that the interior & of a figure ø can be repre- 
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sented as a sum ë = yA of pairwise disjoint cubes 4, C C «a, and, since 
1 
N N 
$ 4k C 0, we have 5‘ «(4;) = a(o) for any N. Consequently, 
1 1 
W) = X ald) = a(o) (3) 
1 


For a closed set F we put, by definition (see the explanations below), 
pF = aF = inf a(c) = inf pg (4) 
oCCF sCFr 
To elucidate the last equality let us denote its left-hand member by J’ and 


its right-hand member by J”. Since ø DD F, we have 6 D> F. But 4 is 
an open set, and therefore 


a(o) > 2(6) => J”, that is J’ > J” 
On the other hand, if any open set g > F is represented in the form of 
sum (2), then, since F is closed, there is N such that 
N 
C= X A, DDF 
1 
whence 
Hg) = alo) = J’, that is J” = J’ 


Consequently, J’ = J”. 
Let us prove that for any half-open figure o we have the inequality 


a(o) = «() (5) 
Let g>4 be an arbitrary open set and letit be represented in form (2). By 
the closedness of g, there is N such that 
occ ŞA Cg 
Therefore t 
a(o) = Fadi) <= ug 


and, since the infimum of all the measures pg in question is equal to (6), 
we arrive at (5). 

The definitions stated readily imply that if Fc F’ and gc g’ then 
uF «= pF’and ug = yg’. Besides, since F c F and (4) holds, we obtain 


uF = sup pF’ = inf yg (6) 
FCF 8DF 
We also have the equalities 
pg = sup pF = inf ug’ (7) 


D8 
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The second equality in (7) is obvious since g > g. To justify the first equality 
let us denote the second member of (7) by J. Since uF < pg (see (4)), we 
have 1 = ug. On the other hand, we can represent g in form (2) and put 


ow=> Ar. Then for any £ > 0 there is N such that 
1 


yg—é< Ye a(As) = alon) = u(y) = J (Gy C g) 


and, since « is arbitrary, we obtain yg = J. Consequently, ug = J. 
By the interior (inner) measure of a set & (with respect to «(A)) we shall 
mean the number 
Hô = sup pF 
Fcé 


and by the exterior (outer) measure of & (with respect to «(A)) we shall mean 
the number 


gDó 


If u = pe& we shall say that the set & is measurable (in the sense of the 
measure generated by o(4)) and the number uô = m6 = ped will be called 
the generalized measure of & or the measure of & with respect to (4). 

It follows from equalities (6) and (7) that the closed and open sets (belong: 
ing to G) are measurable (in the indicated sense). 

The basic properties of measurable (in the generalized sense) sets defined 
here are analogous to the corresponding properties of the classical Lebesgue 
measurable sets. We enumerate them below. 

If £ and &2 are measurable sets, its sum, difference and intersection are also 
measurable and, if £ and &2 do not intersect then 


(i+ 2) = it pce 


The sum & of a countable number of measurable sets e3, ez, ... (belonging to 
G) is measurable and, if these sets are pairwise nonintersecting, then 


pe = X} Her 


The intersection of a countable number of measurable sets is measurable. 

In the case of the ordinary Lebesgue measure the properties enumerated 
here and the other properties following from them turn into Theorems 1-9 
proved in § 19.1. In the general case their proofs are quite analogous. 

These theorems were based on Lemmas 1-5, § 19.1. They can also be 
proved quite analogously for the general case. To this end we should replace 
in their proofs |4;| and |o;| by «(4,) and «(o,) respectively and also take 
into account the following remarks. The statement of Lemma 1 should be 
replaced by the following: (3) implies (4) where o; and ox are half-open figures, 


28* 
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the figures ox being pairwise disjoint. In the statement of Lemma 2 the last 
assertion saying that the inequality turns into an equality should be deleted. 
We also mention the following inequalities analogous to (14) in § 19.1: 


mE <= Lib E pe =m (8) 
They follow from the relations (see (3) and (5)) 
sup a(o) = sup u = sup pF, 
oC occé Fo 


inf «(o) => inf pé = inf ug 
DD DD gD 

It follows from (8) that if a set & is Jordan measurable (in the sense of «(A)) 
it is also Lebesgue measurable. 

In the theory of the Jordan measure (with respect to «(4)) we found that 
some rectangles may be nonmeasurable. In the theory presented here we 
have no such setback because all the closed and open rectangles are meas- 
urable since they are closed and open sets respectively. An arbitrary half-open 
rectangle 

A= {hax < u; i= 1, ..., n} 
is also measurable since it is the difference of two closed sets. But the measure 
ud must not necessarily be equal to «(4) (see Exercises 1 and 2 below). 

A single-point set w has the interior measure m;w = 0 (with respect to 
2(4)) in the Jordan theory and therefore it is measurable if and only if mw = 
= 0. In the present theory such a set w is measurable for any «(4) because 
it is Closed. Its measure coincides with its Jordan exterior measure: yo = 
= MW. 

In the classical theory of the Lebesgue integral the Lebesgue measure 
serves as the basis for the definition of the notion of a measurable function. 
The notion of a function measurable with respect to the measure generated 
by «(4) is introduced in just the same way. All that was said in this connec- 
tion in § 19.2 is extended without any changes to the general case, and only 
the classical Lebesgue measure should be replaced by the Lebesgue measure 
generated by «(4) and the expression “Riemann integrable function” in 
Theorem 4 should be replaced by “Riemann-Stieltjes integrable function”. 

Further, the notion of the Lebesgue-Stieltjes integral with respect to an 
arbitrary set function «(4) is introduced using the notion of a function meas- 
urable with respect to the measure generated by «(4) by analogy with the 
definition of the (ordinary) Lebesgue integral of a (Lebesgue) measur- 
able function. 

Thus, the Lebesgue-Stieltjes integral can be defined as one of the limits 


f £G) du = lim Sx(f) = lim Sx( f) = O 
2 ôp—>0 ô —>0 
Here f(x)is a measurable (with respect to the measure u generated bya(4)) 


function on the set & and Sr(f) and Sz(f) are the lower and upper integral 
sums defined by a complete analogy with § 19.3 where these sums were defined 
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for the classical Lebesgue integral; the only difference is that in the present 
case the sets e, (see the beginning of § 19.3) are supposed to be measurable 
with respect to u and their measures pe; are understood in the sense of p 
(with respect to «(4)). 

Generally, all that was said in § 19.3 can be extended to the Lebesgue- 
Stieltjes integral. 

Of course, in the case of the Lebesgue-Stieltjes integral, in all the integrals 
in § 19.3 we should replace dx by du and the expression “the Lebesgue integ- 
ral” by “the Lebesgue-Stieltjes integral”. In property 6 the expressions “f is 
Riemann integrable”, “the Jordan measure” and “having no interior points 
in common” (or, which is the same, “can only intersect along some parts of 
their boundaries”) should be replaced, respectively, by “fis Riemann-Stieltjes 
integrable”, “the Jordan measure with respect to «(4)” and “pairwise dis- 
joint”. Property 15 establishing the equality of the absolutely convergent 
improper Riemann integral of f and the Lebesgue integral of f can also be 
extended to the general case if we define, by analogy, the notion of the im- 
proper Riemann-Stieltjes integral. 

Property 19 (Fubini’s theorem) can be immediately extended to the general 
case if we assume that there are two nonnegative additive functions «1(61) 
and «’(6’) defined for the half-open intervals 6; = {0 = xı < a} and for the 
half-open rectangles 6’ = {0 = x; < a, i= 2, ..., n} respectively which 
generate the function «(5) = «(61)«(6’), 6 = 6; X 5’ = A(see property 19 
in § 19.3). Then if we denote by p, pı and p’ the three measures generated 
by the functions «, a; and a’ respectively, formula (34) will continue to hold 
together with the remarks to this formula (of course, dx, dx, and dy should 
be replaced by du, du1 and dy’ respectively). 

o proof of this generalized formula is quite analogous to that of (34), 
§ 19.3. 

We shall also discuss the following question concerning the relationship 
between the Lebesgue integral and the Lebesgue-Stieltjes integral. 

Let us consider a nonnegative Lebesgue integrable function f’(x) on a 
closed interval [a, b]. Let us put l 


B= [PO de, xE la, b] 


As is known (see § 19.5 (11)), (x) is an absolutely continuous function and 

B’(x) is its generalized derivative (on [a, b]). Besides, the condition £’(x) > 0 
indicates that the function B(x) is nondecreasing on [a, b] and can therefore 
be regarded as the generating function for the nonnegative additive function 


a(A) = B(d)—B(), A= ie, d) c G =[a, b) 


defined on the half-open intervals. 

It should be noted that, conversely, we can proceed from a given non- 
decreasing absolutely continuous function B(x) on [a, b] and show that its 
generalized derivative B’(x) is nonnegative almost everywhere on [a, b]. 
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The function «(4) constructed above generates a measure. 

If g c [a, b] is an open set which, as we know, can be represented as a 
sum of not more than countable number of open intervals (cx, dx) (k = 1, 
2, ...), then it is measurable both in Lebesgue’s classical sense and in the 
sense of the Lebesgue measure with respect to «(4), its measure in the latter 
sense being 


dy 
ug = J de= X Bd- = Yr [ Oa = J BW) dt 


We have thus proved the formula 
[du =[v@ae (10) 
8g g 


Formula (10) can readily by generalized to any set & which is simulta- 
neously measurable in the two senses indicated above: 


fh= [Oa (11) 
é é 


To prove (11) it suffices to take the infimum of both members of (10) 
over all g > £. 
For we have 


du = = inf ug = inf | d 
J u = pe = inf ug Al p 
and, on the other hand, since p’(x) is nonnegative, we have 
Í u(t) dt = f u(t) dt, g> E 
g é 
and, by the measurability of 2, for any e > Othere is g such that (see § 19.3, 
property 11) 
[v'Oa= f u'(t) dt+ f u(t) dt < f u'(t) dt+8 
g é g—é é 
Equality (11) admits of a further generalization. 


Let u be a measure possessing the property that-if a set e C [a,b] is meas- 
urable with respect to p then it is also Lebesgue measurable. Then there 


holds the equality 
[Ade = | FK) dx (12) 
é é 


provided that the integral on the left-hand side exists. 
Indeed, let the integral on the left-hand side of (12) exist. Then, by prop- 
erties 17 and 21 in § 19.3 -holding for the Lebesgue-Stieltjes integral with 
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respect to «(A), there is a sequence of simple functions o,(x) such that 
o,(x) — f(x) almost everywhere on [a, b] 


and 
[ f@)-2,(x)|du-~0, pre (13) 


é 
Therefore (see the explanations below) 


[ lool) 2’) oe) de= f 1px) —-o4(2)| 4") d = 
é é 


= [loxs)—oe)Ide +0, sg == 


where the second relation (equality) holds by virtue of (11) because |o,(x)— 
—o,(x)| is a simple function and the third equality holds by virtue of (13). 
By property 20, § 19.3 (the completeness of the space L(a, b)), ‘there is 
a function to which p(x)’ (x) tends in the sense of L(a, b). Further, since 
op(x)u' (x) — f(x)u'(x) almost everywhere, this limiting function must coin- 
cide with f (x)u' (x) (see property 21, § 19.3). Thus, 


JD- dx +0, pre (14) 
é 


From (13) and (14) and from the property of the simple functions o,(x) 
expressed by the equality 


J oof) du = f ox) dx 
é é 


it follows that (12) holds. 

Conversely, if f(x) is a Lebesgue function measurable on & and finite al- 
most everywhere we have p’(x)=0, and any Lebesgue measurable set 
e C [a, b] is measurable with respect to u as well. Therefore the existence of 
the integral on the right-hand side of (12) implies the existence of the integral 
on the left-hand side and the validity of equality (12). 

The latter assertion can be proved by repeating the above argument in the 
reverse order. The existence of the integral on the right-hand side of (12) 
and the inequality (x) = 0 imply the existence of a sequence of simple 
functions o,(x) for which 


o,(x) ~ f(x) almost everywhere on [a, b] 


and 


JAO- dx +0, p+ 
é 


which can be proved by analogy with property 17, § 19.3 in whose proof the 
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differential dx under the integral signs should be replaced everywhere by 
p(x) dx. 

We also mention the following proposition: 

If a nondecreasing function B(x) satisfies the Lipschitz condition 


IBEN- = MIx -xl asx, x =b (15) 


(where M is independent of x and x') then the Lebesgue measurability of a set 
eC [a, b] implies its measurability with respect to the measure jig generated by 
the function B(x). , 

Conversely, if the inverse function x = B~1(y) of a function y = B(x) defined 
on [a, b] exists and satisfies a Lipschitz condition then the measurability of a set 
eC [a,b] with respect to ug implies its measurability in Lebesgue’s sense. 

Indeed, an arbitrary open set g C [a, b] is representable as a sum of at 
most countable number of pairwise disjoint open intervals (cx, dx), and there- 
fore, denoting by u the Lebesgue measure, we derive from (15) the relations 


= )' [B(4x)—Blcx)] = MY (dk— cr) = Mug (16) 


Further, if ó c [a, b] is a measurable set then, given any < > 0, there are 
closed and open sets F and g such that F c c gand u(g--F)< £. Now, 
since the set g—F is open we can apply (16) to it and thus obtain 


Upg—F) = Mu(g—F) < Me 
Hence, the measure of g—F in the sense of 8 can also be made arbitrarily 
small, and therefore the set & is measurable with respect to £. 
The converse proposition is proved analogously. 
In conclusion we remind the reader of what was said in connection with 
formula (3), § 19.9. 
Exercises 


1. Let B(x) be a nondecreasing function on [a, b] generating the non- 
negative additive function 


a(4) = B(d)—B(c), A= [c;d)c G = [a, b) 
Show that if B(x) is extended by putting B(x) = B(a) for x < a and B(x) = 
= B(b) for x > b, then the extended function generates the extension of 
a(4) specified by the Tule given in § 19.8 (1). 
For the Lebesgue measure u generated by «(4) prove the equalities 
pc, d) = B(d—0)—B(c+0) 
plc, d] = B(d+0)—B(c—0) 
plc, d) = B(d—0)—B(c—0) 
and 
u(c, d] = B(d+-0)—A(c-+0) 
Thus, (4) = «(4) if and only if B(c) = B(c—0) and B(«) = B(d—0). 
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2. Let G = {a = x; < b; i = 1, ..., n} and 
A={esx;<d;, i=1,....n}€G, A= {ci—esx ed; i=l, -o N} 


where £ > 0. 
Prove the equalities 
pd = lim a(d’) 
4Wcc4 
£ >A 
and 
p4 = lim «(4’)- 
#554 
L >A 


§ 19.13. Extension of Functions. Weierstrass’ Theorem 


Let us denote the points of the n-dimensional space R, as v = (v1, ..., Ùn). 

Suppose that 2 C R, is a bounded domain with boundary I which is a 
smooth surface (a closed (n—1)-dimensional differentiable manifold; see 
§ 17.1). We shall assume that I’ is a sum of a finite number of connected 
manifolds. 

The points of T' will be denoted as x. The normal to I at a point x con- 
sists of two rays Ni and Ne issued from x. One of the rays, say Ni, contains a 
sufficiently small open interval, with end point x, entirely belonging to 2 
while the other ray N2 contains an open interval, with end point x, having no 
points in common with Q. The rays Ni and Nz are called the inner and outer 
normals to I’ at the point x, respectively (see § 17.2). 

Let v = v(x) be the unit vector of the outer normal to I issued from x € I’. 
It is a continuous function of x on T. 

Indeed, Q is a connected n-dimensional differentiable manifold whose 
closure belongs to the n-dimensional oriented manifold determined by the 
equations v1 = Vi, ...5 Un = Vn Which is also connected. Therefore (see 
§ 17.2 and, in particular, Theorem 4 and the following material) T'is also an 
orientable manifold, and it is possible to state the coherence rule for the 
orientations of 2 and I" which reads as follows. 
gee any point x° € I there is its (n-dimensional) neighbourhood W xo and 

nctions 


v; = pfu) = pus, ..., Un), i= 1, ...,7, u € Q (1) 
defined on W, providing a local representation of the oriented manifold 
R, (see § 17.1 (1)) and possessing the following properties: 

(i) The Jacobian of (1) (i.e. of the transformation from u to v) is positive. 
(ii) For sufficiently small 6 > 0 the points v belong to the exterior or to the 


interior of Q depending on whether uı > 0 or ui < 0 for them where |u| < ô. 
(iii) The equations 


X; = 90, U2, ~. -s Un) Tehea (2) 
describe J" (in the indicated neighbourhood). 
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The totality of all representations (2) of the manifold determines an ori- 
entation of I or, in other words, any two such representations of some inter- 
secting parts o, o C IF are such that the Jacobian of the transformation 
connecting their parameters (u2, ..., Un) and (ue, ..., uin) is positive on ao’. 

Let us consider the unit normal vector v» = v(x) to I’ at the points x € T’ 
which is specified, within Wx», by formulas §7.25 (3) in which we should 
replace (u1, ..., Un—1) by (ue, ..., Un) and t by h. It is readily seen from these 
formulas that the vector v(x) depends continuously on x € I within a neigh- 
bourhood Wx of an arbitrary point x° € J’. But it is also continuous 
throughout J’, which is seen from the same formulas because the 
vector v is one and the same on the intersection of two parts o and o’ irres- 
pective of whether it is computed in terms of the parameters (u2, ...,Un) de- 
scribing the part ø or in terms of the parameters (uz, ..., Up) describing the 
part o’. The fact that the Jacobian of the transformation ‘from one group of 
the parameters to another group is positive plays an essential role here. 

It should be noted that the vector v is directed to the exterior of Q because 
we have 

DY, 9°89 Fn) Op; 
0~< D(uy, ..., Uy) “le A; 


on T, and the vector (32 are SPa) i is sure to be directed to the exterior 
1 


95 
of Q. 


Now let us suppose that I” is a manifold of class C’+1, that is the functions 
pı describing it locally are r+ 1 times continuously differentiable. Then there 
is a sufficiently small 6 > O such that the equality 





o = x+hv(x), xéelr, |h|<d (3) 
establishes a. one-to-one correspondence 
o = (x, h), xET, Ih| = ô (4) 


continuously differentiable r times. This should be understood in the sense 
that if a local representation (3) is written, with the aid of substitution (2), in 


the form 
D = (uz, ..., Un, h),  |h| =ò (5) 


then correspondence (5) thus obtained is continuously differentiable r times. 

The fact that such a correspondence (5) does in fact exist in some neigh- 
bourhood of an arbitrary point x° € I" was proved in § 7.25 (5). Using the 
Heine-Borel lemma we can choose a finite number of such neighbourhoods 
entirely covering the bounded and closed set I’, and then for a sufficiently 
small ô > 0 relation (4) will take place for all x € I. 

The set of the points v determined by relations (3) will be denoted J7(6), 
and we shall put 2° = Q-+-17(8). 


Theorem 1. Let Q be a bounded set whose boundary is an (n—1)-dimensional 
differentiable manifold of class C?. If f(v) is a function continuous inQ, it can 
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be extended from Q to R, so that the extended function f (v) will be continuous 
on R, and finite (having compact support) in Q? and the inequality 
| f(e)| = max | f (0)| (6) 
vE Ra ves? 


will hold. 
Proof. The given function can be regarded as a continuous function of v 
and of (x, h) on QII(8) (f(v) = f(x, h), x € T). 


The function 
F(e) for o € Q— (ô) 
en JJO =fxh) forxe lr, -dah<0 
Aii f(x, —h) for x ET, 0h ô m 
0 for v ¢ Q? 


is obviously continuous on Q? and serves as an extension of f from 2 to Rn. 

Now let us take a function y(v) satisfying the inequalities 0 = y(0) = 1 
and equal to 1 on 2 whose support is compact and belongs to Q? (see § 18.4, 
Lemma 1). It it quite evident that the assertion of the theorem holds for the 


function f (0) = (0) f*(0). 

Theorem 2 (Weierstrass). Let a continuous function f (x) (x € Q) be defined 
on the closure Q of a domain Q satisfying the conditions of Theorem 1. Then 
‘for any e > 0 there is a polynomial (see § 7.3 (2)) 

P(x) = >, ayx* (k = ky, ..., Kn, x* = xk... xh) 
Oakj<N 
such that the inequality 
If()-—P(xX)|<2, xE€2 (8) 

is fulfilled. 


Proof. Let us consider an extension f (x) of the function f(x) from 2 to 
Rn, f (x) being continuous and finite in 2°. Since the set 2° is bounded there is 
l = 0 such that the cube 4 = {|x| </; j =1, ..., n} contains Qè. On 
making the substitutions 

x; = l cos ty, Oshen j=l,...,n (9) 
we obtain the function 
F(t) = f(Icos ti, ..., 1 cos tz) 


which can be regarded as defined for any £ = (tı, ..., fn). It is continuous 

in £, and is periodic with period 27 and even with respect to each variable ¢;. 
The Fejér sum of the function F(#) is an even trigonometric polynomial 

on(t) = y a COS kıtı ... CoS Kntn, k= (kı, er kn) 
O<k<N 

which converges uniformly to F(t) as N +o (see § 15.11, Theorem 1). 

Consequently, given any e > 0, there is N such that the.inequality | F(t)— 

—on(t)| < e holds for all £. ` 
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If we pass back from t to x in this inequality (see (9)) this will result in the 
inequality 


| f(x)—P(x)| < e 


where P(x) is the polynomial expressed as 


P(x) = £ a, COS kı arc cos = ... COS kn arc cos —* 
O<kjyaN 


far 15.12). Then, moreover, inequality (8) is fulfilled since f(x) = f(x) 
on Q, 


Theorem 3. Let a domain 2 consisting of points 0 = (vı, .. ., Vn) satisfy the 
conditions of Theorem I under the additional assumption that its boundary is a 
manifold of class C'*1. Let f (0) be a function of class C" defined on Q, that is 
possessing on Q continuous partial derivatives up to the order r inclusive. Then 
f(v) can be extended from 9 to Rn so that the extended function f (0) belongs to 
C’(R,), is finite in Q? and satisfies the inequality 


IPPO) =C 2 max |f%o)|, klar 


|s| ær E 


where C is a constant independent of f and v. 
Proof. Let us construct the function 


S(e) for o € 22—IT(8) 
f = f(x, h) for —d = h = 0 
f,(0) = (10) 
(0) Yas (x -s5) forO<h<«6 
0 for o ¢ 128 


defined in 2° where the numbers å, simultaneously satisfy the equations 


È à(- sa) =1 (k=0,1,...,7 


It can easily be checked that f,(0) possesses continuous partial derivatives 
up to the order r inclusive on OS, and 


FO) = yo) fo) 


is a function for which the assertion of the theorem holds provided that (0) 
is a function continuously differentiable r times on Ra, finite in 2° and that 
(0) = 1 on Q and 0 = y(0) = 1 on R, (see § 18.4, Lemma 1). 


Remark. Theorems 1-3 can be proved under some weaker conditions im- 
posed on 2 but then the extension of f,(0) should be constructed by means of 
some other techniques different from those used in (7) and (10). 
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